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Abstract. Alice receives a quantum state and Bob chooses how to measure it. Can a single classical
message and shared randomness reproduce the outcome probabilities exactly? At fixed dimension, a
finite average bit cost is possible. The question is how often the simulator must make an exceptionally
large menu of messages available. Write L for the menu size after the shared randomness has been
fixed. For every complex dimension d > 4, we propose a proof that the optimal exponent is

1

Ry

The proposed construction attains Pr(L > m) = Oy4(m~74) by mixing cap scales and grouping their
labels. For d > 5, a strong L%2 estimate implies that every exact simulator has EL" = oo. For
d = 4, the obstruction already follows from the ququart analysis of de Gois, Santos and Vieira [4,
Apps. B.5-B.6] once the sum retains the masses of the input cells. Both obstructions use only rank-one
yes/no tests. A reduction to arbitrary measurements increases the declared alphabet by at most a
fixed dimension-dependent factor.

What changes in dimension four. Castellano, Sekatski and Brunner [2, Eq. (12), Sec. V and
App. A] obtained 1/6 < 4 < 1. Their cellwise argument sums to 8D over D labels. Keeping the
Haar mass 1(A4;) of each cell gives 8, \/u(A;) < 8D (Lemma 13). This yields the obstruction
at 1/2. The matching construction is a separate claim. It gives one protocol with EL%4? < oo and
Pr(L > 2F) < C427%/2, while every exact protocol has Ev/L = oc.

Why the exponent has this value. At zero overlap, the Born probability vanishes. On almost
every tape with finitely many positive-measure input cells, the mean acceptance rises more slowly
than the required linear law as overlap tends to zero. Section 4 shows that a finite endpoint moment
would force this same behavior after averaging over tapes, contradicting the Born law. In the matching
construction, the probability of a scale below s is asymptotically proportional to s. At fine scales,
grouping candidate messages makes the alphabet grow like s~(=2) up to a random round factor with
finite moments of every order. Sections 5—7 make this calculation exact.

Reading paths. Theorems 3 and 4 specify the quantifiers. Sections 5-7 give the matching protocol.
Section 8 treats general measurements. Section 11 and Appendix A describe the tests and their
reproducibility.
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1 Model, definitions and main results
For the binary experiment defined below, the critical alphabet moment is
Babin = sup{q > 0 : there is an exact protocol IT with ExDy(A\)? < oo}. (1)

The quantifier is existential in the protocol at each order ¢q. The expectation is over its input-independent
randomness. All input possibilities are included when forming Dy()), before the expectation.

Definition 1 (Input pairs and target). Let d > 2 be an integer and let

Zo={(v,9) € CIx C?: [y = |lg] = 1}.

Alice receives the pure preparation Py, = y1)* and Bob receives the projective test {P,,1 — P,}. The
target is a single bit B with Pr(B = 1) = [{p,¥)|2. The input rays v = [], y = [¢] range over
X = CP*'. The normalized invariant measure on X is denoted by p. Ezactness is required for every
fized pair (z,y) € X2.

The accepting effect is a rank-one projector. The rejecting effect has rank d — 1. A scalar multiple
NP, with 0 <7 <1 can also be simulated by independent thinning, but the theorem is stated for the
projective test. The parameter ¢ below denotes an exact input overlap, t(z,v) = |{(p, ¥)|?.

Definition 2 (One-way protocol and alphabet). A protocol consists of a standard Borel probability space
(A, L, p) of public tapes, a Borel encoder e : A x X — N, and Borel decoder functions b; : A x X — [0, 1].
The tape is independent of both inputs. Alice sends the single label e(\, x). Bob accepts with probability
be(rz) (A, y). Eractness means

J bern ) o) = tay) - for every 2,y € X, @

Local random choices of the encoder can be placed on the public tape. Define the input cells and the
two costs by

Ay ={z:e(\x) =1},
D) =#{i: A # 2}, Di(A) =#{i: p(Ax) > 0} (3)

Both counts can be infinite. We complete the tape measure when interpreting D. In D4 the measure
is applied to preparation cells in X.

The event {A); # @} is the projection of a Borel set and is analytic, hence measurable in the
completion of every Borel probability on A. The integral ju(Ay;) is measurable by Tonelli. Summing the
associated indicators defines D and D, and Dy < D. A countably infinite alphabet covers all finite
binary strings as well as finite protocols. Local computation and random-tape size are unrestricted.
The resource in (1) is the size of the used alphabet at a fixed tape, allowing the encoder input to range
over all preparations.

Theorem 3 (Critical alphabet moment). For the model in Definitions 1-2, and each fixed d > 4, put
va = 1/(d —2). There is an exact protocol and finite positive constants cq, Cyq, mg, depending only on d
and its fixed construction choices, such that

cgm™ 1 <Pr(D >m) < Cqgm™ 7 (m > myg).

Every ezact protocol satisfies ED]* = oo, and therefore EDY = co. In particular ﬂg}gﬁ} = Yq-
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General measurements. Alice now receives a density matrix p. Bob receives a positive operator-
valued measurement (POVM) E on a standard Borel outcome space. Positive effects satisfy E(Q) = I
and are countably additive. Bob must return one outcome with law tr(pE(-)) for every input pair. For
a discrete POVM this is the probability vector (tr(pE;));. The tape is independent of both inputs.
The encoder is independent of Bob’s measurement. Write L(\) for a finite declared alphabet covering
all inputs on tape A. In particular Dy < D < L on the binary subproblem. For either measurement
class let 3% be the supremum of 3 > 0 for which some exact protocol has Pr(L > m) = Od(m*ﬁ ).
Equivalently, Pr(logy L > k) = O4(277%). This is the tail problem posed in [2, Sec. V].

Theorem 4 (Optimal exponent for all measurements). For every fized d > 4,

1

tail __ ptail
Baan = Bdbin = d_2

In each class the upper-tail bound is achieved at this exponent, and the endpoint moment is infinite for
every exact protocol. The corresponding optimal moment suprema have the same value.

Lemma 5 (Moments and tails). For every nonnegative random variable V. and q > 0, in the extended
nonnegative reals,

o0
EVY = q/ w? P Pr(V > u) du.
0
A two-sided tail of order =Y with v > 0 gives finite qth moment exactly for 0 < q < 7.

Proof. For each v > 0 write v? = [j qu?~! du and interchange the nonnegative integrands by Tonelli.
Above any fixed positive threshold the comparison integral is [u?~7~! du, which converges precisely
for ¢ < 7. The integral near zero is bounded by the integral of qud~". O

Theorem 3 thus gives both directions of (1). Endpoint divergence for every protocol alone would
not specify a pointwise tail for every protocol. The two-sided tail is asserted for the constructed
simulator.

What a fixed bit budget buys. On a given tape, [log, L] bits suffice to index the declared menu.
A E-bit version of the constructed protocol can agree with it on every tape with L < 2*. On the
remaining tapes, identified by the shared randomness before the inputs arrive, Bob substitutes a
fixed output law for his measurement. Coupling the two procedures gives, for every input pair, total
variation error at most

Pr(L > 2F) < ¢y27k/(d=2),

This is a fixed-dimension guarantee for truncating this exact simulator. A converse for separately
optimized approximate protocols would require a different argument.

Why the endpoint is still infinite. For a variable with a two-sided tail of order m =74, the endpoint
integrand in Lemma 5 is comparable to 1/m. Its integral diverges logarithmically. More generally,
splitting that integral at the dyadic points gives a necessary condition for every exact simulator:

o0
> 2Fapr(L > 2F) = .
k=0

Indeed, monotonicity bounds the integral on [2%, 2+1] by (27 — 1)2%% Pr(L > 2¥). In particular, no
exact protocol has a uniform tail bound Oy4(m~7¢/(logm)*) for any ¢ > 0.
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1.1 Notation and proof structure

Symbol Definition

d,a,vq Complex input dimension, a = d — 2, critical order 1/a

X, Ray space CP?! and invariant probability on preparations

t, e Fidelity and invariant law of pairs with that fidelity

R, Ty Fidelity average and (R; — Ro)/t

Hus fn Projective harmonic level and orthogonal component of f

me(n), g (n) Multipliers of R; and T}

Sn,h, Kq Smooth spectral filter, fixed scalar filter, uniform filter norm bound
Axi, D, D4 Encoder cell, number of used labels, number of positive-mass cells
aap, Fy Single-cell averaged response and total response at fixed fidelity
Ua, Vi, Qq Mixing variable, independent dimension factor, Mellin transform
vy, Cs, K Scale law, encoder cap, conditional cap response

d,¢,0 Fine cutoff, attenuation 3/4, removed inner mass 4-(d=1)

L,n,J, A » Number of centres, packet capacity, common round bound, packet alphabet

First we identify R; geometrically and spectrally. A polynomial derivative estimate and a bounded
spectral filter yield the standalone endpoint theorem. Orthogonality, Sobolev locality and Hoélder give
the communication obstruction. We then construct the positive scale mixture, specify the encoding
and decoding rules, and prove their exactness and alphabet tail. Section 9 determines the sharp output
exponent, and Section 8 transfers the communication result to general measurements.

2 The fidelity averaging family
For t € [0, 1] let n; be the pushforward of Haar probability on U(d) by
Gr— ([Gel], [G(ﬁel +v1-— teg)]). (4)

Its two marginals are p and it is supported on t(z,y) = t. Equivalently, for a unit representative z,
draw a uniform unit vector z in z' and set

(Ref)([2]) = Eof ([Viz + V1~ t2]). (5)

The distribution is independent of the representative of [z], using the phase invariance of z. These
formulas apply to bounded Borel representatives. For LP classes they define an almost-everywhere
operator independent of representatives, by the Haar second marginal. Jensen’s inequality and that
marginal give |[R;f]|, < | f]lp for 1 < p < oo. They also give

(o Rf) = [ 9@ () dm(a.v) @

In particular R; = I, whereas R averages over the projective hyperplane z. For example, on the
first nonconstant harmonic level the multiplier is (dt — 1)/(d — 1), which at zero equals —1/(d — 1). No
spectral renormalization is applied in the definition

The interval is fixed independently of harmonic degree.

4
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Theorem 6 (Endpoint estimate). Let d > 5, a =d —2, and f € L*(X, ). Write M for the essential
supremum of |f|, so M = ||f|lco. With the finite constant Cq defined in (13),

sup || Tof[|3 < CaM 2| £113-
0<t<1/2

For every such f, Tyf — (A/4)Rof strongly in L® ast | 0. The Laplacian is that of the unit sphere on
phase-invariant lifts to S*¢=1, so that its projective level-n eigenvalue is —4n(n +d — 1). In dimension
four, de Gois, Santos and Vieira [}, App. B.5, especially B.5.3, Eq. (167)] give the uniform bound
|T¢||l2—2 < 8 and the strong L? limit above. Their zero-set argument gives the vanishing cell slope
used in Lemma 13. Appendiz B.6 of [/}] identifies the higher-dimensional spectral decay. The estimate
proved here for d > 5 controls the strong L4=2 output norm.

3 Proof of the endpoint estimate

3.1 Jacobi multipliers and their normalization

Let H,, be the restrictions to $??~! of harmonic polynomials homogeneous of degree n in both z and z.
They are invariant under z — ez and therefore functions on X. Denote the orthogonal projection by

= fn

Lemma 7 (Zonal decomposition). The spaces H,, give an orthogonal decomposition of L*(X, ). For
a=d—2, let By, = (n+a)!/(na!), the number of ways to choose a elements from n+ a. Then

P92t —1)

my(n) B, ) Ry fn = mi(n) fn, (8)
_1\n (a,0) _ _(_1\n

mofn) = 1 ) = LU= AN Q

Tofo = o) o, mh(n) = ~n(n -+ d — mo(n). (10)

Here m{(n) denotes differentiation in t at zero. In particular ¢(0) = 0. The standard Jacobi endpoint
value Péa’o)(l) = By, o gives mi(n) =1 for every n >0 [5, Table 18.6.1].

Proof. Polynomials in the entries of zz* form a self-adjoint algebra containing constants and separating
rays. Stone—Weierstrass gives density on the compact ray space. Let V,, be restrictions of polynomials
of bidegree (n,n). These spaces are nested, by multiplication by |z|?. In the formal monomial inner
product with squared norms «!g!, multiplication by >° z;2; is adjoint to ) 0,,05,. Orthogonal splitting
gives a harmonic component plus a multiple of |z|?. Iterating gives the decomposition. The Euclidean
radial formula for a homogeneous harmonic of real degree k gives spherical eigenvalue —k(k + 2d — 2).
Integration by parts makes the different degrees sphere-orthogonal. This identifies V,, © V,,_1 with H,,
and proves completeness.

Averaging over the stabilizer of x = e; turns a bidegree-(n,n) polynomial into a polynomial in
t = |z1|? of degree at most n. Phase averaging balances the powers of z; and z;. Unitary averaging
on the remaining coordinates gives powers of 1 — ¢, by transitivity on their sphere. All powers up to
degree n occur. In H,, the invariant subspace is therefore the one-dimensional space of polynomials
orthogonal to all lower degrees. Start with independent standard complex Gaussian coordinates. Their
squared moduli are independent exponentials. Dividing by their sum gives proportions uniform on the
(d — 1)-simplex. Thus fidelity has density (d — 1)(1 — ¢)®. Orthogonality with this weight identifies the
invariant polynomial as P,(La’o)(2t — 1), with value (”;r“) at one. Stabilizer averaging of f,, has value

fn(x) at the pole, giving (8), including its endpoint values. The contraction property extends the
identity to L2.
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The shifted Jacobi equation is
t(1 —t)m{(n) + (1 — dt)mi(n) + n(n +d — 1)my(n) = 0.

At zero it gives (10). Subtracting mg(n) and dividing by ¢ gives (9). These formulas are exact for each
degree and every t. O

A degree-two check without a Jacobi routine. At d = 5, the Haar fidelity has density 4(1 — t)3
and its first three moments are 1/5,1/15,1/35. The quadratic Q(t) = 21#> — 12t + 1 is orthogonal to
both 1 and ¢ under this law, as substitution of those three moments shows. It has Q(1) = 10. The
unique degree-two zonal polynomial with value one at the pole is therefore

21212t 41

mi(2) 10

It gives mo(2) = 1/10, m{(2) = —6/5 and m;(2) = 1, in agreement with (8)—(10). Dividing @ by
n+ a =5 would give m;(2) = 2 and violate Ry = I.
For completeness, the reproducing kernel and its dimension are

hn (Q,O) . B
j=1

a
n+d—12 n+d—22 2n+a+1 n+a2
hy, = — et s et ]
d—1 d—1 a+1 a
Here (ey;) is any orthonormal basis of H,, and a binomial coefficient with upper argument smaller
than its lower argument is zero. The dimension formula follows by subtracting the dimensions in

the harmonic splitting above. Unitary invariance and the invariant one-dimensional subspace give
the zonal form. The diagonal Z,(x, ) is constant and integrates to h,, fixing the prefactor. Thus

Jx Zn(2,y) fa(y) duly) = fu(x). In particular hy = d* — 1.

3.2 Uniform multiplier control
Lemma 8. Ifa=d—2>2,0<t<1/2, andn > 1, then

la(n)] = |(mi(n) —mo(n))/t] < Han™ 72, Hy =4 2%l

Proof. On —1 <z <0, the bound |P,S"“’°) (x)] < 2% follows by induction. At a = 0, the Laplace integral
Py(z) =77t [{(z +iV1 — 22 cosv)™ dv gives the bound one. For the induction use

2(n + k+ )P0 (2) - 2(n + )P (@)
o+ k+ 2 '

(1 —2) PO () =

Orthogonality leaves precisely these two possible degrees. Comparing leading coefficients gives —2(n +

1)/(2n + k + 2) for the coefficient of Pélfr’[l)). Evaluating at « = 1 then gives 2(n +k+1)/(2n + k + 2)

for the coefficient of Pr(bk’o). The absolute coefficients sum to two and 1 — x > 1. Markov’s polynomial

inequality on [0, 1/2] multiplies the supremum of a degree-n polynomial by at most 4n? on taking one
derivative. Divide by ("Za) > n“/a! and apply the mean value theorem. The constant level has zero
difference quotient. O
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The exact endpoint slope has magnitude

()] = 2t d =) (L‘i) D gt
a
For d = 4 this equals 2 — 4/[(n + 1)(n + 2)]. Consequently the limit operator (A/4) Ry has L? operator
norm exactly two in that dimension. The elementary all-dimension estimate in Lemma 8 gives Hy = 32
for the whole difference-quotient family. The ququart-specific estimate of [4, Eq. (167)] gives the
smaller uniform bound 8.
There is also an explicit check on the simultaneous limit ¢+ = n~2. Reflection and the terminating

Jacobi series give
n

PO (—1+2/n%) = (1)
k=0

(—n)k(n+a+ 1)y
7’L2k(k!)2

The series follows by substituting a power series with constant term one into the reflected Jacobi
equation. The successive coefficients have ratio (—n + k)(n +a + 1+ k)/(k + 1)%. For k < n, the
absolute value of the displayed summand is at most (a + 2)*/(k!)2, and for each fixed k its limit is
(—=1)¥/(k!)2. Dominated convergence for this summable majorant therefore gives

©  1\k
(=)™ 2qy 2 (n) — al(1 = Jo(2)),  Jo(2) =) ((k?'l))2
k=0 \'

The constant 1 — Jp(2) is strictly positive, as follows from the alternating series after its first two
terms cancel. Thus the high-degree scaling on this sequence is again n?~%. The fixed-degree derivative
approximation is not uniform on the scale n?t = 1.

3.3 The spectral filter and the polynomial bound

We record the complete approximation assertion used from Wang—Sloan [1, Lemma 2.1], with sphere
dimension denoted by m to distinguish it from the complex input dimension. Write II7(S™) for
spherical polynomials of ordinary degree at most L, ), for their harmonic projections, and Er(f), =
infpen,, [[f — Pllp-

Lemma 9 (Wang-Sloan filter statement). Let m > 2, r = |(m + 1)/2]|, and let a filter h equal one
on [0,1] and zero on [2,00). Assume h € W"BV, meaning that h"=Y) is absolutely continuous and
the one-sided rth derivatives exist and have bounded variation, with the lower derivatives absolutely
continuous. For Vif =3 <oh(k/L)Vyf, with integer L > 1, the following hold. The output belongs
to Ilap_1, and Vi,P = P for P € Il,. Its uniform operator norm is bounded independently of L. For
1< p <00, [Viflly < Cougllflly and |f = Viflly < Ch oy Er(F)pe For every s >0 and f € W3(S™)

the error is at most ;,’”m’p’sL_SHfHW;. All displayed constants are independent of L and f.

The proof of this cited lemma uses summation by parts and uniformly bounded Cesaro means.
Only its polynomial reproduction and uniform norm bound are needed here. We fix the filter explicitly.
Put x(v) = e~ /¥ for v > 0 and x(v) = 0 for v < 0, and set

X(2—v)
h(v) = (v=0).
X(2—v)+x(v—1)
The denominator is strictly positive everywhere, 0 < h < 1, and this fixed smooth filter has the
required plateau and support. Every derivative is smooth with compact transition support, so all the
hypotheses in Lemma 9 hold for m = 2d — 1 and r = d. Define the finite constant

Kd = max {1, . sup> HVL||L°°(SZ‘11)~>L°°(S2‘11)} y Ld = 8Kd (11)
€ 1

y M

7
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These constants are determined by d and the displayed filter. Theorem 6 needs their finiteness, with
no numerical estimate assumed.

Lemma 10 (Low-frequency difference quotient). For the fixed filter above, let Sy be Von restricted
to phase-invariant functions on S*=1  where N > 1 is an integer. Then (Sxf)n = h(n/N)fn, Sy
reproduces projective levels through N, and

ITeSN flloo < LaN?|flloe (0 <t <1/2).

Proof. The full-sphere operator commutes with rotations and in particular with global complex phase.
A projective level n has ordinary spherical degree 2n, so the factor is exactly h(2n/(2N)) = h(n/N).
The surviving projective degrees are n < 2N. For a fixed pole z,

IN—1 (a.0) 9,
RuSxf(@) = 3 h(n/man(w). (12)
n=0

a

This finite expression is a polynomial in u of degree at most 2N — 1, bounded on [0, 1] by ||Sx flec <

K4||floo using (5). Markov’s inequality on [0, 1] bounds its derivative by 2(2N)?Ky||f|ls- Apply the
mean value theorem between zero and ¢. Complex values are handled by a rotated real part at the
point where the derivative is being estimated. The finite sum is a spectral cutoff of f, and every
retained multiplier is the exact Jacobi polynomial. O

3.4 Summation at the endpoint

For later use define
a 4(4% — 1)
a—2 1—2-20@-2)

Cq= H2(2Ly)"2 (d>5), BP=cye (13)

In dimension four use By® = 8 from [4, App. B.5.3, Eq. (167)].

Proof of Theorem 6. First suppose d > 5. The zero function satisfies the assertion directly. Normalize
| fllco = 1 and set g = T;f. Lemma 8 gives ||gll2 < Hgl f|l2. For a level uj = 2L447 put N = 27
(j =0,1,...). Lemma 10 bounds the low-frequency part by half the level. Chebyshev’s inequality,
orthogonality and the exact low-frequency plateau give

AHj —2(a=2)| ¢ (|2
u(lgl >u) < =% > n | fnll3- (14)
uj n>27

For the contribution of u € (0,up) to the layer-cake integral a [;° u®'u(|lg| > u)du, the bound
u(lgl > w) < |lgl13/u? gives at most aul ?H3| f||3/(a — 2). The contribution from [uj, 4u;] is at most
(4% — Dufu(lg| > uj). Exchange the order of the nonnegative sums in (14). Each fixed harmonic
degree contributes its energy times a constant bounded by

HF(4" — 1)(2La)" "
1 — 2-2(a-2) ’

4H§(4a - 1)(2Ld)a72n72(a72) Z 22j(a72) < 4

2i<n

The sum of the two displayed bounds is exactly Cy4||f]|3 in (13). Parseval finishes the normalized
estimate. For a general nonzero f, apply it to h = f/M with M = ||f||c. Linearity gives, uniformly
in ¢,

ITof 2 = MOYTh|e < MoCahlJ3 = ™2 f[3

For the strong limit, Syf — f in L? and ||(I — SN)flleoc < (1 + Kg)||fllco- Thus the bound

just proved makes T;(I — Sy)f small in L® uniformly in ¢. On a fixed finite spectral sum termwise
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differentiation gives convergence even in the uniform norm. The Cauchy criterion yields strong L®
convergence on bounded inputs. The Jacobi equation at zero gives my(n) = —n(n+d—1)mg(n). Since
L® embeds in L? under probability measure, the limit is identified by its coefficients as (A/4) Ry f.
To recover the known strong limit at d = 4 from our general estimates, Lemma 8 gives |¢(n)| <
H, = 32 without decay. Parseval proves the uniform L? bound. For any fixed f € L?, termwise
convergence of each multiplier to m{(n) and domination by 4HZ||f,||3 prove strong convergence by
summing the squares. This argument avoids the factor 1/(a — 2) in (13). O

4 Why orthogonality forces an infinite moment

For a Borel cell A C X and Borel decoder b : X — [0,1] define the rectangle response 74 (z,y) =
14(x)b(y) and its averaged response

anolt) = [ rasla.y) dm(a.y) = (La, Rib) (15)

The rectangle is bounded and measurable. The function to which Sobolev locality will apply is Rgb on
the preparation space.

Lemma 11 (Orthogonality for almost every tape). Assume Definitions 1-2 and exactness (2). There
erists a measurable set Ag of tape probability one such that for every A € Ay and every label i,

[ 1 @O ) o) = . (16)

The integrand vanishes ng-almost everywhere for these tapes and labels. For each fixed t € [0,1], the
measurable response Fx(t) = 32, aa,, p,(r,)(t) obeys EF\(t) = t.

Proof. Use the common parametrization (4) to express every integral over U(d). Joint Borel measura-
bility of the encoder and decoder makes the integrands measurable in the tape and group element.
Countable summation and Tonelli are applicable because all terms are nonnegative. The cells partition
X, so summing the integrands over ¢ gives the total conditional acceptance. Exactness at each fixed
pair now gives

/ S (DoY) = [t dma,y) = ¢

At ¢t = 0 the integral of the nonnegative sum is zero. Outside a single null set its every nonnegative
summand is zero. Each zero integral has a nonnegative integrand, proving the almost-everywhere
statement. This uses a countable intersection over labels after integrating the orthogonal pairs, with
no uncountable intersection over input pairs. O

For d = 4, the following zero-set conclusion is the one used in the ququart zero-slope proof of de
Gois, Santos and Vieira [4, App. B.5]. We give the rotation argument here also for d > 4.

Lemma 12 (Regularity and locality of the excluded average). Letd >4, a = d—2, A C X measurable
and b € L>®(X) with0 < b < 1. Ifasp(0) =0, then w = Rob vanishes almost everywhere on A, belongs
to W*2(X), and satisfies Aw = 0 almost everywhere on A. Consequently

li )/t = 0.
tlfglaA,b( )/

The Sobolev normalization is inherited from the phase-invariant lift to the unit sphere.
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Proof. Positivity of the conditional average gives w > 0. Its integral on A is zero, so it vanishes there
almost everywhere. Define the spectral W%?2 norm using weights (1 + 4n(n +d — 1))® on the squared
harmonic coefficients. For n > 1,

(1+4n(n+d—1))"?mg(n)| < (1 + 4d)*?al.

Here n+d—1 <dn and ("I“) > n/a! were used. The constant level has multiplier one. This proves
the spectral Sobolev assertion. In integer order it also controls weak derivatives. The following rotation
argument gives directly the derivatives needed for locality.

Let Vi; = 2;0; — x;0; on the real sphere with 2d coordinates. Expanding on radially constant
extensions gives A =37, VZ? The rotations are skew-adjoint and preserve the full space of harmonic
polynomials of ordinary degree k. Integration by parts yields

> _Vigvll3 = k(k + 2d - 2)|Jv]l3.

1<j

Apply the individual derivative bound again to Vj;v in the same space to get ||Vl§v\|2 < k(k+2d—2)[v||2-
Products of up to a such derivatives are bounded by the corresponding powers of the square root of
the eigenvalue. Distinct full harmonic degrees remain orthogonal. Thus the partial harmonic sums of
w converge with these weak derivatives in L?. The vector fields span each tangent space, and on each
coordinate patch ordinary tangent derivatives are smooth linear combinations of them, identifying the
usual local Sobolev class.

For completeness the level-set locality argument needs only two derivatives. Outside the fixed locus
x; = x5 = 0, a set of sphere measure zero, use local orbit coordinates for the V;; rotation. In these
coordinates V;; is angle differentiation. Fubini for weak derivatives gives one-dimensional W22 slices
for almost every transverse coordinate. One-dimensional W12 functions have absolutely continuous
representatives. At almost every point of a measurable zero set both differentiation and the density
property hold. Taking difference quotients along zeros proves that the first derivative vanishes there.
Apply this to w on the slice and then to its first derivative, whose zero set contains almost all of the
first zero set. This gives ng = 0 almost everywhere on the lifted A. A finite sum proves the Laplacian
assertion. No interior of A is assumed.

Since a4(0) = 0, the quotient in the statement is (14,7;b). The strong convergence in Theorem 6,

also for d = 4, gives its limit as (14, (A/4)w) = 0. O

Lemma 13 (Bridge inequality). Let d >4, a =d — 2 and let A\ € Ay be a tape from Lemma 11 with
Dy (\) < oo. Then for every 0 <t <1/2,

0 < F\(t)/t < B Dy (MY, lim F\(t)/t =0,

where sz is defined after (13). In particular By® = 8, using the ququart difference-quotient and
zero-slope estimates of de Gois, Santos and Vieira [/, Apps. B.5-B.6].

Proof. Cells of zero mass contribute nothing because the first marginal of 7; is pu. Let Iy = {i :
(Ax;) > 0} and p; = p(Ay;). Write a;(t) for the ith cell response. The positive cells partition a set of
full measure.

Dimension four. On the full-measure set of tapes from Lemma 11, a;(0) = 0 for every i. Apply
Cauchy—Schwarz on X and the multiplier bound of [4, App. B.5.3, Eq. (167)]. Since ||b;||2 < 1,

0 <ai(t)/t = (La,,, Tibi) < 8\/pi.

A second Cauchy—Schwarz inequality, this time on the finite set of cells, gives

0< FA(t)/t <8 i <8/Di(N).

i€l

10
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Each summand tends to zero by the zero-slope result in [4, App. B.5], including for cells of empty
interior. This proves both assertions at d = 4. It also gives the obstruction directly. If E\/D, < oo,
then D} < oo almost surely and the last bound permits dominated convergence. But EF)\(t)/t = 1 for
every t > 0, a contradiction. In particular Ev/L = co. Castellano, Sekatski and Brunner [2, App. A,
Egs. (92)—(94)] bound each cell by 8 and sum to 8D for an alphabet of size D. The square root enters
here because the individual estimates retain p;.
Dimensions d > 5. For i € I subtract (16) and apply Holder with conjugate exponents a/(a — 1)
and a.
0 < ai(t)/t = (La,, Tubs) < i

1-1
il < B
The last inequality uses ||b;||oo, ||bi]|2 < 1 in the strong L estimate of Theorem 6. Sum the finite set of

terms. A second use of Holder, on counting measure over I, gives

1-1/a
S < (Z m-) I = Dy ()Mo

1€y i€l

The total positive-cell mass is one because the partition is countable. Each cell quotient tends to zero
by Lemma 12, so their finite sum does too. O

Universal part of Theorem 3. Assume ED}J “ < 00. Then D, < oo almost surely. Intersect this set
with Ag and choose the deterministic sequence t; = 1/(k + 2). Lemma 13 supplies one integrable
bound independent of k£ and a pointwise limit zero. Dominated convergence gives EF)\(t;)/tr — 0.
Lemma 11 gives EF)\(t;)/tx = 1 for every k, a contradiction. Since Dy < D, the asserted obstruction
holds also for the full used alphabet. O

The declared-alphabet converse also holds on a general probability space for shared randomness
under the joint measurability assumed in [2]. Only D enters the contradiction. Each cell mass is
measurable by integration on the product space, and Dy < L pointwise. Thus the argument for a
measurable declared L never needs to project a nonempty input cell onto that more general tape space.

5 An exact mixture of cap responses

The scale distribution must be positive, reproduce the exact target at every fidelity, and have a specified
mass near zero. The following lemmas establish these properties. Let Cs(z) = {2 : t(z,2) > 1 — s} for
0 < s <1/2. Let K4(t) be the probability that a uniform point of Cs(x) has fidelity greater than s
with y, given t(z,y) = t. Write (v); for the rising factorial.

Lemma 14. For every d > 4 there is a positive probability law of U € (0, 1] with moments, for integers
k>0,

(2)k(d)r(d + 1)y
(d+2)r((d+1)/2)k((d+2)/2)i

It has EUY = (d+1)/4 and P(U < u) ~ rqu?/2 with rg = d(d + 1)(d — 3)/[16(d — 1)].

Qa(k) =

Proof. At d = 4 take the density

1
fu)=2lu(l- w) "2 — 2u4/ v 1 — )72 do| .

u

The Mellin integral at z > —2 is 2(z + 3)B(x +2,1/2)/(z + 5) by Fubini on each nonnegative term.
Its values at zero and minus one are 1 and 5/4. For positivity set h = 4f/(5u?). Differentiation
gives b/ = (=1 4 3u/2)/[u*(1 — w)3/?]. At its minimum v = 2/3 write z = 1/y/3. The integral

11
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is 2 [7(1 —w?)~*dw < 113z/24 by the convex chord in w? between 0 and 1/3. Thus h(2/3) >
(81/8 — 113/12)z > 0. At zero u® [ v=4(1 — v)"Y/2dv — 1/3, so f(u) ~ 5u/12. This gives r4 = 5/12.
Gamma duplication expresses the proposed transform as
d(d+ 1)T'(x +d)
(x+d+1)I'2x+d+1)

Qu(z) = 4°T(z + 2)

The ratio Qq+1(x)/Qq(x) is

By 42t d)etd 1)
=T td+2)QRetd+1)

This is the Mellin transform of V; having mass (d + 2)/(2d) at one and the following density on (0, 1):

d+2
4d(d + 3)

[(d2 . 1)v(d71)/2 o 8’0d+1} )

For 0 < v < 1, the bracket equals v(*~1/2[(d? — 1) — 8v(@+3)/2] which is positive since d> —1 > 15 > 8.
Its integral against v”®, including the atom, is

d+2+ d+2 d>—1 _ 8
2d 4d(d+3) |z +(d+1)/2 z+d+2

= By(z).

Multiplying both sides by (z + d + 2)(2z + d + 1) reduces this identity to equality of three quadratic
coefficients. At x = 0 the right side is one, so the atom and density define a probability law. This
is an identity in the real variable x > —(d + 1)/2, not a finite moment interpolation. The integrals
also exist at © = —2. Taking Uy11 = UygVy independently now yields the moments and the claimed
negative first moment by induction. If Hy(u) = P(Uy < u) ~ rqu?/2, then Hy(v) < cqv? for some finite
dimension-dependent constant for all v > 0, extending the CDF by one above one. Apply dominated
convergence to u~2EHy(u/Vy), dominated by ¢4V, ?. This gives r441 = r4Ba(—2). Here

(d+2)(d—2)(d—1)
2d—3)
Multiplying this by rq4 = d(d + 1)(d — 3)/[16(d — 1)] gives (d + 1)(d + 2)(d — 2)/(16d) = rq+1. Also

Bi(—1) = (d+ 2)/(d + 1), which propagates the negative first moment. The negative second moment
of the factor Vj is finite. No such moment is required of Uy. ]

By(—2) =

Lemma 15. Let n be the law of S = (1 —+/1—U)/2 from Lemma 14, and set

dn(s)
d(d+1)s(1 —s)4’
Then vq is a probability measure, [ Ks(t)dvg(s) =t for allt € [0,1], and v4((0,s]) ~ [(d—3)/(d —1)]s.
Proof. Finiteness follows from s~1(1 — s)~¢ < 21 /U. For £ > 1 write j = £ — 1, Byg—o = (%37

and cpq = (d —1)/({Bpa_2). A cap of Haar mass v?~! has unnormalized level-¢ multiplier

Cd-1
Bpg_»

dyy(s) =

Fy(v)

/ wd_QPe(d_ZO)(l —2w) dw = g qv?t (1 — U)Pj(d_l’l)(l —20).
0

For the second equality, shifted Rodrigues gives [v?~1(1 — v)Pj(d_l’l)(l —20)] = Evd_QPe(d_ZO)(l — 2v),

and the primitive vanishes at zero. Thus the two multipliers before normalizing the encoder are
Fy(s) = coas® (1 — s)P V(1 - 29),
Fy(1—5) = cpa(l —5)% 1P (25 — 1),

12
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The encoder draws uniformly inside its cap, whose mass is s¢~ !, while the decoder uses an indicator.

Composition of the radial operators therefore gives the level-¢ multiplier of K.
Fy(s)Fo(1 = s)

p =cfys(1 — s)de(d_l’l)(l - 23)Pj(d_1’1)(23 —1).
S k)

Here is the coefficient computation. Set z =1—2s, u=1—22, p = Pj(d_l’l)(z), qg=p(—2),Y = pgq,
Z=pq—pd, W=pq, a=3j({+d+1). Primes on p, q are z-derivatives. All three products are even.
The Jacobi equations give up” = [(d + 2)z + d — 2]p’ — ap and the reflected equation for ¢, changing
+d — 2 to —(d — 2). Substitution and 9, = —2z0,, give

Au(l —u)Yyu + 2(d +2)(1 — u) — 2u)Yy, + 20Y — (d — 2)Z — 2ulWV =0,
Wly = —(d+2)Z)2+ (d—2)Yu,  uWy=—(d+2)W —aY,.

Write Y = Y bpuF. The last two identities give Zp = (d — 2)(k + 1)bpy1/[k + (d + 2)/2] and
Wi, = —a(k + 1)bgs1/(k + d + 2). In the first equation the coefficient multiplying by; becomes
4(k4+1)(k+2)(k+d)/[k+(d+2) /2], and that multiplying by becomes 2(2k+d+1)[a—k(k+d+1)]/(k+d+1).
Multiplying the resulting ratio by Qq(k+1)/Qqa(k) cancels all but (k—j)(k+j+d+1)/[(k+1)(k+d+2)].
For j > 1 the mixed coefficient is zero by the finite-difference identity

EY ¢ ANG+d+De e fF)Erd+2)0
bo—;:%(‘”k(k) (d +2)y =2 1)k<k> (d+2)j—j1 =0

k=0

Here by = Pj(dfl’l)(1)Pj(d71’1)(—1) # 0. The last ratio is a polynomial in k of degree 7 — 1. Its jth
forward difference vanishes. The constant CZQ, g4 is independent of k, so every mixed multiplier of degree
¢ > 2 vanishes.

For level one the constant in each primitive is one, giving mixed multiplier 1/[d(d + 1)]. For level
zero the mixed multiplier is [(1 — s)?~'dyy = 4Q4(—1)/[d(d + 1)] = 1/d. The kernel ¢ has precisely
these multipliers because ¢t = [1 + (d — 1)¢1]/d, and the projection kernel on level one is (d? — 1)¢1,
since this space consists of traceless forms. In general the projection kernel is the dimension times
the normalized zonal function by invariance and its diagonal trace. Completeness gives equality of
the kernels almost everywhere. Both are continuous, since rotating either cap changes its indicator
continuously in L' and vy is finite. Hence equality holds everywhere. At t = 1 all the kernels equal
one, proving normalization.

The small-s CDF of 7 is asymptotic to 8rys? by the change of variables. For H(s) = n((0, s]),
integration by parts gives [ v~ dH (v) = H(s)/s+ [; H(v)v=?dv ~ 16rgs. Multiplication by (1—s)~¢
changes the leading term by a factor tending to one. Substitution of r; gives the assertion. O

5.1 Explicit form and sampling of the scale law

The multiplicative recursion also gives a density construction. Let f; be the density in Lemma 14, let
ag = (d+2)/(2d), and let gq be the displayed density of the continuous part of V. Then recursively

1 dv

far1(u) = agfq(u) —|—/ fd(u/v)gd(v)T, 0<u<l. (17)
u

This follows by conditioning on V; and changing variables in the density of U;Vy. It has unit mass and

is nonnegative by the same conditioning. The factors have positive atoms only at one, while Uy has a

density, so every Uy has a density. The measure v4 on the interval (0,1/2) consequently has density
4(1 — 2s) fqa(4s(1 — s
() = 20 29)ads(1 ~ )
d(d+1)s(1 —s)
The normalization and exact mixture identity have been proved in Lemma 15. Shared uniforms sample

any probability distribution used below by its generalized inverse CDF. Thus (17) and (18) specify the
scale distribution without reference to any private data or stored certificate.

(18)

13
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6 An exact protocol for binary tests
Fix d > 4 and retain a = d — 2. Let
b=2d—1), c¢=3/4, oc=4""D  C=2d—-1)(5/4)% H=09. (19)

These are numerical constants once d is fixed. Choose § = 27%4_ where ky > 5 is the first integer such
that -
= 0,0) < ——.
ms = val(0:0)) < 5
Lemma 15 implies my — 0 as 6 — 0, so kg exists. The strict factor two leaves positive slack in the
budget. A scale is called fine if s < 9.

(20)

Lemma 16 (Metric, cap volume and endpoint response). On X, dc(z, 2) = || P — P:|lop = V1 — t(z, 2)
is a metric. A radius-r open ball has Haar mass v° for 0 <r < 1. The cap Cs(z) is its radius-\/s ball.
For0<s<1/2, K;(0) =0, Ks(1) =1, and Kq(t) =1 if t > 4s(1 — s).

Proof. For distinct rays, P, — P, on their span has trace zero and tr((P, — P.)?) = 2(1 — t), hence
eigenvalues ++/1 — t. For coincident rays the difference is zero. The operator norm triangle inequality
gives the metric. Integrating the Haar fidelity density above 1 — r? gives r2(@=1) At orthogonality
the projection of an encoder cap point onto 2 has squared norm less than s. At unit fidelity the
encoder threshold 1 — s is at least the decoder threshold s. For the remaining assertion decompose
z along x. The smallest possible overlap amplitude with y for z in the cap is bounded below by
V(1= s)t —/s(1 —t). For s < 1/2 it exceeds /s when /1 — ¢ < 1 — 2s, equivalent to t > 4s(1 — s).
This also follows by squaring the two nonnegative sides of /(1 — s)t > /s +/s(1 —t). At s =1/2
the sufficient interval is empty and the endpoint ¢ = 1 was already treated. O

6.1 Public lists and the exact anchor law

Lemma 17 (Rotated net sampler). For each fine scale s there is a Borel public-tape sampler selecting
a point uniformly in Cy(x) for every fized input x. Its successful round is at most a geometric random
variable J of parameter H=' simultaneously for all x, almost surely. J is independent of s.

Proof. Fix a dense countable list of rays by normalizing nonzero Gaussian-rational vectors and
identifying phases by their projectors. For each dyadic h, scan the list and retain a point whenever its
distance to every earlier retained point is at least h. The retained points have disjoint open h/2-balls,
so there are finitely many. If some point had distance strictly greater than h from the retained list,
its neighborhood would contain a dense-list point that should have been retained. Thus the covering
radius is at most h.

Set r = /s and choose the unique dyadic h with r/4 < h < r/2, with this half-open convention.
Let 21, ...,z be the resulting deterministic list. Covering and packing imply h=" < L < (2/h). Every
radius-r open ball contains at least one centre. The disjoint h/2-balls of centres in such a ball are
contained in a ball of radius r + h/2. Their number is at most (2r/h+1)* < 9° = H.

Each round uses a fresh Haar rotation G; and independent uniforms Uj, V. Let kj(x) count the
hits G;z; € Cs(x). Alice accepts the round when U; < k;(x)/H and uses Vj to select a uniform hit,
ordered by the original list index. On a Borel set F, one-round success with selected point in E has
probability

1 , L
EE#{’L Gz e ENCy(x)} = E,u(E N Cs(x)).
Success has probability Ls?~!/H > 0. Independence of rounds and geometric summation give selected

law p(E N Cy(w))/s4 L. Define J = min{j : U; < 1/H}. Every input still searching succeeds by round
J, since it always has at least one hit. The uniforms defining J are independent of the scale. O

14
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Lemma 18 (Uniform unsafe fraction). For a fine scale s, every rotated list of Lemma 17 and every
test y, the number By of centres z with t(y, z) < s satisfies By/L < Cs.

Proof. For d.(w,z) < h/2, decompose a unit representative of w along z. The perpendicular component
has norm d.(w, z) and the parallel coefficient has modulus at most one. Thus [(y, w)| < |(y, z)|+h/2 <
r+h/2 for an unsafe centre. The band with amplitude at most v < 1 has mass 1 —(1—v?)"1 < (d—1)v?.
The disjoint balls therefore give By (h/2)" < (d — 1)(r + h/2)?. Since L(h/2)® > 27% and h/2 < r/4,
division gives exactly B, /L < C's. The band bound applies since s < § < 1/32. O

6.2 Packet alphabet and decoder

Lemma 19 (Grouped response and actual range). At each fine scale set
n(s) = max{l, L(8Cs)_1j}, My =16C 8" + 1.

There is a protocol with response cKy(t) for every input pair. Its used alphabet has size at most MgJs™*
and at least 1/[n(s)s?1] almost surely. For s < 1/(8C) the latter is at least 8Cs°.

Proof. Independently of the round data used to choose the anchor, uniformly permute each round’s L
labels. Divide the permuted list into consecutive packets of size n(s), allowing a shorter last packet.
The public declared alphabet is

Asa ={0,9): 1 <7 <JA), 1 <g < [L/n(s)]}.

Alice sends the pair consisting of the first successful round and the packet containing its selected

anchor. Neither selection uses the permutation. Bob reconstructs the indicated round and packet and

counts B, for the entire round. If any packet member is unsafe, he rejects. If every member is safe

and its actual size is g, he computes

L-1-B

( g—1 y)
L—1y
(g—l)

then accepts with probability ¢/py, using a fresh independent coin.

To justify this rule, condition on the round list, the selected anchor and the size of its packet. The
anchor selection is independent of the permutation. For a safe anchor the remaining g — 1 members are
a uniform subset of the other L — 1 labels. Thus p, is the conditional all-safe probability. Lemma 18,
L > 2 and a union bound give

(gL—1)13y >1-2C0s(g—1) =2 1-2Cs(n(s) - 1) = 3/4=c.

bg = p1:17

pg > 1—

The last inequality holds also when n = 1. Conditional on a safe anchor, averaging over the packet and
the additional coin gives acceptance py(c/py) = c¢. An unsafe anchor forces rejection. Averaging the
exactly uniform anchor proves response cK(t). Conditioning on the size treats the short final packet
explicitly.

The full declared alphabet has size J[L/n]. Since n > 1/(16Cs), L < 8’s~(@Y and s < 1, this is
at most MyJs™® A used pair (j,g) can encode only inputs whose anchor lies in its packet. These
inputs belong to a union of at most n cap balls, of total mass at most ns®!. The union over the
actually used labels covers X, proving the lower bound. If s < 1/(8C) then n < (8Cs)™!, giving its
stated form. These inequalities concern the range over all inputs on one fixed tape. The geometric
round factor remains random at fixed scale. O
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6.3 Coarse sampling and a common finite alphabet

Lemma 20 (Uniform cap and annulus samples). For every fixred s > 0, a first-hit iid Haar sampler
in a cap or in the annulus Cs(w) \ Cg/4(z) has the uniform conditional distribution there. There is a
common random integer Z dominating all first-hit indices for every x and every 6/128 < s < 1/2, with

Pr(Z > j) < Ny(1—e),  e=,/6/128/16, Ny < (2/¢)".

Proof. Let E be the chosen region of mass p > 0. For any Borel set G, geometric summation gives
the selected distribution >;5,(1 — p)?~'u(G N E) = u(G N E)/p. Choose a fixed e-net by the packing
construction, of size at most (2/€)®. Define Z as the first prefix of the Haar tape hitting each net
point’s open e-ball. A union bound gives the displayed tail. This prefix is a 2e-net. For a given x
and radius r = /s > //128 choose a ray at distance 3r/4 from z on a projective line. A prefix ray
within 2e < r/8 has distance strictly between r/2 and r from z, and qualifies for both sampling rules.
Thus their first-hit indices never exceed Z on that tape, simultaneously for all inputs and scales. In
particular Z > 1 and all its positive moments are finite. O

Lemma 21 (Two local exact responses). There are two protocols with responses Ppear(t) = t for
0 <t<§/4 and Poys(t) =t for §/16 <t < 1. Only the near protocol uses the fine packets of Lemma 19.
All its other branches, and the outer protocol, have range bounded by a variable Z of Lemma 20.

Proof. For s > ¢, the inner cap C;/4(z) has conditional mass o = 4=@=1) inside Cy(z). If t(z,y) < 6/4,
an inner point satisfies |(y, z)| < vt +d.(z,2) < y/s. The removed part always rejects. If A4(t) denotes
the annular response, then K(t) = (1 — 0)As(t) on this interval.

The near protocol uses the following unconditional branch measures, all sampled publicly. On
(0,9) give scale measure dyg/c and use the packet rule of response cK. On [d,1/2) give scale measure
(1 — 0)dyg and use the annular rule. The remaining branch always rejects with one fixed label. The
total nondefault mass is

W=c'ms+(1—-0)(1-ms), 1-W=0-(1/3+0)ms>0/2

by (20). Hence this is a probability distribution. On the near interval its response is exactly the full
mixture in Lemma 15.

For the outer protocol sample a scale from ;. Always accept at s < 0/128, with one label.
Otherwise use the first-hit cap sampler. If ¢ > 6/16, the discarded scales already have K4(t) = 1, since
4s(1 — s) < §/32 < t. Thus the outer response is exact there. Lemma 20 supplies all claimed range
bounds. The branch and scale are public and require no transmitted branch label. ]

Lemma 22 (Exact deterministic routing). There is a Borel one-way protocol exact for every pair
(z,y) € X2, with actual range bounded by NoDpearDous, where Ng < (64/6)? is fized and the two
subprotocol tapes are independent.

Proof. Fix a §/32-net. Alice sends a nearest point index xg, breaking ties by its fixed order, and both
near and outer messages. Encode this finite tuple as one natural-number label by a fixed injective
coding. Bob uses the near message if ¢(x,y) < §/8 and uses the outer message otherwise. The projector
norm bound gives |t(xg,y) — t(x,y)| < de(xo,z) < 0/32. The first case implies t < 55/32 < §/4, and
the second implies ¢t > 30/32 > §/16. The routing decision depends only on the fixed inputs and
deterministic net. Conditional selection therefore preserves the exact mean of the selected random
subprotocol. Multiplying the three range bounds gives the assertion, regardless of whether every tuple
is realizable.

To verify measurability, all base lists belong to a countable dyadic family, with a Borel scale-to-list
choice. Each round uses finitely many strict fidelity comparisons. The uniformly chosen hit uses

16
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|kV ] in fixed list order. A uniform permutation of a finite list is obtained by sorting iid continuous
priorities, resolving ties by index. First successful rounds and first-hit indices are countable stopping
rules. The common bounds J and Z are measurable finite random variables almost surely. On their
null failure sets one can assign a default label. All threshold conventions are included above, and
the extra acceptance coin is independent. This defines a joint Borel encoder and decoder satisfying
Definition 2. O

7 The two-sided alphabet tail

Lemma 23 (Explicit tail constants). The protocol of Lemma 22 has the tail in Theorem 3. Its
fine-scale input-independent law, conditional kernels, and common round bound determine constants
depending only on d.

Proof. Put v =1/a and k}; = (d — 3)/(d — 1) > 0. Define the finite constant

va((0,7))

Ag= sup ——.
0<r<é cr
Its finiteness follows from Lemma 15 at zero and from bounded total mass away from zero. Extend the
fine-branch cumulative mass by its total mass above §. It remains bounded by Agr. Conditional on
J, the event MyJs™® > m restricts s to an interval of length (MyJ/m)7. Integrating the scale first
gives a near fine-tail bound A;M]m~"EJY. Markov’s inequality for the other branches gives at most
m~YEZ". Consequently, for all m > 0,

Pr(Dpear > m) < Bgm™, By = AgMJEJY +EZ".

All expectations are finite by their explicit geometric tail bounds. The independent outer tape has
range bounded by a copy Z’ of Z. Condition on Z’ in D < NyDypearZ' to obtain

Pr(D > m) < B4NJEZ" m™.

This supplies a finite upper constant specified entirely by d and the fixed net choices.

Choose sy < min(d,1/(8C)) such that v4((0,7)) > kir/2 for all 0 < r < sg. At a fine tape
with s < sg, projecting joint transcripts onto their near packet label shows D > 8Cs™®. For
m > 8Csy?, every fine scale s < (8C/m)? therefore gives D > m. Its unconditional branch mass is
v4((0, (8C/m)7))/c. Hence

kl/
Pr(D >m) > 2—i(80)7m77.

Together the bounds give the assertion. Lemma 5 yields finite moments for every ¢ < -y for this one
protocol. Combined with Section 4, this completes Theorem 3 for every d > 4. O

8 From binary tests to general measurements

Theorem 24 (Finite-overhead reduction). In fized dimension d > 2, an exact one-way binary rank-one
simulator with declared alphabet L(\) gives an exact one-way simulator for arbitrary states and POVMs
with declared alphabet at most C4L(\) on every augmented tape, up to the harmless default on null
tapes. The constant depends only on d.

The proof constructs a decoder whose outputs form a probability distribution for each tape and
input. Its expectation matches the Born law. Finite and countable outcomes are handled first.

17
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8.1 A finite local description and a filtered query

Constants s, 7,9, U in this section are local to the reduction and independent of the random scale in
the binary construction. Write P, = xz* for a unit vector x. Choose

r
\/Qm’

Take a finite §-net of pure projectors in operator distance. Alice sends a nearest centre Py, breaking
ties by list order. Thus ||Py — Pyllop < d. The net is fixed and does not depend on Bob’s measurement.

A formal matrix with the right mean. Fix a real Hilbert—Schmidt orthonormal basis
Hy, ..., Hp, of the traceless Hermitian matrices. Write P, — Py = >, s H. Two rank-one projectors
satisfy | Py — Pollus = V2| Py — Pollop- Therefore 3, |€x| < 7. With probability |&|/r Alice chooses
Q = Py + rsign(&;)Hg. She chooses Py with the remaining probability. She sends the vertex index.
The 1 + 2m possible matrices satisfy

S=—, r1=- m=d>—1, 0= U = 2s.

tr@ =1, ||Q_P0H0p§7", EQ = P;.

Some vertices have negative eigenvalues. The decoder below uses only probabilities proved nonnegative
for each such vertex.
A filtered binary query. Define A = \/sPy + (I — P,), and let

u= ||A:13||2:34—(1—5)||ch—P0||gp <U, ' = Azx/\/u.

Alice sends the original binary encoder’s single message for 2’. Using a fresh independent uniform she
sends a bit G with probability u/U of equaling one. All additional sender randomness may be placed
on the public tape. Alice needs no information about the measurement.
Write b(y') € [0, 1] for the original decoder on this tape and message queried at a test ray y’. For
each y, put v, = ||[A7ly||? and ¢/ = A_ly/\/@. Then
2 __ ’<JJ, y) ’2
>| -

Uy

(2", y E[U0,Gb(y")] = [(z, y)|*. (21)
The first identity uses self-adjointness and invertibility of A. The second uses independence of the gate
and the binary tape, and exactness for «’,y’. Only rays with ¢o(y) := tr(PyP,) < s will use this score.
For them v, = 1+ (s71 — 1)¢o(y) < 2. Its maximum contribution per unit of effect weight is at most
4s, uniformly on every tape.

8.2 One normalized distribution on every tape

First take a rank-one POVM E; = w;P,,, omitting zero effects. Its weights obey >, w;P,, = I and
>, w; = d. For a Hermitian H, put f;(H) = w; tr(HP,,). Each is linear, and ), f;(H) = tr H.
Partition the indices into N = {i : to(y;) < s} and its complement F. The far reference mass
B = Y icr fi(P) is at least 1 —ds = 31/32. For j € F set R; = f;(FPy)/B, giving a probability
distribution on F' depending only on the centre and the measurement.
For a fixed tape and received message, Bob defines

S=>"a, T=> fi(Q),
iEN iEN
q; = f;(Q) + R;(T - S), jeF. (22)
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He samples one index from this distribution. Evaluations of b at different rays use one and the same
binary message. Joint independence of those scores is unnecessary.

Normalization. On each tape >, ¢; =5+ (1-1T)+(T'-5) =1.

Positivity. Near entries are nonnegative and S < 4sd = 1/8. Since f;(FPy) > 0 and ||Q — Po|lop < 7,
we have T' > —dr = —1/128. For a far index to(y;) > s implies f;(Q) > (1 —r/s) f;(Py) = 3f;(FPo)/4.
Consequently

3 1/8+1/128] 19

q > [i(Po) | —

4 31/32 | 31 /1(F0) > 0.

The estimate holds for any values of the binary scores in [0, 1], even under adversarial correlation. The
gate and the same finite message suffice for every Bob input.

Exactness. For fixed preparation and measurement, (21) gives Eq; = f;(P,) on N. Linearity and
EQ = P, give ET' =Y,y fi(Pz) = ES. Since R; is fixed by the inputs, Eq; = f;(P;) on F. A near
outcome with zero Born probability has zero mean and is nonnegative on each tape, so is zero almost
surely for the fixed input. The proof includes orthogonal inputs and the near-set boundary.

A four-outcome example. Take d = 4, a net containing Py = F,,, and a preparation z =
VI—ne + /T €2 so close to e; that I is the nearest centre. If Bob measures in the coordinate basis,
only outcome 1 is far. Its redistribution weight is R; = 1. Since )", fi(Q) = 1, the rule gives g1 = 1— 5
on every tape. For ¢ = 2,3,4 one has v., = 1 and ¢; = UGb(e;). Equation (21) gives Ega = n and
Eqs = Eq4 = 0. Thus Bob’s average law is (1 —n,7,0,0) even though the total near mass S may change
from tape to tape. Removing the subtraction of S in (22) would give total mass 1+ S whenever S > 0.

8.3 General effects, mixed states and alphabet range

Arbitrary effects. Fix an orthonormal basis (eg). For an outcome with effect E, refine it into its at
most d rank-one terms

d
E =" |EY2ep) (B ey
k=1
Discard zero columns, apply (22) to the refinement, then forget the refinement index. This avoids
choices of eigenvectors at degeneracies. Finite and countable sums converge absolutely because on the
near set ¢; < 4sw; and | f;(Q)| < (1 + r)w; everywhere.

Standard Borel outcomes. Fix the outcome space (€2, B) and equip its POVMs with the
evaluation o-algebra generated by the matrix entries of F(B) for B € B. For a POVM E(B) take the
finite measure o(B) = tr F(B). Its total mass is d. In finite dimension there is a measurable positive
matrix density H(z) = dE/do, with trace one o-almost everywhere. Refine its square-root columns as
above. On pairs (z,k) let dw = ||H(2)"/?e;||?do(z) and y be the normalized nonzero column. Then
J Pydw = I and w(all) = d. Formula (22) applies to densities relative to w, replacing sums over
N, F by integrals. Boundedness allows integration over any outcome event and interchange with tape
expectation. The resulting kernel has total mass one and its projection onto z has the prescribed law.
On a fixed standard Borel output space, a jointly measurable density can also be chosen as the limit
of ratios E(C)/o(C) on refining finite generating partitions, taking a default value on zero-mass or
nonconvergent points. This gives the usual kernel interpretation for varying measurement inputs.

Mixed states. Sample a pure state from the normalized columns of p'/? with probabilities equal
to their squared norms. Their mean projector is p. One independent uniform implements this choice,
and the pure-state alphabet envelope covers all selections.

Cost. With Ny net centres the tuple has at most CyL(\) slots, where Cy = 2N4(1 + 2m). Extra
uniforms never increase this count. A maximal d-separated net can be chosen with Ny < (2/8)2(@=1)
since disjoint projector-distance balls of radius §/2 have Haar mass (§/2)2(¢~1. The only use of this
estimate is finiteness. The overhead in log alphabet size is additive at fixed d.
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This proves Theorem 24. In particular, restriction transfers any attainable upper-tail exponent
from general measurements to binary tests, and the reduction transfers it in the opposite direction.
This equivalence holds for every d > 2, even before the binary exponent is evaluated.

Proof of Theorem /. For the forward construction, the bounds in Lemmas 19, 20 and 22 apply to
the declared menus. In a fine branch declare all J[L/n] slots, bounded by MyJs=(@=2). At a coarse
branch declare all indices up to Z (or one label at a default branch). The independent outer tape
has its own bound Z’. These common finite envelopes are tape-measurable. The tail integration in
Lemma 23 applies to these declared bounds and gives Pr(Lyi, > m) = Og(m~/(4=2)). Theorem 24
preserves this rate under multiplication by Cy. It also gives finite moments below that exponent.
Conversely, restrict any all-measurement protocol to pure states and binary rank-one tests. Its
declared alphabet dominates the used range on the restricted experiment. Theorem 3 makes the
endpoint moment infinite. If an exponent strictly above 1/(d — 2) were attained, Lemma 5 would give
a finite endpoint moment, a contradiction. The binary construction has a two-sided tail for its used
alphabet. For general measurements the proof gives an attainable upper tail and a universal moment
obstruction. O

9 Sharpness of the analytic exponent

Corollary 25 (Maximum strong output exponent). Fix d > 4 and a = d — 2. There is no finite
constant M and exponent a < p < oo for which

I Tifllp < M||fllo  for every bounded f and every 0 <t <1/2.

The same assertion holds on any smaller fized interval 0 < t < tg with to > 0. For finite p > a, such a
bound would force EDi/p = o0 for every exact protocol, contradicting the protocol of Theorem 3.

Proof. Assume the bound with finite p > a. On tapes from Lemma 11, each positive-mass cell satisfies
0 S al(t)/t = <1AiaTtbi> é MIU,(Ai)l_l/p.

If D4 < oo, summing gives F\(t)/t < M Di/ P The excluded-cell limit remains available from Lemma 12.
If its dominating moment were finite, dominated convergence would contradict exactness as before.
On the other hand 1/p < 1/a, and the constructed tail gives

1 o0

EDYP = f/ u/P7 1 Pr(D > w) du < 0o
pJo

by Lemma 5. This is a contradiction since Dy < D. A uniform L* output bound implies every finite

LP bound on a probability space, so it too is excluded. For a shorter interval choose the sequence

approaching zero inside that interval. O

9.1 An explicit family above the endpoint

The following independent proof of divergence for finite p > d — 2 also specifies a measurable event
for the numerical tests. Fix n centres yi,...,y,. Let f be the indicator of the union of bands
{2 :t(y;,2) < s}, let t = 5s < 1/2, and put h = s?~1. Sample a uniform label j, then X uniformly in
Cs(y;), and finally Z uniformly on the fidelity-t sphere about X. Define m, as the probability that X
lies in exactly one centre cap and Z misses every band. The tagged sampling density is the number of
covering caps divided by nh. On the uniquely covered region A, Rof =1 and e =1 — R;f > 0. Hence
J4edp = nhm,, while u(A) < nh. For p > 1, Holder yields the fixed-decoder inequality

[T f1l; = nh(m./t)P. (23)
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For independent Haar centres, the tagged band is escaped because ¢t > 4s(1 — s) (Lemma 16).
Each remaining centre must avoid both the cap about X, of mass h, and the band about Z, of mass
b=1—(1—5)%!. These sets are disjoint by the same escape inequality. Conditional on the tagged
centre, X, Z, the other centres remain independent. Thus Eceptresms = (1 — h — b)"_l. Jensen applied
to (23) gives an expected lower bound nht P(1 — h — b)?»~D_ For s = x/[(d — 1)n] with & > 0 fixed,
the bound is asymptotic to

we P da-
e
At least one realized union at each sufficiently large n attains the expected lower bound. This supplies
explicit finite families that rule out a uniform estimate above the endpoint. The endpoint upper
estimate itself comes from Theorem 6.

10 Comparison and dimension dependence

Castellano, Sekatski and Brunner [2, Definition 1, Eq. (12) and Sec. V] give an all-measurement
construction with tail exponent 1/(2d — 2) and exclude finite expected alphabet size for d > 4. Their
binary obstruction already applies to pure preparations and rank-one projective tests. Their bounds
for the optimal all-measurement tail exponent were 1/(2d — 2) < ﬁctﬁ;ln < 1. Theorems 3 and 24 supply
matching bounds under the same input-independent shared-randomness convention. In dimension four
the earlier interval was [1/6,1] and the exponent obtained here is 1/2. These results concern tail decay
at fixed d. The optimal dependence of the expected bit cost on d remains open.

Comparison with the qutrit cap protocol. De Gois, Santos and Vieira [4, App. D] already
realize qutrit Born probabilities by coupling cap thresholds to a shared Haar ray and conditioning
on Alice’s acceptance. Their finite binary simulator truncates the search and uses a covering-ball
fallback. In Appendix D.3 they simulate general qutrit measurements using 26 independent binary
copies, rejection and a multi-outcome fallback. Here Lemmas 14-15 construct an exact scale mixture in
d > 4 with v4((0,s]) ~ (d —3)s/(d — 1). Grouping the labels at scale s then gives the matching tail in
Lemma 23. Theorem 24 uses one binary message on each tape. Its normalized decoder gives a declared
alphabet at most CyL(\) for any exact binary simulator, preserving its tail exponent at fixed d.

d  Optimal tail exponent Basis
2 o Bounded alphabet for arbitrary measurements [3].
3 o Bounded alphabet for arbitrary measurements [4].
4 1/2 The ququart estimates of [4], summed with cell masses in Lemma 13, and
the matching construction with Theorem 24.
>5 1/(d—2) The strong L9~2 estimate, the binary construction and the finite-overhead
reduction.

There is a direct reason the positive cap recursion cannot be extended down to d = 3 using the
same proposed moments. Its first two moments would be Q3(1) = 24/25 and Q3(2) = 32/35, so
1 —2Q3(1) + Q3(2) = —1/175. A positive law on [0, 1] must have E(1 — U)? > 0. The low-dimensional
bounded protocols therefore use a different construction.

The sphere kernel (u - v)? for real unit vectors u,v € R is obtained by restricting the complex
dimension-five experiment to real inputs. The upper construction restricts to those inputs, but the
Haar-cell converse integrates over the full complex projective space. The real projective locus has zero
complex Haar measure, as follows from its smaller real dimension in coordinate charts. Consequently
the present lower bound does not decide the finite-alphabet question for the real five-dimensional
square or its exceptional polynomial-contact case. The common squared-overlap formula alone does
not transfer the complex lower bound to that restricted domain.
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11 Computational checks

The experiments have three distinct targets. Exact arithmetic detects a wrong multiplier normalization
and a missing term in the general-measurement decoder. Quadrature and sampling test the cap response
against the Born probability at specified fidelities. Realized finite decoders give lower confidence
bounds on their own operator norms. The lower bound over all exact protocols follows from Section 4.
None of the sampling routines enumerates protocols.

11.1 Exact arithmetic and normalized multipliers

In check_dimension.py, exact arithmetic confirms the dimension-factor transform for d =4,...,30
and Mellin arguments —2,...,24. It also checks the Jacobi-product cancellation for d = 4,...,16
and degrees 1,...,12, the dyadic sum and the degree-one quotient. The floating-point multiplier grid
covers d =4,...,12, degrees 1,...,400, and 110 positive fidelities including a repeated join at 0.01. It
also checks the endpoint slopes. The largest ratio of an observed quotient to the bound in Lemma 8
was 0.062499224575.

The normalization audit in normalization_checks verifies mj(n) = 1, the reproducing-kernel
dimension, and the dimension-four endpoint slope using exact rational arithmetic. The routine
diagonal_scaling_checks independently evaluates the terminating Jacobi series with 80 decimal
digits at t = n~2 for n = 16,64, 256, 1024,4096. In dimension five its largest tested degree gives
|q1/m2(n)| = 0.0011360387157, consistent with the proved n~! scaling. For a direct norm test, take
fn([z]) = (221Z2)™ on unit representatives. Its complex Euclidean Laplacian is zero, so f, € H,, and
| fulloo = 1. The simplex law of the squared moduli gives, for r > 0,

2T (d)T (rn/2 + 1)2

e

The routine harmonic_endpoint_test evaluates both these norms and the multiplier. For d = 5, the
ratio || 71 2 frll3/ (| fnllooll fnll3) decreases from 0.003733516007646 at n = 16 to 3.548397241413 x 10~ 1°
at n = 4096. These values omit the fixed factor C5 on the right-hand side. The test uses the norm
ratio directly. For every nonzero f,, € H,, the elementary inequality ||f,||3 < || fallcollfnl|3 bounds this
ratio by |g:(n)[3.

The only specialized approximation input to the analytic proof is the Wang—Sloan filter bound in
Lemma 9. Lemma 12 proves the required Sobolev locality on arbitrary measurable cells.

11.2 Finite CPU experiments

The reference panel contains three seeded waves in dimensions 4 through 8. Each wave has five
cap-mixture cells, 25 finite-decoder cells and one cell for four packet configurations, giving 93 scheduled
cells in total. Seeds, interval allocations and raw counts are included in the embedded source.

Born probabilities. Importance sampling of the multiplicative dimension factors, followed by rejec-
tion sampling of the mixing law in Lemma 15, produced 6,943,070 accepted cap anchors from 62,914,560
proposals. For each anchor the code tested nine fidelities, 0,1/1024,1/64,1/8,0.37,1/2,0.81,63/64, 1,
by directly computing the overlap with the test ray. Thus 62,487,630 bits were evaluated, with nine
correlated bits per anchor. The cap law takes 1 — u = sV for a uniform V. The squared
projection on a chosen transverse direction is independently Beta(1,d — 2). These and a uniform phase
determine the overlap without using the target probability as an output coin.
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d Accepted anchors Max. |p—t| Finest-scale p=d — 1 lower bound
4 3,146,183 0.00086744 0.872750
5 1,834,756 0.00095795 0.106409
6 1,046,648  0.00181094 0.0126192
7 588,901  0.00219489 0.00155111
8 326,582 0.00164808 0.000185654

The largest residual was at d =7, t = 1/2 in wave 3. There were 97,638 successes in 196,137 trials,
giving p = 0.4978051 and a simultaneous interval [0.492764,0.502846]. The intervals are two-sided
Clopper—Pearson intervals. Zero-indexed wave w receives error budget 0.01/[(w + 1)(w + 2)], split
among all its intervals, including normalization and small-scale mass checks. The union bound permits
dependence across fidelities. The budgets sum to 0.01 even if later waves are added. The core required
each Born interval to contain ¢ and fit within ¢t +0.012. A wrong-threshold control had to produce
false accepts at t = 0. The scale normalization and all scheduled checks met their criteria.

As an independent d = 4 check, direct nested quadrature evaluates [ K(t) dvy(s) on eight fidelities.
Its maximum absolute residual in the reference run was 2.38 x 1078 (rounded up). All 15 diagnostics
in the quadrature validation module passed. These fixed-fidelity computations are separate from the
random cap samples.

Finite decoders and packets. At each dimension the core used n = 2,8, 32,128,512 bands. Each
of 75 saved decoders received 131,072 independent tagged trials conditional on its centres. Across
all decoders this required 2,681,733,120 pairwise centre fidelities. Substituting the lower limit for m.
into (23) gives a lower confidence limit for the full-space p-th power of the norm of that particular
decoder. The last column reports the smallest such bound across the three 512-centre decoders in each
dimension. Separately, 3,145,728 finite population trials checked the hypergeometric packet correction
of Lemma 19, including a short packet, a singleton and the boundary p, = c. The source also includes
an optional GPU runner. The reported measurements used a CPU.

Cap mixture « wave 1 Explicit decoders » wave 1
+— d=4 100 { —— d=4
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Figure 1: First of the three prespecified CPU waves. The left panel shows deviation of the simulated
cap response from its target at each fidelity with simultaneous binomial intervals. The right panel
gives lower confidence limits from (23) for archived unions of bands at p = d — 1. The sequence of
finite witnesses illustrates the construction in Section 9.1.

Arbitrary-measurement decoder. The twelve-outcome rational fixture enumerates 18 positive-
probability tape blocks at each of two scales, the original s = 1/256 and the theorem’s s = 1/(32d) =
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1/128 at d = 4. On every block it forms both full vectors in exact arithmetic. The correct vector uses
fi(Q) + R;j(T — S) on far outcomes. The faulty vector uses f;(Q) + R;T there and keeps the near
entries unchanged. At each scale the correct vector is nonnegative, has unit mass on all 18 blocks
and reproduces all twelve Born probabilities after averaging. The faulty vector fails normalization on
six of the 18 blocks at each scale. The released JSON records both measured totals on every block.
A second suite tests 720 frames in dimensions 4,5,7,8 and 6,480 fixed-tape vectors. The maximum
normalization error was 1.1103 x 10~ (rounded up) and the maximum deviation of the computed
mean identity was 4.9961 x 1071¢ (rounded up). The minimum output component was zero. In 1,071
vertex—measurement pairs a raw score before correction was negative. These checks exercise the algebra
of the reduction using an exactly specified binary-response fixture. The optional geometric simulator
in ququart_lab/protocol.py replaces the deterministic covering net of Lemma 17 with finitely many
random centres and a finite round limit. A random list may miss a cap. Its counts refer only to
sampled inputs. The 93-cell panel tests components of the construction. Neither experiment measures
the distribution of L over complete tapes.

12 Conclusion

For d > 4, a classical one-way simulator of arbitrary quantum measurements can attain alphabet-tail
exponent 1/(d—2), and every exact simulator has an infinite endpoint moment. The matching protocol
is constructed in Sections 5-7. At d = 4 the obstruction follows by summing the ququart estimates of
[4] with cell masses. For d > 5 it uses the strong L?~2? bound of Theorem 6. Section 8 transfers the
exponent to arbitrary measurements. The optimal constants and the dependence of the optimal mean
bit cost on dimension remain open.
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A Source code and reproduction

The research archive Kashogi_Source.zip is embedded in the PDF and available directly from
the Kashogi.com research page. The public download address is https://kashogi.com/research/
critical-alphabet/source.zip. It contains this manuscript’s LaTeX source, the complete Python
checks, 93 raw result cells, the 75 saved decoder arrays, the sampling plan and a CPU replay log. After
installing the pinned dependencies, the checks run locally. The reference environment used Python
3.12.14, NumPy 2.3.5, SciPy 1.17.0 and Matplotlib 3.10.8. The verification script first checks the files

listed in SHA256SUMS.

With Poppler and unzip installed, extract the archive in the directory containing the PDF.

pdfdetach -saveall Kashogi_Critical_Alphabet.pdf

unzip Kashogi_Source.zip
cd Critical_Alphabet

Implementation

Formula or claim to audit

check_dimension.py

normalization_checks in the same file

diagonal_scaling_checks and
harmonic_endpoint_test
check_povm_lift.py

ququart_lab/evidence.py and
campaign.py in that directory
reference/cells/ and verify.py

cap_moments and cancellation check dimension recursion and
finite Jacobi products. endpoint_sum, degree_one_check and
multiplier_checks check the dyadic sum and multiplier bound.
Exact tests of (8) at ¢t = 1, the reproducing-kernel dimension, and
the d = 4 slope. At d =5,n = 2, dividing PQ(S’O)(l) =10 by (g)
gives 1. Dividing by n + a gives 2. The code computes and asserts
both results.

Independent terminating series at t = n~2 and Dirichlet-integral
harmonic norms.

Exact rational and floating-point fixtures for (21) and (22), in-
cluding a faulty decoder control.

Scale sampler, direct overlap bits, finite packet trials, (23), deter-
ministic seed mapping and interval allocation.

The driver reconstructs totals, intervals and lower bounds from

raw integer counts and hashed centre matrices.

With Python 3.12, run the checks from the extracted directory.

python3 -m venv .venv

.venv/bin/activate
python -m pip install -r requirements-pinned.txt
python verify.py

For a fresh CPU simulation of all 93 cells on Linux, run python verify.py --full. It compares
each new result against the archived cell, excluding elapsed time. Exact seeded replay targets the
stated software environment. Floating-point residuals may vary on other systems. To inspect just the
endpoint normalization, run

python -c "from check_dimension import normalization_checks as f; £()"

Keep Python assertions enabled. A replay with the same code and seeds matched all 93 archived cells,
excluding elapsed times. See reference/replay.log for the record and README.md for the plain-text
formulas, build instructions and optional GPU commands.

Preparation note. An Al assistant contributed to the development of the proofs, the manuscript
and the numerical code.
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# Finite evidence plan

## Scope and endpoints

The manuscript's resource is the count D of labels used over **all** preparations on one fixed public random tape. Its target is one exact binary rank-one projective test on a pure complex state. It claims a critical moment of 1/(d−2) for d ≥ 4, divergence at that moment for every exact simulator, and a matching tail for a particular construction. This lab tests three implications and component calculations. It does not sample D, implement the entire deterministic net and routing construction, test arbitrary POVMs, or verify the universal lower bound by enumeration.

## Locked overnight panel

The first three waves use independent seeded streams, d = 4, 5, 6, 7, 8, and 31 cells per wave. Each wave runs five direct cap mixtures, one finite packet experiment and 25 realized decoder experiments. The fixed inputs are listed in evidence.py; the exact seed mapping and budgets are in campaign.py. The base seed is 509031. Core runs use 4,194,304 proposals per dimension, 131,072 trials per decoder and 262,144 trials per packet configuration. All data are double precision. Every decoder is archived with its SHA-256. The hardware/software and source manifest is written before sampling. Independent seeds refer to separate pseudorandom streams. Shared anchors across different test fidelities induce dependence.

After three waves the schedule changes to larger unions (32, 128, 512, 2,048 and 4,096 bands), cycles through four prespecified densities and uses new independent centre lists. The time limit is checked between cells. Each relaunch gets a fresh wall-clock budget and resumes the same sequence. New code or a different environment requires a new run directory. The smoke profile tests plumbing at smaller counts and two dimensions.

## Direct test of the Born probability

The code samples the scale law and generates a Haar-uniform cap anchor. With x chosen by symmetry, its perpendicular squared length is radial = s V^(1/(d−1)) for uniform V. The squared projection onto a fixed transverse direction is an independent Beta(1,d−2) variate. An independent uniform phase and the actual overlap test then produce the bit. No Born probability enters the output coin. Nine fixed fidelities include 0, 1/1024, 1/64, 1/8, .37, .5, .81, 63/64 and 1. The reference rates are t. Quadrature on the original d=4 implementation is a separate anchor.

To sample the manuscript's mixing law, propose w = sqrt(1−U4) uniformly. Its tilted density f_W(w)/U4 is bounded by 5/2. For each dimension step j, divide the law of V_j by v before sampling. Its atom has mass A=(j+2)/(2j). The continuous density is bounded by a multiple of v^((j−1)/2−1) with integral B=(j+2)(j²−1)/(4j(j+3)((j−1)/2)). Propose the atom or a power-distributed variate in proportions A:B. Multiply the likelihood ratio by A+B, with the extra factor 1−8v^((j+3)/2)/(j²−1) on continuous draws. Multiply U4 by the independent V_j, set s=U/[2(1+sqrt(1−U))], and multiply the weight by 4/[d(d+1)(1−s)^(d−1)]. This converts the U inverse tilt to the desired scale law. Accept independently with probability weight/envelope(d). The proposal distribution and the geometric test do not use target outcomes. The predicted accepted fraction is 1/envelope(d), an independent normalization check. Frequencies below four small scales are recorded to inspect the prediction ν((0,s])/s → (d−3)/(d−1); no finite scale equals that limit by assumption.

A deliberately faulty decoder uses threshold s² at t=0 on the same accepted anchors. A correct decoder must always reject there. The control must yield at least one false accept. The shared CPU fixture independently computes complex inner products and cap response amplitudes by a different expression and tests the selected backend at 2×10⁻¹³ absolute tolerance. The analytic anchor also includes the wrong-denominator example and exact rational checks from the current manuscript companion.

## A direct lower bound from a saved decoder

Fix n centre rays and let f be the indicator of the union of their fidelity bands of width s. Choose a uniform index j, then a uniform X from its cap of Haar mass h=s^(d−1). Let t=5s ≤ 1/2 and draw Z on the fidelity-t sphere about X. Count success when X is in exactly one centre cap and Z is outside every band. For fixed centres these independent trials have a single probability m. The orthogonal sphere at a tagged X is entirely inside the j-th band. Hence R₀f(X)=1. The tagged band is always escaped at fidelity t, since t>4s(1−s).

Write e(X)=1−R_t f(X). The tagged mixture has density multiplicity/(nh) relative to Haar. On the uniquely covered region A, its density is 1/(nh), so ∫_A e dμ=nh m and μ(A)≤nh. Hölder for p≥1 gives

    ∥T_t f∥_p^p ≥ t^(−p) ∫_A e^p dμ ≥ nh (m/t)^p.

An exact binomial lower confidence limit for m therefore yields a lower confidence limit for the **full-space** moment of this specific decoder. These are statistical certificates, not deterministic interval-arithmetic bounds. They avoid nonlinear inner Monte Carlo bias. We report p=d−2 and p=d−1, using the same interval for both.

There is an analytic ensemble benchmark. Conditional on X,Z, another independent Haar centre must avoid the cap around X (mass h) and the band perpendicular to Z (mass b=1−(1−s)^(d−1)). Those sets are disjoint by the same escape inequality. The tagged centre already satisfies both trial requirements with respect to its own band. Therefore E_centres m = (1−h−b)^(n−1). This is an ensemble mean, not the predicted success rate of every fixed decoder.

This also gives a short independent obstruction above the endpoint. Jensen gives E_centres ∥T_t f∥_p^p ≥ nh t^(−p)(1−h−b)^(p(n−1)). With s=κ/[(d−1)n] and fixed κ>0, this is asymptotic **as a lower bound** to [κ/(d−1)] 5^(−p) exp(−pκ) s^(d−2−p). For every sufficiently small scale in this sequence at least one finite union attains that bound. In particular, for any finite p>d−2 the operator family cannot have a uniform L∞ → Lᵖ bound. The argument gives only the divergent side and concerns the analytic operator; it makes no claim of priority. Neither the endpoint upper bound nor the communication converse follows from these trials.

## Finite packet check

Condition on a safe anchor and a prescribed population. Explicit random permutations pick g−1 neighbours without replacement. If they are safe, accept with the manuscript's 0.75/p_g correction. Both the all-safe frequency and final 0.75 rate are checked. The four populations exercise a full packet, a short last packet, a singleton and the boundary p_g=0.75. These trials isolate the decoder rule. The original random-net simulation remains available for exploration; outcomes with exhausted rounds now count as rejections.

## Decision rules

- Each interval is two-sided Clopper–Pearson. Allocate 0.01/[(w+1)(w+2)] to zero-indexed wave w and divide equally among **all** its intervals, including normalization and descriptive scale masses. The sum over all waves is 0.01. Bonferroni permits dependence across fidelities. This covers the individual binomial probabilities assuming the specified samplers and ideal independent streams; numerical/modeling errors are outside its scope.
- Each Born interval must contain t and fit inside t ± 0.012. Each packet interval must contain its predicted value; the final corrected rate must also meet the ±0.012 precision budget. Geometry, normalization and mutant checks must pass. Smoke uses ±0.060. Increasing confidence at late waves can eventually make a panel inconclusive at fixed sample size.
- For each saved decoder the lower confidence limit for m must reach at least half of the ensemble benchmark. This is a prespecified strength threshold, not an identity required of all decoders. Finite-size lower bounds and their prefactors are reported even on a miss. The s-power in the formula is partly imposed by the chosen geometry; a fitted slope would not independently measure the critical exponent.
- A single scientific miss sets REVIEW and persists. Completion requires all 93 core cells. A time limit or interrupted extension may leave a partial extension; every completed extension cell also counts toward review. Partial core data give INCOMPLETE unless findings require REVIEW. Hardware or software exceptions terminate with a traceback, and the affected cell is replayed on relaunch. A finished smoke run is always labeled SMOKE ONLY. Finite success supports the tested implications, while release of a proof claim depends on a separate mathematical review.
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# The critical alphabet exponent for exact classical simulation of quantum measurements

**Author:** Kashogi  
**Research draft for independent review.** October 31, 2026. The manuscript is AI-assisted and has not been peer reviewed or independently verified.

The single manuscript contains the binary endpoint and its proof, the explicit cap protocol, its two-sided alphabet tail, the binary-to-general-measurement reduction, the finite-decoder obstruction above the endpoint, and the numerical evidence. The PDF carries this complete ZIP as an attachment. If a browser PDF viewer hides attachments, open the PDF in a desktop reader or use Poppler's pdfdetach.

The public release is at https://kashogi.com/research/critical-alphabet/ and the complete source and raw results are at https://kashogi.com/research/critical-alphabet/source.zip.

## Reproduce the checks

The reference run used 64-bit Linux, Python 3.12.14, NumPy 2.3.5, SciPy 1.17.0 and Matplotlib 3.10.8. Use Python 3.12 for the pinned environment. Dependency installation needs access to a Python package index. The checks then run locally with no third-party services or input files.

From this directory:

    python3 -m venv .venv
    . .venv/bin/activate
    python -m pip install -r requirements-pinned.txt
    python verify.py

This verifies all file hashes, executes the analytic, POVM and regression checks, and reconstructs the reported totals, Born intervals and fixed-decoder lower bounds from the released records. Expected result: PASS. For a fresh CPU simulation on Linux:

    python verify.py --full

The full check writes a fresh panel to a temporary directory, verifies it and compares every cell against the reference, excluding timing. Exit status zero means success. The strict replay targets the reference library versions and CPU numerical environment. Other architectures or GPU random generators may produce different samples. To keep the generated raw results on disk, run:

    OPENBLAS_NUM_THREADS=1 python -m ququart_lab.campaign --backend numpy --core-only --out runs/new-cpu

A run directory must be fresh for an independent replay. The optional RTX campaign is available with bash run_gpu.sh --core-only (or bash run_gpu.sh --hours 8 for extended sampling). The manuscript reports CPU data only. The GPU launcher is specific to a supported NVIDIA RTX 5090 setup on Linux.

## Audit one claim

| Claim | Command | Expected check |
|---|---|---|
| Jacobi normalization | `python -c "from check_dimension import normalization_checks as f; f()"` | The normalized value at fidelity one equals 1. At d=5, n=2 the incorrect denominator gives 2. Both are computed exactly. |
| Positive mixing moments, Jacobi products, endpoint dyadic sum, high-degree quotient | `python check_dimension.py` | Rational checks, 80-digit decimal series, and comparison with the SciPy grid. Full expected printout in reference/analytic.log. |
| General-measurement decoder | `python check_povm_lift.py` | At each of s=1/256 and s=1/128, all 12 exact means match and the explicitly constructed faulty vector fails in 6 of 18 blocks. The stress panel checks 6,480 floating-point vectors. Expected JSON in reference/povm_checks.json. |
| CPU panel and saved witnesses | `python verify.py` | 93 cells, 6,943,070 cap anchors, 62,487,630 bit evaluations, 2,681,733,120 pairwise centre fidelities, and 3,145,728 packet trials. |
| Rerun all sampling | `python verify.py --full` | Published counts and saved centre digests reproduced with the reference setup. |

Do not run Python with -O or PYTHONOPTIMIZE set. The check drivers reject disabled assertions. The fidelity grid contains 110 entries, of which 109 are distinct: its two segments share 0.01.

## Contents

- main.tex is the complete source for the unified paper. Common LaTeX packages suffice; there is no external bibliography database or custom journal class.
- check_dimension.py contains all analytic companion routines, including normalization_checks. The denominator mutation is an executable exact assertion.
- check_povm_lift.py contains the exact and numerical fixtures for the reduction. Its binary responses are a test fixture. It does not implement the full quantum communication simulator.
- ququart_lab/, tests/, PLAN.md and run_gpu.sh contain the full experiment, optional exploratory modules, sampling plan, seeds, tolerances, fault controls and finite-core launcher.
- reference/cells/ contains all 93 JSON cells and 75 complex centre arrays. Each witness cell carries the hash of its array. Raw counts, panel-level output, validation logs, environment, source hashes and the figure are in reference/.
- SHA256SUMS covers manuscript source, result files, plotting code, launchers, citation metadata and instructions. For an independent integrity check, run sha256sum -c SHA256SUMS.
- CITATION.cff lists the author and manuscript title.

The nine bit tests inside one anchor share that anchor. The confidence intervals use the error allocation specified in PLAN.md. The endpoint claim concerns all inputs and all exact simulators; the mathematical argument is given in the paper.

## Build the manuscript

With TeX Live installed:

    pdflatex -interaction=nonstopmode -halt-on-error main.tex
    pdflatex -interaction=nonstopmode -halt-on-error main.tex
    pdflatex -interaction=nonstopmode -halt-on-error main.tex

This builds the readable manuscript. To reproduce the PDF attachment, keep the downloaded ZIP in the parent folder and run:

    pdfattach main.pdf ../Kashogi_Source.zip Kashogi_Critical_Alphabet.pdf
    pdfdetach -list Kashogi_Critical_Alphabet.pdf

PDF timestamps and object serialization can differ between builds. The embedded ZIP can be extracted with pdfdetach -saveall Kashogi_Critical_Alphabet.pdf.

The consolidated edition includes reference/replay.log, a fresh reference-environment CPU replay that matched all 93 stored cells after ignoring elapsed times. The scripts use the same pseudorandom seeds as the original experiments.

## The two formulas in linear notation

Theorem 6, for d >= 5 and a = d - 2:

    M = essential supremum of |f|
    sup_{0<t<=1/2} norm_a(T_t f)^a <= C_d * M^(a-2) * norm_2(f)^2

Lemma 7, equations (8) and (9):

    B(n,a) = (n+a)! / (n! * a!)
    m_t(n) = JacobiP(n,a,0,2t-1) / B(n,a)
    m_0(n) = (-1)^n / B(n,a)
    q_t(n) = (m_t(n) - m_0(n)) / t

The manuscript derives the degree-two example in dimension five directly from three rational Haar moments. The 93 original sampling cells and their seeds are unchanged. The decoder fixture and its expected output have been revised.

## Revision 1.4

Theorem 6 and Lemma 13 credit the dimension-four spectral and zero-slope estimates to de Gois, Santos and Vieira (Appendices B.5–B.6). The bridge keeps each input cell's Haar mass when applying Cauchy–Schwarz. The proposed matching protocol and the higher-dimensional strong estimate have separate proofs. Lemma 15 displays both cap multipliers with their constants and isolates the finite-difference identity. Section 10 compares the construction with the earlier qutrit protocol.

The optional ququart_lab/protocol.py experiment uses a finite random list and a finite round limit. A random list may leave some caps uncovered. Its sampled message counts do not measure the full-tape alphabet. The original reference/manifest.json records the code hashes at the time of the original 93-cell run. SHA256SUMS identifies this edition.

In reference/povm_checks.json, exact and exact_theorem_scale give the twelve Born probabilities, the twelve computed means, and the actual correct and faulty probability totals for every positive-weight block. The fault removes only the far-outcome subtraction of R_j*S.
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3f49a2e60bed784bf0a18d0092d0d3212a5dffa06fd18731b4f857fb4843e816  reference/cells/w0001-witness-d4-n8.json
8af3bcd47f0e778162a24cd17f9e1721328ed306d6a3082eaef71303c2bad800  reference/cells/w0001-witness-d4-n8.npy
29b8936d6479a345898f6abf4a2d81018591e8fdbe15dd049bcf3bba096a4c4e  reference/cells/w0001-witness-d5-n128.json
5c4973d32829769709906ecfce8c503e518661acfae01d0f9fdf98c63273814f  reference/cells/w0001-witness-d5-n128.npy
096e971ee4ffb94e80f9091fa9943d6991c6a146955dcbf451062e9290c57da9  reference/cells/w0001-witness-d5-n2.json
adde9ed0bad34eeb8d60c98a639bc9cc9d777dfd2b53267b8b95b5a6991111a9  reference/cells/w0001-witness-d5-n2.npy
33fce674f780b61c87dd8ff99cce0dab75b17e99011ca79e053e0ecdb6ab41c6  reference/cells/w0001-witness-d5-n32.json
79d32350800f9c5634d3574694de8158186cc225a3b6cdd60949e4e174930964  reference/cells/w0001-witness-d5-n32.npy
6550db81ae010c34b3f33b815375fec636d52947930986d2974cade78eca0196  reference/cells/w0001-witness-d5-n512.json
783f06c07079d73d4a56f26edfb13adb616154110e8cf28a3d88516e722ac560  reference/cells/w0001-witness-d5-n512.npy
2daa09d4653a1de061f14af98b65f4450221f8d735c75ceb3bb02ca69198d003  reference/cells/w0001-witness-d5-n8.json
bc6d65f88cbf38b2645478f6c28b9269958bcd5e2575797eeb715d7fc58f84af  reference/cells/w0001-witness-d5-n8.npy
1413eda0e3953aced8ba904e6e481260e85f398763ac5024cf09044ac5be1af1  reference/cells/w0001-witness-d6-n128.json
6bbe0b68887f22784f1ea4440d907abd90e6bf09f7fa31cbed475a3eade8fd06  reference/cells/w0001-witness-d6-n128.npy
0017ca100668a275cdf776645df51c27547145bdb1b794fd30464b45cb6000a8  reference/cells/w0001-witness-d6-n2.json
1b643c74a39610f3bae31b00bdefc172fa3a1fb1df8e4b65a9a10aff241516cf  reference/cells/w0001-witness-d6-n2.npy
2663e4846e110875b46e055add6459d4f40761bc99e6259aa7486e2151268cdf  reference/cells/w0001-witness-d6-n32.json
debf5ed896f3f7218e569bd34236eaeb87fb4b7931ca5b0844b790653c2b886a  reference/cells/w0001-witness-d6-n32.npy
ed73b81c6e37e5486cae6dcafc49574f9d2d1129d28154b3295d9a8473311f71  reference/cells/w0001-witness-d6-n512.json
72ce70bcef5d2fb1361f0883e9c48cd735ce148b5ff379c29309164b6e9de52e  reference/cells/w0001-witness-d6-n512.npy
2feb6f1bdc27157a464cea3dc2cf82a1efd44f21b9da795af2406c8a593cc80d  reference/cells/w0001-witness-d6-n8.json
c4f99d0e93cb0f42a59fd686d395ccf7b069eba5fea4d88aec0b9bd0ebf72d18  reference/cells/w0001-witness-d6-n8.npy
28030b500a15f67bb8bbac467e762f8c87627f44f2e151bf48bc876c3c3a85b0  reference/cells/w0001-witness-d7-n128.json
734bdcb60b54f0f538dc95526efb666427f7c072770286932906518ab8b59159  reference/cells/w0001-witness-d7-n128.npy
86bf241b9644c1d20488517bdc1532c919aeb7b2dc7e074fbad3e00587757c07  reference/cells/w0001-witness-d7-n2.json
33cc8cda7013ddb65a7aa5d8d50c6fe4c6e5e62f7f393adf74f2feaf3f237fcd  reference/cells/w0001-witness-d7-n2.npy
fd8756aa61dc61a70b03d4a89791a9080ddb6a588d174924eefc556d29dca474  reference/cells/w0001-witness-d7-n32.json
b4965bb1ffbfff597c2897e3cb547a8f862b5d15d16d4722ee1096912a84baeb  reference/cells/w0001-witness-d7-n32.npy
b2fd523dab93a5c07f6bf14d6d8742e2978c0a6af57e261489abf72c5e1d96f6  reference/cells/w0001-witness-d7-n512.json
ad35f8f120bbfc632a6e968518131a676c57f60635a5b361272b0365bfc61a94  reference/cells/w0001-witness-d7-n512.npy
566da1b4ab6f36b72330c474d69cb2cbefb1b4d0ce0c3fa5d2631695da9d011c  reference/cells/w0001-witness-d7-n8.json
f156f1015152c1ee8011c3865c5bae93fc334e7f949aa8b80a4b9de616af195f  reference/cells/w0001-witness-d7-n8.npy
ad047e47605d3afd93e636ee146f6b82837d01fdfda77b96e8a87057ddea02b1  reference/cells/w0001-witness-d8-n128.json
13b657a57fee7e9b787b62b048d851b69a423e2f234771cd305d3115869be332  reference/cells/w0001-witness-d8-n128.npy
335da1024a8c83cbbfc54476b8fe43272ef6ff2bcc26ffd463cb37cc48789cc6  reference/cells/w0001-witness-d8-n2.json
baafc8ddea50144c0e67f39fc578cf3e6b9fc9e97c5048b50ef98d24d16a437f  reference/cells/w0001-witness-d8-n2.npy
6b5bd707c0f2198a9cc35e19028b2626c5cdf9f1170b69a095ba40d8c5a04a8d  reference/cells/w0001-witness-d8-n32.json
af53aa07f34cf537c80c17b5e6a1081d5519c6af25658c3f837602f45b29284e  reference/cells/w0001-witness-d8-n32.npy
c929654a99f8c7a6d6e301dabac0e15dc6f6735feef4f43a91f22c521c793099  reference/cells/w0001-witness-d8-n512.json
4079e997573770cb0deef29ab9d419452b7e1b2a2daed955b96de6835aae5c55  reference/cells/w0001-witness-d8-n512.npy
b4918e811c2501b0214378059d56f705484bae00c2076619d8f51f58006f40fe  reference/cells/w0001-witness-d8-n8.json
a03d6454b99b4143eb03530db9b5c2e40a1f3216c314c6f23eb771d19e5e05b5  reference/cells/w0001-witness-d8-n8.npy
0f7e26c7b04b8b0dbc27d724a6b41091091cda22c2177e4a50a8581064d1f7c3  reference/cells/w0002-born-d4-n0.json
14194d7c3661989b3223358ad29eb91c9d4233022f48c2abff8bfaf26910bd70  reference/cells/w0002-born-d5-n0.json
29234867f475a44b98bf38844847466378787ca1d287c29a15484fa22d82d155  reference/cells/w0002-born-d6-n0.json
10957b2cd9826cede0caef6eff82ae2bddb96f8b35618c66c1f304807463514d  reference/cells/w0002-born-d7-n0.json
80d68a17fe8f7ceb8a8b69680e1d6a4faaef4448a3a1f6a37f08c284b7c7bc25  reference/cells/w0002-born-d8-n0.json
87fdd679b9ae80d8286893a1c1d86f9128507ff197ea68ce108a02806666d999  reference/cells/w0002-packets-d0-n0.json
125d969124026b11f56a8fb1414dfb1500843e62384c8a10081014d4f30add76  reference/cells/w0002-witness-d4-n128.json
1174544389a63adc4d43177007b06693385d4c5cd1eae1ce213b34dd566171f0  reference/cells/w0002-witness-d4-n128.npy
b1a0733e76d3074dd24eb32ab489e749729b8e1280f0977a1c165d52d1e318c1  reference/cells/w0002-witness-d4-n2.json
b466e9e85ff9ff220cde161d0c88474bac44d417038f008c51b8c9744b236225  reference/cells/w0002-witness-d4-n2.npy
ec005934212967c315638bc0c267b45eea18f5300bf384067ddeb2a76b6cee26  reference/cells/w0002-witness-d4-n32.json
f5074fb54230daa833fc5f41aa0ec5b2a22411a3931550d7f412122ccfca709b  reference/cells/w0002-witness-d4-n32.npy
94b08b71ad4cd524fd7dc2010bed3e5c8177d31b3770355c0fbae3a54cfa2b71  reference/cells/w0002-witness-d4-n512.json
7cc8dc01bab39fe0a49352dc212b125ccb56e7df1f432baf6ab240b8aa7f9796  reference/cells/w0002-witness-d4-n512.npy
8c360528aa090612a21b3ba2d0758f4a908e3f5aa195f8e68ff4081e0ace576c  reference/cells/w0002-witness-d4-n8.json
4aea6e1124f7527bed15c9609716429ade04b033ef483b1e8998bd1593d38016  reference/cells/w0002-witness-d4-n8.npy
2c236200af46dad8d15488aeb344b3227cd425b28ed284f8829a4254f8023f7c  reference/cells/w0002-witness-d5-n128.json
538229716d946c8b74f0e1e50eb38a78ef2b11622946da88b6150e5d2c2e7ffe  reference/cells/w0002-witness-d5-n128.npy
a874d37ed580fb39456ecc7269296ded122e2bcf7d9dd766f90cf7d2a93cd758  reference/cells/w0002-witness-d5-n2.json
13fc23bc38213638e469ee1d7e22acfe0f706aad630dc08640da4a1ff875bae5  reference/cells/w0002-witness-d5-n2.npy
ba83d04be551cf2c764e87eee430b4e968ac4d2a83ced0eae452a83f913c0543  reference/cells/w0002-witness-d5-n32.json
9e7c956ae7013de6fc4a81d36efce45d9ea448a73d25906c28ad79c49fcd8d5c  reference/cells/w0002-witness-d5-n32.npy
3d82d909dfc86039812da854859691a345ba813b5f326152fe1b88b91de9eca3  reference/cells/w0002-witness-d5-n512.json
9067f1eaabbb28447009841aee76693c6a93579dce851ec8674406dff0c6ac65  reference/cells/w0002-witness-d5-n512.npy
5ab52fb0f9cdc164d5482214b7413aed39f610c95d8e0edfaf67496319b15ec7  reference/cells/w0002-witness-d5-n8.json
22a1f543a54fcb13f4b8338f66285b00e66e40acce946feb3a70d3a11e966770  reference/cells/w0002-witness-d5-n8.npy
5bdb9f6deddd381ccea289561dd0b1eeb2924a5c2c47938dcbd70ad9e023b335  reference/cells/w0002-witness-d6-n128.json
e892846601ff5ba16486caea3a5f645abe6b4fbe7c8c3691d4acda21cba858a6  reference/cells/w0002-witness-d6-n128.npy
b8ec87aa681006b1032b8a5eb6fa70bfe046b24c8aa02aceabba0abf09c1c83a  reference/cells/w0002-witness-d6-n2.json
f2e804ebcedc0354347339142c0c9da337ba44207ffbe2bbf33dabdd5ebeca5b  reference/cells/w0002-witness-d6-n2.npy
79649017a6d8dfd96a1d58a7b4efba0e1c9981e9aea5bc654344fdd84329a513  reference/cells/w0002-witness-d6-n32.json
4dfa549cd39e73c71fb97757a72866148fdbde17105a112fa4d6cc4e71afdc69  reference/cells/w0002-witness-d6-n32.npy
560169dcd6d2388c814956fdc11e00ffe497fae6f43d2d17d39b8ca3fd26845d  reference/cells/w0002-witness-d6-n512.json
5137328af30ae3613b6c5f6b891adb7c6fc70705e4d98d8032c69e50d90855e6  reference/cells/w0002-witness-d6-n512.npy
280b6b9435aca8b2d6b72713faf7b96bd848aae64c900d390d08ac9bf7c59cb6  reference/cells/w0002-witness-d6-n8.json
49ee5f1716d99c5336656bdc38ab819d07d6c6d011845e35bbc4988bdf70649b  reference/cells/w0002-witness-d6-n8.npy
c1e934110e5771ef0882a8e60e5a7449ce5265e0f97e759acd2aeab83200135c  reference/cells/w0002-witness-d7-n128.json
a0f878bedef8e070874636ba7925626e09881d80972c58b0a769a3ae86e49b43  reference/cells/w0002-witness-d7-n128.npy
321a15b1c3ebe52f09e454ce7a874646b7a2a956be5c4862436eb44232a504d4  reference/cells/w0002-witness-d7-n2.json
9c13232750ca73760c9f836cb025cd0904c49be5fc16608129c8e214125ae324  reference/cells/w0002-witness-d7-n2.npy
aab8630483341abaca8b0f50d99ded6a11c673d15fc364340c5de84cbe10416e  reference/cells/w0002-witness-d7-n32.json
2e1f2736bfa252f6ea22161bd110f57c4e559e961c9b9cfb5e9e9a777eb4369d  reference/cells/w0002-witness-d7-n32.npy
288f108ea37d338c498bb6c2d2d07c1b39e7f6c274da986a0ea796ef9f1256f9  reference/cells/w0002-witness-d7-n512.json
2e167b20764a9e431196b319aed5946f77e0562020bccdef31524c0717a0815f  reference/cells/w0002-witness-d7-n512.npy
5d3f7feaf41ff4e7b1c67608c0878bc5fe79131cf254d64f776c965a0dd39ffd  reference/cells/w0002-witness-d7-n8.json
db658e0b10e1666867e83baa2a88cb77d013d840190926c43ded7db0555fdaa1  reference/cells/w0002-witness-d7-n8.npy
47e0f0946b09f6fb3ac4b2c873b10e745c6856ca750fb8ba3a3e24abf838286f  reference/cells/w0002-witness-d8-n128.json
3e35a056c236fab823944943981955955d2b6c6da1256cdbadb17a00c0b0b927  reference/cells/w0002-witness-d8-n128.npy
22438c4bbb97c230126e26f52383643e0c7e15e19096ff01896a8aa14e955106  reference/cells/w0002-witness-d8-n2.json
3425f076d002170e6a86fe460ec45218e7f34d2b808e2273f7505d72981c6b9c  reference/cells/w0002-witness-d8-n2.npy
f8f50dffdf3f1661ffa4bb7e0b22bfa919eea5a993c25adff0d2dc82ac76aeeb  reference/cells/w0002-witness-d8-n32.json
2facd3900196bfbdb5f19d67188c693dc8287078ce766cfbb43b401a70787c2e  reference/cells/w0002-witness-d8-n32.npy
56065e02856fbe6d0590c9a8d5eb2a6549e053039bc69a7a581beafd56ceb4ce  reference/cells/w0002-witness-d8-n512.json
bdb757a56d416d86068ae8806fcae7ec1fa0b77bc8059179adeb5cbcc76e1aee  reference/cells/w0002-witness-d8-n512.npy
06c603bab5f3396c7dd17219b4f450ac0c78eed5c4610d173c5e5b111d50a17b  reference/cells/w0002-witness-d8-n8.json
cda0ef10a95d5a33a8891d440520bc9145fe43f2533aa8fa20bf87f0bf7c74c8  reference/cells/w0002-witness-d8-n8.npy
e21ab3d1a5ea16b6bb297271f0237f6f1639db199bdcedf7b523ba2271e31d4f  reference/evidence.png
d479888bb591e378a32d73a4bf8f99043c77f35cec71e900924fcf9390326f28  reference/geometry.log
60fc2339a286da9f99b3bec137ff6163f4de7ce326e84a1fc6ab0660f5871da7  reference/manifest.json
a8170539e9657975b7a132bdf92874fd6061ed4b5e79c5eb811468787fb9a5c2  reference/povm_checks.json
36e2dbb3814842a9449726428ad63500cfd55714034cabc576d1c9c6cea1a9c9  reference/quadrature.json
7eb8bcbfa46242476fde32a06ddcb67ccebe5512e5b1ea6c7f50be045a222d89  reference/quadrature.log
720d59d3deaae2b467a028d770840209b85a232741001d004499b597d55b5d99  reference/regression.log
c52901569121651b91f1f9936e60eebb256a6d3c33797e8b7997baaa37d7a771  reference/replay.log
a230eae5fce7927d86536ac3096974a767e0859d031a58cdc1b93e6d71730ae3  reference/status.json
815360a00e0e1d7a128cade3de11b66d3fe997cbd6e2c69f8081eb9bc8b88197  requirements-pinned.txt
f9459b2774d6c030e651bf6c22919cb0f510c5643df8da73835b233f3024aa48  requirements.txt
2afd387bb277ceca69517c17b5af4920abc2570fc55237976a89169cc0cb85ce  run_gpu.sh
dd7cd16249f898a8f2a09e32ec379f959568661220bc7037ba7fdb05a476960a  tests/test_core.py
1ee50b4c6182107f11d1138c4a710bdea6322003e5cdc0218771a8cae770c5ad  tests/test_evidence.py
8aabd35e00721fb6a51680a99ea0cfea3c063d023a66d993627202c3054a15f8  verify.py







Critical_Alphabet/check_dimension.py

"""Checks accompanying the analytic proofs. Python 3, NumPy and SciPy.

Finite computations supplement the proofs. The normalization audit uses exact
Jacobi endpoint identities and an independently evaluated terminating series.
"""
from fractions import Fraction as F
from math import comb


def rising(x, k):
    z = F(1)
    for i in range(k):
        z *= x+i
    return z


def Q(d,k):
    return (rising(2,k)*rising(d,k)*rising(d+1,k) /
            (rising(d+2,k)*rising(F(d+1,2),k)*rising(F(d+2,2),k)))


def step(d,x):
    return F(d+2,d)*(x+d)*(x+d+1)/(x+d+2)/(2*x+d+1)


def transform(d,x):
    return F(d+2,2*d)+F(d+2,4*d*(d+3))*(
        F(d*d-1)/(x+F(d+1,2))-F(8)/(x+d+2))


def jacobi(n,a,b,z):
    return sum(comb(n+a,k)*comb(n+b,n-k)*
               ((z-1)/2)**(n-k)*((z+1)/2)**k for k in range(n+1))


def cap_moments():
    for d in range(4,31):
        r=F(d*(d+1)*(d-3),16*(d-1))
        assert r*step(d,-2)==F((d+1)*(d+2)*(d-2),16*d)
        for k in range(-2,25):
            assert step(d,k)==transform(d,k)
            if k>=0:
                assert Q(d,k)*step(d,k)==Q(d+1,k)
    print('Positive-factor Mellin identity: d = 4..30, k = -2..24 passed.')


def cancellation():
    for d in range(4,17):
        for j in range(1,13):
            b=F(1)
            mixed=b
            z=F(2,5)
            product=b
            for k in range(j):
                b*=(F(k-j)*(k+j+d+1)*(k+F(d+1,2))*(k+F(d+2,2))/
                    ((k+1)*(k+d)*(k+2)*(k+d+1)))
                product+=b*(1-z*z)**(k+1)
                mixed+=b*Q(d,k+1)
            p=jacobi(j,d-1,1,z)*jacobi(j,d-1,1,-z)
            assert p==product*comb(j+d-1,j)*(-1)**j*(j+1)
            assert mixed==0
    print('Direct Jacobi products and mixed cancellation: d = 4..16, j = 1..12 passed.')


def endpoint_sum():
    for a in range(3,19):
        for n in (1,2,3,8,16,255,256,1025):
            weight=sum(F(2)**(2*j*(a-2)) for j in range(n.bit_length()) if 2**j<n)
            assert weight/n**(2*(a-2))<=F(1)/(1-F(2)**(-2*(a-2)))
    print('Endpoint geometric sum including dyadic boundaries: passed.')


def degree_one_check():
    for d in range(4,31):
        for t in (F(0),F(1,101),F(1,2),F(1)):
            value=jacobi(1,d-2,0,2*t-1)/(d-1)
            assert value==(d*t-1)/(d-1)
            if t:
                assert (value+F(1,d-1))/t==F(d,d-1)
    print('Degree-one fidelity multiplier and quotient: exact checks passed.')


def multiplier_checks():
    import numpy as np
    from scipy.special import eval_jacobi, gammaln
    from math import factorial
    grid=np.r_[np.geomspace(1e-7,0.01,50),np.linspace(0.01,0.5,60)]
    highest_ratio=0.0
    for d in range(4,13):
        a=d-2
        constant=4*2**a*factorial(a)
        for n in range(1,401):
            norm=np.exp(gammaln(n+a+1)-gammaln(n+1)-gammaln(a+1))
            quot=(eval_jacobi(n,a,0,2*grid-1)-(-1)**n)/(norm*grid)
            slope=-n*(n+d-1)*(-1)**n/norm
            maximum=max(abs(slope),np.max(abs(quot)))
            ratio=maximum*n**(a-2)/constant
            highest_ratio=max(highest_ratio,ratio)
            assert np.isfinite(ratio) and ratio<=1+1e-10
    print('Multiplier grid: d = 4..12, n = 1..400, 110 fidelities plus endpoint passed.')
    print(f'Largest ratio to the proved bound on this grid: {highest_ratio:.12f}')


def normalization_checks():
    """Exact endpoints and reproducing-kernel dimension, beyond degree one."""
    for d in range(4, 13):
        a = d-2
        for n in range(25):
            norm = comb(n+a, a)
            assert jacobi(n, a, 0, F(1)) == norm
            assert jacobi(n, a, 0, F(-1)) == (-1)**n
            hn = comb(n+d-1, d-1)**2 - comb(n+d-2, d-1)**2
            assert hn == F(2*n+a+1, a+1)*norm**2
            assert F(jacobi(n, a, 0, F(1)), norm) == 1
    for n in range(1, 401):
        slope = F(n*(n+3), comb(n+2, 2))
        assert slope == 2-F(4, (n+1)*(n+2)) < 2
    print('Normalization: exact m_1(n)=1 and kernel dimensions, d=4..12, n=0..24 passed.')
    print('d=4 endpoint: exact |m_0_prime(n)|=2-4/((n+1)(n+2)), n=1..400 passed.')
    n, a = 2, 3
    value = jacobi(n, a, 0, F(1))
    correct, incorrect = F(value, comb(n+a, a)), F(value, n+a)
    assert (correct, incorrect) == (1, 2)
    print(f'Wrong denominator diagnostic, d=5,n=2: binomial gives {correct}; n+a gives {incorrect}.')


def series_quotient(d, n, t):
    """Reflected Jacobi 2F1(-n,n+a+1;1;t), evaluated independently.

    P_n^(a,0)(2t-1)=(-1)^n sum_k (-n)_k(n+a+1)_k t^k/(k!)^2.
    The constant is excluded before summation to avoid subtractive loss as t->0.
    """
    from decimal import Decimal
    a = d-2
    term = Decimal(1)
    terms = []
    for k in range(n):
        term *= Decimal((-n+k)*(n+a+1+k))*t/(k+1)**2
        terms.append(term)
    return (-1)**n*sum(terms, Decimal(0))/(t*comb(n+a, a))


def bessel_j0_two():
    """Compute J_0(2) by its absolutely convergent defining series."""
    from decimal import Decimal
    term = Decimal(1)
    total = term
    for k in range(1, 100):
        term *= -Decimal(1)/(k*k)
        total += term
    return total


def diagonal_scaling_checks():
    """80-digit computations on the proposed t=1/n^2 sequence."""
    from decimal import Decimal, localcontext
    from scipy.special import eval_jacobi
    with localcontext() as ctx:
        ctx.prec = 80
        constant = 6*(1-bessel_j0_two())
        print('t=1/n^2: independent Jacobi series; d=5 target n*|q| =',
              f'{constant:.13f}')
        print('     n        |q| d=4        |q| d=5        n*|q| d=5')
        for n in (16, 64, 256, 1024, 4096):
            t = Decimal(1)/n**2
            q4 = abs(series_quotient(4, n, t))
            q5 = abs(series_quotient(5, n, t))
            for d, q in ((4, q4), (5, q5)):
                qs = abs((eval_jacobi(n, d-2, 0, 2*float(t)-1)-(-1)**n)
                         / (float(t)*comb(n+d-2, d-2)))
                assert abs(qs/float(q)-1) < 2e-8
            print(f'{n:6d} {float(q4):16.10e} {float(q5):16.10e} {float(n*q5):16.10e}')
        print('Independent series agrees with SciPy: relative error < 2e-8.')


def harmonic_endpoint_test():
    """Evaluate BOTH sides up to the fixed analytic constant C_5.

    f_n([z])=(2*z_1*conj(z_2))^n, ||z||=1, lies in H_n and has sup norm 1.
    Dirichlet(1,...,1) integration gives
      ||f_n||_r^r = 2^(r*n) Gamma(d) Gamma(r*n/2+1)^2/Gamma(r*n+d).
    We print LHS, the RHS without C_5, and their ratio. C_5 is not replaced
    by a fabricated numerical filter norm. An upper bound for this ratio is
    |q|^3 for EVERY nonzero harmonic in H_n, since ||f||_3^3<=||f||_inf||f||_2^2.
    """
    from decimal import Decimal, localcontext
    from math import factorial
    with localcontext() as ctx:
        ctx.prec = 80
        d = 5
        print('d=5, f_n=(2*z1*conj(z2))^n, ||f_n||_inf=1, t=1/n^2:')
        print('     n         LHS=||T f||_3^3        RHS/C_5=||f||_2^2       LHS/(RHS/C_5)')
        for n in (16, 64, 256, 1024, 4096):
            t = Decimal(1)/n**2
            q = abs(series_quotient(d, n, t))
            def moment(r):
                assert r*n % 2 == 0
                return (Decimal(2)**(r*n)*factorial(d-1)
                        *Decimal(factorial(r*n//2))**2
                        /Decimal(factorial(r*n+d-1)))
            second = moment(2)
            third = moment(3)
            lhs = q**3*third
            ratio = lhs/second
            assert 0 < third <= second and ratio <= q**3
            print(f'{n:6d} {float(lhs):24.12e} {float(second):24.12e} {float(ratio):24.12e}')
        limit = (6*(1-bessel_j0_two()))**3*(Decimal(2)/3)**Decimal('3.5')
        print('Predicted limit n^3*LHS/(RHS/C_5) =', f'{limit:.12f}')
        print('These tests show decay, not the proposed numerical divergence.')


if __name__=='__main__':
    if not __debug__:
        raise SystemExit("These checks require assertions. Run Python without -O.")
    cap_moments()
    cancellation()
    endpoint_sum()
    degree_one_check()
    multiplier_checks()
    normalization_checks()
    diagonal_scaling_checks()
    harmonic_endpoint_test()







Critical_Alphabet/check_povm_lift.py

"""Independent decoder tests. Python 3 and NumPy. No quantum binary encoder is assumed to run here."""
from fractions import Fraction as F
import itertools
import json
from pathlib import Path
import math
import numpy as np

def rational_unit(z):
    return (1-z*z)/(1+z*z), 2*z/(1+z*z)

def exact_fixture(s=F(1,256)):
    # A mixture of three orthonormal bases; each outcome has effect (1/3)P_y.
    U=2*s; r=s/4
    a,b = rational_unit(F(1,65536))
    y=[]
    for z in [F(0),F(1,64),F(1,2)]:
        c,e=rational_unit(z)
        y.extend([(c,e,0,0),(-e,c,0,0),(0,0,1,0),(0,0,0,1)])
    w=F(1,3)
    t0=[F(c[0])**2 for c in y]
    born=[w*(a*c[0]+b*c[1])**2 for c in y]
    assert sum(born)==1
    near=[i for i,v in enumerate(t0) if v<=s]
    far=[i for i in range(len(y)) if i not in near]
    big=sum(w*t0[i] for i in far)
    u=s*a*a+b*b
    v=[1+(1/s-1)*h for h in t0]
    bt=[(a*c[0]+b*c[1])**2/(u*v[i]) for i,c in enumerate(y)]
    # All-three-vertex local barycenter is the true state as a matrix.
    weights=[1-b*b/r-a*b/r, b*b/r, a*b/r]
    assert all(f>0 for f in weights) and sum(weights)==1
    assert 0 < u/U < 1
    cuts=sorted({F(0),F(1),*(bt[i] for i in near)})
    mean=[F(0)]*len(y); trace=[]; broken=0; neg_vertices=0
    for k,vw in enumerate(weights):
        f=[]
        for c,e,*_ in y:
            val=F(c)**2
            if k==1: val+=r*(e*e-c*c)
            if k==2: val+=2*r*c*e
            f.append(w*val)
        neg_vertices+=int(min(f)<0)
        assert sum(f)==1
        for flag,pflag in [(0,1-u/U),(1,u/U)]:
            for l,h in zip(cuts[:-1],cuts[1:]):
                mid=(l+h)/2
                q=[F(0)]*len(y)
                for i in near:
                    q[i]=w*U*v[i]*flag*(mid<bt[i])
                near_mass=sum(q)
                reference_near=sum(f[i] for i in near)
                faulty=q.copy()
                for i in far:
                    share=w*t0[i]/big
                    q[i]=f[i]+share*(reference_near-near_mass)
                    faulty[i]=f[i]+share*reference_near  # omit only -R_i S
                correct_total=sum(q)
                faulty_total=sum(faulty)
                assert min(q)>=0 and correct_total==1
                assert faulty_total-correct_total==near_mass
                broken+=int(faulty_total!=1)
                prob=vw*pflag*(h-l)
                assert prob>0
                for i,val in enumerate(q): mean[i]+=prob*val
                trace.append(dict(vertex=k,gate=flag,interval=[str(l),str(h)],
                                  probability=str(prob),near_mass=str(near_mass),
                                  correct_total=str(correct_total),faulty_total=str(faulty_total)))
    assert sum(F(row["probability"]) for row in trace)==1
    assert mean==born and len(trace)==18 and broken==6
    # An interior formal vertex with negative eigenvalue can occur even if
    # this fixture's particular effect list doesn't reveal that eigenvalue.
    assert (1+r)*0-r*r<0
    return dict(scale=str(s),outcomes=len(y),enumerated_blocks=len(trace),exact_residual="0",
                mutant_mass_failures=broken,vertices_with_negative_effect_scores=neg_vertices,
                mean=[str(value) for value in mean],born=[str(value) for value in born],blocks=trace)

def unitary(rng,n):
    z=rng.normal(size=(n,n))+1j*rng.normal(size=(n,n))
    q,r=np.linalg.qr(z)
    return q*(np.diag(r)/abs(np.diag(r)))[None,:]

def frame(rng,d,h):
    # First row has prescribed weights. Remaining rows are Haar-scrambled.
    a=np.sqrt(h); a[0]-=1
    H=np.eye(d)-2*np.outer(a,a)/(a@a) if a@a>0 else np.eye(d)
    H=H.astype(complex)
    H[1:]=unitary(rng,d-1)@H[1:]
    return H.T

def stress():
    rng=np.random.default_rng(625170)
    result=dict(frames=0,fixed_tape_vectors=0,largest_mass_error=0.0,
                largest_mean_error=0.0,minimum_component=1.0,
                min_far_ratio=1.0,near_cases=0,far_cases=0,
                negative_raw_score_cases=0,mutant_max_mass_error=0.0)
    for d in [4,5,7,8]:
        s=1/(32*d); U=2*s; r=s/4; delta=r/math.sqrt(2*(d*d-1))
        p0=np.zeros((d,d),complex);p0[0,0]=1
        for j in range(180):
            # Includes exact zeros, both sides of the near cutoff, repeated
            # outcomes, union of rotated bases, and general nonprojective POVMs.
            h=rng.dirichlet(np.ones(d)); h[1]=s*[0,0.5,1-1e-8,1,1+1e-8,2][j%6]
            others=np.arange(d)!=1; h[others]*=(1-h[1])/sum(h[others])
            Y=frame(rng,d,h)
            if j%4==2:
                V=unitary(rng,2*d)[:,:d].conj()
                weights=np.sum(abs(V)**2,axis=1)
                Y=V/np.sqrt(weights[:,None])
            else:
                Y=np.concatenate([Y,np.eye(d)],axis=0); weights=np.full(2*d,0.5)
            assert np.max(abs((Y.T*weights)@Y.conj()-np.eye(d)))<1e-12
            t0=abs(Y[:,0])**2; near=t0<=s; far=~near
            z=unitary(rng,d-1)[:,0]; rad=delta*rng.random() if j%3 else 0.
            x=np.r_[math.sqrt(1-rad**2),rad*z]
            born=weights*abs(Y.conj()@x)**2
            ax=x.copy(); ax[0]*=math.sqrt(s); u=np.vdot(ax,ax).real
            iy=Y.copy();iy[:,0]/=math.sqrt(s); v=np.sum(abs(iy)**2,axis=1)
            transformed=abs((iy/np.sqrt(v[:,None])).conj()@(ax/np.sqrt(u)))**2
            R=weights[far]*t0[far];R/=R.sum()
            def scores(Q):
                return weights*np.einsum('ij,jk,ik->i',Y.conj(),Q,Y).real
            def complete(f,g):
                q=np.empty(len(Y));q[near]=g
                q[far]=f[far]+R*(sum(f[near])-sum(g))
                return q
            # Expected formula from the explicitly transformed Born probabilities.
            P=np.outer(x,x.conj())
            g=weights[near]*U*v[near]*(u/U)*transformed[near]
            err=np.max(abs(complete(scores(P),g)-born))
            result['largest_mean_error']=max(result['largest_mean_error'],float(err))
            # Vertices are extreme perturbations of the reference. Random tests
            # plus a targeted negative shift in a near direction.
            H=unitary(rng,d)
            for k in [0,1,2]:
                if k==0: Q=p0
                elif k==1: Q=p0+r*(np.outer(H[:,0],H[:,0].conj())-np.outer(H[:,1],H[:,1].conj()))
                else: Q=p0+r*(p0-np.diag([0,1]+[0]*(d-2)))
                f=scores(Q)
                result['negative_raw_score_cases']+=int(np.min(f)<-1e-12)
                for response in (np.zeros(sum(near)),np.ones(sum(near)),rng.random(sum(near))):
                    g=weights[near]*U*v[near]*response
                    q=complete(f,g); masserr=abs(q.sum()-1)
                    result['minimum_component']=min(result['minimum_component'],float(q.min()))
                    result['largest_mass_error']=max(result['largest_mass_error'],float(masserr))
                    result['min_far_ratio']=min(result['min_far_ratio'],float(np.min(q[far]/(weights[far]*t0[far]))))
                    faulty=q.copy()
                    faulty[far]=f[far]+R*sum(f[near])
                    faulty_error=abs(float(faulty.sum())-1.0)
                    result['mutant_max_mass_error']=max(result['mutant_max_mass_error'],faulty_error)
                    result['fixed_tape_vectors']+=1
            result['frames']+=1; result['near_cases']+=int(sum(near));result['far_cases']+=int(sum(far))
    assert result['minimum_component']>=-1e-13 and result['largest_mass_error']<2e-12
    assert result['largest_mean_error']<2e-12 and result['negative_raw_score_cases']>0
    assert result['mutant_max_mass_error']>0.01
    return result

if __name__=='__main__':
    if not __debug__:
        raise SystemExit("These checks require assertions. Run Python without -O.")
    print(json.dumps(dict(exact=exact_fixture(),exact_theorem_scale=exact_fixture(F(1,128)),stress=stress()),indent=2))
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\noindent\textbf{Abstract.}
Alice receives a quantum state and Bob chooses how to measure it. Can a single classical message and shared randomness reproduce the outcome probabilities exactly? At fixed dimension, a finite average bit cost is possible. The question is how often the simulator must make an exceptionally large menu of messages available. Write $L$ for the menu size after the shared randomness has been fixed. For every complex dimension $d\ge4$, we propose a proof that the optimal exponent is
\[
 \gamma_d=\frac{1}{d-2}.
\]
The proposed construction attains $\Pr(L>m)=O_d(m^{-\gamma_d})$ by mixing cap scales and grouping their labels. For $d\ge5$, a strong $L^{d-2}$ estimate implies that every exact simulator has $\mathbb E L^{\gamma_d}=\infty$. For $d=4$, the obstruction already follows from the ququart analysis of de Gois, Santos and Vieira \cite[Apps.~B.5--B.6]{dg} once the sum retains the masses of the input cells. Both obstructions use only rank-one yes/no tests. A reduction to arbitrary measurements increases the declared alphabet by at most a fixed dimension-dependent factor.

\paragraph{What changes in dimension four.}
Castellano, Sekatski and Brunner \cite[Eq.~(12), Sec.~V and App.~A]{csb} obtained $1/6\le\beta_4\le1$. Their cellwise argument sums to $8D$ over $D$ labels. Keeping the Haar mass $\mu(A_i)$ of each cell gives $8\sum_i\sqrt{\mu(A_i)}\le8\sqrt D$ (Lemma~\ref{bridge}). This yields the obstruction at $1/2$. The matching construction is a separate claim. It gives one protocol with $\mathbb E L^{0.49}<\infty$ and $\Pr(L>2^k)\le C_4\,2^{-k/2}$, while every exact protocol has $\mathbb E\sqrt L=\infty$.

\paragraph{Why the exponent has this value.}
At zero overlap, the Born probability vanishes. On almost every tape with finitely many positive-measure input cells, the mean acceptance rises more slowly than the required linear law as overlap tends to zero. Section~\ref{converse} shows that a finite endpoint moment would force this same behavior after averaging over tapes, contradicting the Born law. In the matching construction, the probability of a scale below $s$ is asymptotically proportional to $s$. At fine scales, grouping candidate messages makes the alphabet grow like $s^{-(d-2)}$ up to a random round factor with finite moments of every order. Sections~\ref{mixture}--\ref{tail} make this calculation exact.

\paragraph{Reading paths.}
Theorems~\ref{comm} and~\ref{allthm} specify the quantifiers. Sections~\ref{mixture}--\ref{tail} give the matching protocol. Section~\ref{lift} treats general measurements. Section~\ref{verification} and Appendix~\ref{software} describe the tests and their reproducibility.
\clearpage
\section{Model, definitions and main results}\label{model}
For the binary experiment defined below, the critical alphabet moment is
\begin{equation}\label{beta}
 \beta_{d,\rm bin}^{\rm mom}=\sup\{q>0:\text{there is an exact protocol }\Pi
                  \text{ with }\E_\lambda D_\Pi(\lambda)^q<\infty\}.
\end{equation}
The quantifier is existential in the protocol at each order $q$. The expectation is over its input-independent randomness. All input possibilities are included when forming $D_\Pi(\lambda)$, before the expectation.

\begin{definition}[Input pairs and target]\label{input}
Let $d\ge2$ be an integer and let
\[
 \mathcal I_d=\{(\psi,\varphi)\in\mathbb C^d\times\mathbb C^d:
                   \|\psi\|=\|\varphi\|=1\}.
\]
Alice receives the pure preparation $P_\psi=\psi\psi^*$ and Bob receives the projective test $\{P_\varphi,I-P_\varphi\}$. The target is a single bit $B$ with
$\Pr(B=1)=|\langle\varphi,\psi\rangle|^2$. The input rays $x=[\psi]$, $y=[\varphi]$ range over $X=\CP^{d-1}$. The normalized invariant measure on $X$ is denoted by $\mu$. Exactness is required for every fixed pair $(x,y)\in X^2$.
\end{definition}
The accepting effect is a rank-one projector. The rejecting effect has rank $d-1$. A scalar multiple $\eta P_\varphi$ with $0\le\eta\le1$ can also be simulated by independent thinning, but the theorem is stated for the projective test. The parameter $t$ below denotes an exact input overlap, $t(x,y)=|\langle\varphi,\psi\rangle|^2$.

\begin{definition}[One-way protocol and alphabet]\label{protocol}
A protocol consists of a standard Borel probability space $(\Lambda,\mathcal L,\rho)$ of public tapes, a Borel encoder $e:\Lambda\times X\to\mathbb N$, and Borel decoder functions $b_i:\Lambda\times X\to[0,1]$. The tape is independent of both inputs. Alice sends the single label $e(\lambda,x)$. Bob accepts with probability $b_{e(\lambda,x)}(\lambda,y)$. Exactness means
\begin{equation}\label{exact}
 \int_\Lambda b_{e(\lambda,x)}(\lambda,y)\,\rho(\dd\lambda)=t(x,y)
 \quad\text{for every }x,y\in X.
\end{equation}
Local random choices of the encoder can be placed on the public tape. Define the input cells and the two costs by
\begin{align}
 A_{\lambda i}&=\{x:e(\lambda,x)=i\},\nonumber\\
 D(\lambda)&=\#\{i:A_{\lambda i}\ne\varnothing\},\qquad
 D_+(\lambda)=\#\{i:\mu(A_{\lambda i})>0\}.\label{cost}
\end{align}
Both counts can be infinite. We complete the tape measure when interpreting $D$. In $D_+$ the measure $\mu$ is applied to preparation cells in $X$.
\end{definition}
The event $\{A_{\lambda i}\ne\varnothing\}$ is the projection of a Borel set and is analytic, hence measurable in the completion of every Borel probability on $\Lambda$. The integral $\mu(A_{\lambda i})$ is measurable by Tonelli. Summing the associated indicators defines $D$ and $D_+$, and $D_+\le D$. A countably infinite alphabet covers all finite binary strings as well as finite protocols. Local computation and random-tape size are unrestricted. The resource in \eqref{beta} is the size of the used alphabet at a fixed tape, allowing the encoder input to range over all preparations.

\begin{theorem}[Critical alphabet moment]\label{comm}
For the model in Definitions~\ref{input}--\ref{protocol}, and each fixed $d\ge4$, put $\gamma_d=1/(d-2)$. There is an exact protocol and finite positive constants $c_d,C_d,m_d$, depending only on $d$ and its fixed construction choices, such that
\[
 c_d m^{-\gamma_d}\le\Pr(D>m)\le C_d m^{-\gamma_d}
 \quad(m\ge m_d).
\]
Every exact protocol satisfies $\E D_+^{\gamma_d}=\infty$, and therefore $\E D^{\gamma_d}=\infty$. In particular $\beta_{d,\rm bin}^{\rm mom}=\gamma_d$.
\end{theorem}

\paragraph{General measurements.} Alice now receives a density matrix $\rho$. Bob receives a positive operator-valued measurement (POVM) $E$ on a standard Borel outcome space. Positive effects satisfy $E(\Omega)=I$ and are countably additive. Bob must return one outcome with law $\tr(\rho E(\cdot))$ for every input pair. For a discrete POVM this is the probability vector $(\tr(\rho E_i))_i$. The tape is independent of both inputs. The encoder is independent of Bob's measurement. Write $L(\lambda)$ for a finite declared alphabet covering all inputs on tape $\lambda$. In particular $D_+\le D\le L$ on the binary subproblem. For either measurement class let $\beta^{\rm tail}$ be the supremum of $\beta>0$ for which some exact protocol has $\Pr(L>m)=O_d(m^{-\beta})$. Equivalently, $\Pr(\log_2 L>k)=O_d(2^{-\beta k})$. This is the tail problem posed in \cite[Sec.~V]{csb}.

\begin{theorem}[Optimal exponent for all measurements]\label{allthm}
For every fixed $d\ge4$,
\[
  \beta^{\rm tail}_{d,\mathrm{all}}
   =\beta^{\rm tail}_{d,\mathrm{bin}}=\frac{1}{d-2}.
\]
In each class the upper-tail bound is achieved at this exponent, and the endpoint moment is infinite for every exact protocol. The corresponding optimal moment suprema have the same value.
\end{theorem}

\begin{lemma}[Moments and tails]\label{momtail}
For every nonnegative random variable $V$ and $q>0$, in the extended nonnegative reals,
\[
 \E V^q=q\int_0^\infty u^{q-1}\Pr(V>u)\dd u.
\]
A two-sided tail of order $u^{-\gamma}$ with $\gamma>0$ gives finite $q$th moment exactly for $0<q<\gamma$.
\end{lemma}
\begin{proof}
For each $v\ge0$ write $v^q=\int_0^v q u^{q-1}\dd u$ and interchange the nonnegative integrands by Tonelli. Above any fixed positive threshold the comparison integral is $\int u^{q-\gamma-1}\dd u$, which converges precisely for $q<\gamma$. The integral near zero is bounded by the integral of $qu^{q-1}$.
\end{proof}
Theorem~\ref{comm} thus gives both directions of \eqref{beta}. Endpoint divergence for every protocol alone would not specify a pointwise tail for every protocol. The two-sided tail is asserted for the constructed simulator.

\paragraph{What a fixed bit budget buys.}
On a given tape, $\lceil\log_2 L\rceil$ bits suffice to index the declared menu. A $k$-bit version of the constructed protocol can agree with it on every tape with $L\le 2^k$. On the remaining tapes, identified by the shared randomness before the inputs arrive, Bob substitutes a fixed output law for his measurement. Coupling the two procedures gives, for every input pair, total variation error at most
\[
 \Pr(L>2^k)\le C_d\,2^{-k/(d-2)} .
\]
This is a fixed-dimension guarantee for truncating this exact simulator. A converse for separately optimized approximate protocols would require a different argument.

\paragraph{Why the endpoint is still infinite.}
For a variable with a two-sided tail of order $m^{-\gamma_d}$, the endpoint integrand in Lemma~\ref{momtail} is comparable to $1/m$. Its integral diverges logarithmically. More generally, splitting that integral at the dyadic points gives a necessary condition for \emph{every} exact simulator:
\[
 \sum_{k=0}^\infty 2^{k\gamma_d}\Pr(L>2^k)=\infty .
\]
Indeed, monotonicity bounds the integral on $[2^k,2^{k+1}]$ by $(2^{\gamma_d}-1)2^{k\gamma_d}\Pr(L>2^k)$. In particular, no exact protocol has a uniform tail bound $O_d(m^{-\gamma_d}/(\log m)^{1+\varepsilon})$ for any $\varepsilon>0$.

\subsection{Notation and proof structure}
\begin{center}\small
\begin{tabular}{p{.18\linewidth}p{.73\linewidth}}\toprule
Symbol & Definition \\\midrule
$d,a,\gamma_d$ & Complex input dimension, $a=d-2$, critical order $1/a$ \\
$X,\mu$ & Ray space $\CP^{d-1}$ and invariant probability on preparations \\
$t,\eta_t$ & Fidelity and invariant law of pairs with that fidelity \\
$R_t,T_t$ & Fidelity average and $(R_t-R_0)/t$ \\
$\mathcal H_n,f_n$ & Projective harmonic level and orthogonal component of $f$ \\
$m_t(n),q_t(n)$ & Multipliers of $R_t$ and $T_t$ \\
$S_N,h,K_d$ & Smooth spectral filter, fixed scalar filter, uniform filter norm bound \\
$A_{\lambda i},D,D_+$ & Encoder cell, number of used labels, number of positive-mass cells \\
$a_{A,b},F_\lambda$ & Single-cell averaged response and total response at fixed fidelity \\
$U_d,V_d,Q_d$ & Mixing variable, independent dimension factor, Mellin transform \\
$\nu_d,C_s,K_s$ & Scale law, encoder cap, conditional cap response \\
$\delta,c,\sigma$ & Fine cutoff, attenuation $3/4$, removed inner mass $4^{-(d-1)}$ \\
$L,n,J,\mathcal A_{s,\lambda}$ & Number of centres, packet capacity, common round bound, packet alphabet \\\bottomrule
\end{tabular}
\end{center}
First we identify $R_t$ geometrically and spectrally. A polynomial derivative estimate and a bounded spectral filter yield the standalone endpoint theorem. Orthogonality, Sobolev locality and H\"older give the communication obstruction. We then construct the positive scale mixture, specify the encoding and decoding rules, and prove their exactness and alphabet tail. Section~\ref{sharp} determines the sharp output exponent, and Section~\ref{lift} transfers the communication result to general measurements.

\section{The fidelity averaging family}\label{fidelity}
For $t\in[0,1]$ let $\eta_t$ be the pushforward of Haar probability on $U(d)$ by
\begin{equation}\label{pairlaw}
 G\longmapsto\big([Ge_1],[G(\sqrt t e_1+\sqrt{1-t}e_2)]\big).
\end{equation}
Its two marginals are $\mu$ and it is supported on $t(x,y)=t$. Equivalently, for a unit representative $x$, draw a uniform unit vector $z$ in $x^\perp$ and set
\begin{equation}\label{geometricR}
 (R_t f)([x])=\E_z f([\sqrt t x+\sqrt{1-t}z]).
\end{equation}
The distribution is independent of the representative of $[x]$, using the phase invariance of $z$. These formulas apply to bounded Borel representatives. For $L^p$ classes they define an almost-everywhere operator independent of representatives, by the Haar second marginal. Jensen's inequality and that marginal give $\|R_tf\|_p\le\|f\|_p$ for $1\le p\le\infty$. They also give
\begin{equation}\label{pairinner}
 \langle g,R_tf\rangle=\int\overline{g(x)}f(y)\dd\eta_t(x,y).
\end{equation}
In particular $R_1=I$, whereas $R_0$ averages over the projective hyperplane $x^\perp$. For example, on the first nonconstant harmonic level the multiplier is $(dt-1)/(d-1)$, which at zero equals $-1/(d-1)$. No spectral renormalization is applied in the definition
\begin{equation}\label{Tdef}
 T_t=(R_t-R_0)/t,\qquad0<t\le1/2.
\end{equation}
The interval is fixed independently of harmonic degree.

\begin{theorem}[Endpoint estimate]\label{analysis}
Let $d\ge5$, $a=d-2$, and $f\in L^\infty(X,\mu)$. Write $M$ for the essential supremum of $|f|$, so $M=\|f\|_\infty$. With the finite constant $\mathcal C_d$ defined in \eqref{endpointconstant},
\[
 \linearformula{sup over 0 < t <= 1/2 of norm_a(T_t f)^a <= C_d * M^(a-2) * norm_2(f)^2. M is the essential supremum of abs(f).}{\displaystyle\sup_{0<t\le1/2}\|T_tf\|_a^a
 \le\mathcal C_d M^{a-2}\|f\|_2^2.}
\]
For every such $f$, $T_tf\to(\Delta/4)R_0f$ strongly in $L^a$ as $t\downarrow0$. The Laplacian is that of the unit sphere on phase-invariant lifts to $S^{2d-1}$, so that its projective level-$n$ eigenvalue is $-4n(n+d-1)$. In dimension four, de Gois, Santos and Vieira \cite[App.~B.5, especially B.5.3, Eq.~(167)]{dg} give the uniform bound $\|T_t\|_{2\to2}\le8$ and the strong $L^2$ limit above. Their zero-set argument gives the vanishing cell slope used in Lemma~\ref{bridge}. Appendix~B.6 of \cite{dg} identifies the higher-dimensional spectral decay. The estimate proved here for $d\ge5$ controls the strong $L^{d-2}$ output norm.
\end{theorem}
\section{Proof of the endpoint estimate}
\subsection{Jacobi multipliers and their normalization}
Let $\mathcal H_n$ be the restrictions to $S^{2d-1}$ of harmonic polynomials homogeneous of degree $n$ in both $z$ and $\bar z$. They are invariant under $z\mapsto e^{i\theta}z$ and therefore functions on $X$. Denote the orthogonal projection by $f\mapsto f_n$.
\begin{lemma}[Zonal decomposition]\label{zonal}
The spaces $\mathcal H_n$ give an orthogonal decomposition of $L^2(X,\mu)$. For $a=d-2$, let $B_{n,a}=(n+a)!/(n!\,a!)$, the number of ways to choose $a$ elements from $n+a$. Then
\begin{align}
 m_t(n)&\linearformula{= JacobiP(n,a,0,2t-1) / B(n,a)}{=\frac{P_n^{(a,0)}(2t-1)}{B_{n,a}}},& R_tf_n&=m_t(n)f_n,\label{mt}\\
 m_0(n)&=\frac{(-1)^n}{B_{n,a}},&
 q_t(n)&=\frac{P_n^{(a,0)}(2t-1)-(-1)^n}{t B_{n,a}},\label{qt}\\
 T_tf_n&=q_t(n)f_n,&
 m_0'(n)&=-n(n+d-1)m_0(n).\label{slope}
\end{align}
Here $m_0'(n)$ denotes differentiation in $t$ at zero. In particular $q_t(0)=0$.
The standard Jacobi endpoint value $P_n^{(a,0)}(1)=B_{n,a}$ gives $m_1(n)=1$ for every $n\ge0$ \cite[Table 18.6.1]{dlmf}.
\end{lemma}
\begin{proof}
Polynomials in the entries of $zz^*$ form a self-adjoint algebra containing constants and separating rays. Stone--Weierstrass gives density on the compact ray space. Let $V_n$ be restrictions of polynomials of bidegree $(n,n)$. These spaces are nested, by multiplication by $|z|^2$. In the formal monomial inner product with squared norms $\alpha!\beta!$, multiplication by $\sum z_i\bar z_i$ is adjoint to $\sum\partial_{z_i}\partial_{\bar z_i}$. Orthogonal splitting gives a harmonic component plus a multiple of $|z|^2$. Iterating gives the decomposition. The Euclidean radial formula for a homogeneous harmonic of real degree $k$ gives spherical eigenvalue $-k(k+2d-2)$. Integration by parts makes the different degrees sphere-orthogonal. This identifies $V_n\ominus V_{n-1}$ with $\mathcal H_n$ and proves completeness.

Averaging over the stabilizer of $x=e_1$ turns a bidegree-$(n,n)$ polynomial into a polynomial in $t=|z_1|^2$ of degree at most $n$. Phase averaging balances the powers of $z_1$ and $\bar z_1$. Unitary averaging on the remaining coordinates gives powers of $1-t$, by transitivity on their sphere. All powers up to degree $n$ occur. In $\mathcal H_n$ the invariant subspace is therefore the one-dimensional space of polynomials orthogonal to all lower degrees. Start with independent standard complex Gaussian coordinates. Their squared moduli are independent exponentials. Dividing by their sum gives proportions uniform on the $(d-1)$-simplex. Thus fidelity has density $(d-1)(1-t)^a$. Orthogonality with this weight identifies the invariant polynomial as $P_n^{(a,0)}(2t-1)$, with value $\binom{n+a}{a}$ at one. Stabilizer averaging of $f_n$ has value $f_n(x)$ at the pole, giving \eqref{mt}, including its endpoint values. The contraction property extends the identity to $L^2$.

The shifted Jacobi equation is
\[
 t(1-t)m_t''(n)+(1-dt)m_t'(n)+n(n+d-1)m_t(n)=0.
\]
At zero it gives \eqref{slope}. Subtracting $m_0(n)$ and dividing by $t$ gives \eqref{qt}. These formulas are exact for each degree and every $t$.
\end{proof}
\paragraph{A degree-two check without a Jacobi routine.}
At $d=5$, the Haar fidelity has density $4(1-t)^3$ and its first three moments are $1/5,1/15,1/35$. The quadratic $Q(t)=21t^2-12t+1$ is orthogonal to both $1$ and $t$ under this law, as substitution of those three moments shows. It has $Q(1)=10$. The unique degree-two zonal polynomial with value one at the pole is therefore
\[
                 m_t(2)=\frac{21t^2-12t+1}{10}.
\]
It gives $m_0(2)=1/10$, $m'_0(2)=-6/5$ and $m_1(2)=1$, in agreement with \eqref{mt}--\eqref{slope}. Dividing $Q$ by $n+a=5$ would give $m_1(2)=2$ and violate $R_1=I$.

For completeness, the reproducing kernel and its dimension are
\begin{align*}
 Z_n(x,y)&=\sum_{j=1}^{h_n}e_{nj}(x)\overline{e_{nj}(y)}
 =h_n\frac{P_n^{(a,0)}(2t(x,y)-1)}{\binom{n+a}{a}},\\
 h_n&=\binom{n+d-1}{d-1}^{\!2}-\binom{n+d-2}{d-1}^{\!2}
 =\frac{2n+a+1}{a+1}\binom{n+a}{a}^{\!2}.
\end{align*}
Here $(e_{nj})$ is any orthonormal basis of $\mathcal H_n$, and a binomial coefficient with upper argument smaller than its lower argument is zero. The dimension formula follows by subtracting the dimensions in the harmonic splitting above. Unitary invariance and the invariant one-dimensional subspace give the zonal form. The diagonal $Z_n(x,x)$ is constant and integrates to $h_n$, fixing the prefactor. Thus $\int_X Z_n(x,y)f_n(y)\dd\mu(y)=f_n(x)$. In particular $h_1=d^2-1$.

\subsection{Uniform multiplier control}
\begin{lemma}\label{high}
If $a=d-2\ge2$, $0<t\le1/2$, and $n\ge1$, then
\[
 |q_t(n)|=|(m_t(n)-m_0(n))/t|\le H_d n^{-(a-2)},\qquad H_d=4\cdot2^a a! .
\]
\end{lemma}
\begin{proof}
On $-1\le x\le0$, the bound $|P_n^{(a,0)}(x)|\le2^a$ follows by induction. At $a=0$, the Laplace integral $P_n(x)=\pi^{-1}\int_0^\pi(x+i\sqrt{1-x^2}\cos v)^n\dd v$ gives the bound one. For the induction use
\[
 (1-x)P_n^{(k+1,0)}(x)
 =\frac{2(n+k+1)P_n^{(k,0)}(x)-2(n+1)P_{n+1}^{(k,0)}(x)}{2n+k+2}.
\]
Orthogonality leaves precisely these two possible degrees. Comparing leading coefficients gives $-2(n+1)/(2n+k+2)$ for the coefficient of $P_{n+1}^{(k,0)}$. Evaluating at $x=1$ then gives $2(n+k+1)/(2n+k+2)$ for the coefficient of $P_n^{(k,0)}$. The absolute coefficients sum to two and $1-x\ge1$. Markov's polynomial inequality on $[0,1/2]$ multiplies the supremum of a degree-$n$ polynomial by at most $4n^2$ on taking one derivative. Divide by $\binom{n+a}{a}\ge n^a/a!$ and apply the mean value theorem. The constant level has zero difference quotient.
\end{proof}
The exact endpoint slope has magnitude
\[
 |m'_0(n)|=\frac{n(n+d-1)}{\binom{n+a}{a}}\sim a!n^{2-a}.
\]
For $d=4$ this equals $2-4/[(n+1)(n+2)]$. Consequently the limit operator $(\Delta/4)R_0$ has $L^2$ operator norm exactly two in that dimension. The elementary all-dimension estimate in Lemma~\ref{high} gives $H_4=32$ for the whole difference-quotient family. The ququart-specific estimate of \cite[Eq.~(167)]{dg} gives the smaller uniform bound $8$.

There is also an explicit check on the simultaneous limit $t=n^{-2}$. Reflection and the terminating Jacobi series give
\[
 P_n^{(a,0)}(-1+2/n^2)
 =(-1)^n\sum_{k=0}^n\frac{(-n)_k(n+a+1)_k}{n^{2k}(k!)^2}.
\]
The series follows by substituting a power series with constant term one into the reflected Jacobi equation. The successive coefficients have ratio $(-n+k)(n+a+1+k)/(k+1)^2$. For $k\le n$, the absolute value of the displayed summand is at most $(a+2)^k/(k!)^2$, and for each fixed $k$ its limit is $(-1)^k/(k!)^2$. Dominated convergence for this summable majorant therefore gives
\[
 (-1)^{n+1}n^{a-2}q_{1/n^2}(n)\longrightarrow a!(1-J_0(2)),
 \qquad J_0(2)=\sum_{k=0}^\infty\frac{(-1)^k}{(k!)^2}.
\]
The constant $1-J_0(2)$ is strictly positive, as follows from the alternating series after its first two terms cancel. Thus the high-degree scaling on this sequence is again $n^{2-a}$. The fixed-degree derivative approximation is not uniform on the scale $n^2t=1$.
\subsection{The spectral filter and the polynomial bound}
We record the complete approximation assertion used from Wang--Sloan \cite[Lemma 2.1]{ws}, with sphere dimension denoted by $m$ to distinguish it from the complex input dimension. Write $\Pi_L(\mathbb S^m)$ for spherical polynomials of ordinary degree at most $L$, $\mathcal Y_k$ for their harmonic projections, and $E_L(f)_p=\inf_{P\in\Pi_L}\|f-P\|_p$.
\begin{lemma}[Wang--Sloan filter statement]\label{wslemma}
Let $m\ge2$, $r=\lfloor(m+1)/2\rfloor$, and let a filter $h$ equal one on $[0,1]$ and zero on $[2,\infty)$. Assume $h\in W^rBV$, meaning that $h^{(r-1)}$ is absolutely continuous and the one-sided $r$th derivatives exist and have bounded variation, with the lower derivatives absolutely continuous. For
$V_L f=\sum_{k\ge0}h(k/L)\mathcal Y_k f$, with integer $L\ge1$, the following hold. The output belongs to $\Pi_{2L-1}$, and $V_LP=P$ for $P\in\Pi_L$. Its uniform operator norm is bounded independently of $L$. For $1\le p\le\infty$,
$\|V_Lf\|_p\le C_{m,h,p}\|f\|_p$ and
$\|f-V_Lf\|_p\le C'_{m,h,p}E_L(f)_p$.
For every $s>0$ and $f\in W_p^s(\mathbb S^m)$ the error is at most $C''_{m,h,p,s}L^{-s}\|f\|_{W_p^s}$. All displayed constants are independent of $L$ and $f$.
\end{lemma}
The proof of this cited lemma uses summation by parts and uniformly bounded Ces\`aro means. Only its polynomial reproduction and uniform norm bound are needed here. We fix the filter explicitly. Put $\chi(v)=e^{-1/v}$ for $v>0$ and $\chi(v)=0$ for $v\le0$, and set
\[
 h(v)=\frac{\chi(2-v)}{\chi(2-v)+\chi(v-1)}\quad(v\ge0).
\]
The denominator is strictly positive everywhere, $0\le h\le1$, and this fixed smooth filter has the required plateau and support. Every derivative is smooth with compact transition support, so all the hypotheses in Lemma~\ref{wslemma} hold for $m=2d-1$ and $r=d$.
Define the finite constant
\begin{equation}\label{filterconstant}
 K_d=\max\left\{1,\sup_{L\in\mathbb N,\,L\ge1}\|V_L\|_{L^\infty(\mathbb S^{2d-1})\to L^\infty(\mathbb S^{2d-1})}\right\},
 \qquad L_d=8K_d.
\end{equation}
These constants are determined by $d$ and the displayed filter. Theorem~\ref{analysis} needs their finiteness, with no numerical estimate assumed.
\begin{lemma}[Low-frequency difference quotient]\label{low}
For the fixed filter above, let $S_N$ be $V_{2N}$ restricted to phase-invariant functions on $\mathbb S^{2d-1}$, where $N\ge1$ is an integer. Then $(S_Nf)_n=h(n/N)f_n$, $S_N$ reproduces projective levels through $N$, and
\[
 \|T_t S_Nf\|_\infty\le L_dN^2\|f\|_\infty
 \quad(0<t\le1/2).
\]
\end{lemma}
\begin{proof}
The full-sphere operator commutes with rotations and in particular with global complex phase. A projective level $n$ has ordinary spherical degree $2n$, so the factor is exactly $h(2n/(2N))=h(n/N)$. The surviving projective degrees are $n<2N$. For a fixed pole $x$,
\begin{equation}\label{polynomial}
 R_uS_Nf(x)=\sum_{n=0}^{2N-1}h(n/N)
 \frac{P_n^{(a,0)}(2u-1)}{\binom{n+a}{a}}f_n(x).
\end{equation}
This finite expression is a polynomial in $u$ of degree at most $2N-1$, bounded on $[0,1]$ by $\|S_Nf\|_\infty\le K_d\|f\|_\infty$ using \eqref{geometricR}. Markov's inequality on $[0,1]$ bounds its derivative by $2(2N)^2K_d\|f\|_\infty$. Apply the mean value theorem between zero and $t$. Complex values are handled by a rotated real part at the point where the derivative is being estimated. The finite sum is a spectral cutoff of $f$, and every retained multiplier is the exact Jacobi polynomial.
\end{proof}

\subsection{Summation at the endpoint}
For later use define
\begin{equation}\label{endpointconstant}
 \mathcal C_d=H_d^2(2L_d)^{a-2}
 \left[\frac{a}{a-2}+\frac{4(4^a-1)}{1-2^{-2(a-2)}}\right]
 \quad(d\ge5),\qquad B_d^{\rm op}=\mathcal C_d^{1/a}.
\end{equation}
In dimension four use $B_4^{\rm op}=8$ from \cite[App.~B.5.3, Eq.~(167)]{dg}.
\begin{proof}[Proof of Theorem~\ref{analysis}]
First suppose $d\ge5$. The zero function satisfies the assertion directly. Normalize $\|f\|_\infty=1$ and set $g=T_tf$. Lemma~\ref{high} gives $\|g\|_2\le H_d\|f\|_2$. For a level $u_j=2L_d4^j$ put $N=2^j$ ($j=0,1,\ldots$). Lemma~\ref{low} bounds the low-frequency part by half the level. Chebyshev's inequality, orthogonality and the exact low-frequency plateau give
\begin{equation}\label{key}
 \mu(|g|>u_j)\le
 \frac{4H_d^2}{u_j^2}\sum_{n>2^j}n^{-2(a-2)}\|f_n\|_2^2.
\end{equation}
For the contribution of $u\in(0,u_0)$ to the layer-cake integral $a\int_0^\infty u^{a-1}\mu(|g|>u)\dd u$, the bound $\mu(|g|>u)\le\|g\|_2^2/u^2$ gives at most $a u_0^{a-2}H_d^2\|f\|_2^2/(a-2)$. The contribution from $[u_j,4u_j]$ is at most $(4^a-1)u_j^a\mu(|g|>u_j)$. Exchange the order of the nonnegative sums in \eqref{key}. Each fixed harmonic degree contributes its energy times a constant bounded by
\[
 4H_d^2(4^a-1)(2L_d)^{a-2}
 n^{-2(a-2)}\sum_{2^j<n}2^{2j(a-2)}
 \le \frac{4H_d^2(4^a-1)(2L_d)^{a-2}}{1-2^{-2(a-2)}} .
\]
The sum of the two displayed bounds is exactly $\mathcal C_d\|f\|_2^2$ in \eqref{endpointconstant}. Parseval finishes the normalized estimate. For a general nonzero $f$, apply it to $h=f/M$ with $M=\|f\|_\infty$. Linearity gives, uniformly in $t$,
\[
 \|T_tf\|_a^a=M^a\|T_th\|_a^a
 \le M^a\mathcal C_d\|h\|_2^2
 =\mathcal C_d M^{a-2}\|f\|_2^2 .
\]

For the strong limit, $S_Nf\to f$ in $L^2$ and $\|(I-S_N)f\|_\infty\le(1+K_d)\|f\|_\infty$. Thus the bound just proved makes $T_t(I-S_N)f$ small in $L^a$ uniformly in $t$. On a fixed finite spectral sum termwise differentiation gives convergence even in the uniform norm. The Cauchy criterion yields strong $L^a$ convergence on bounded inputs. The Jacobi equation at zero gives $m_0'(n)=-n(n+d-1)m_0(n)$. Since $L^a$ embeds in $L^2$ under probability measure, the limit is identified by its coefficients as $(\Delta/4)R_0 f$.

To recover the known strong limit at $d=4$ from our general estimates, Lemma~\ref{high} gives $|q_t(n)|\le H_4=32$ without decay. Parseval proves the uniform $L^2$ bound. For any fixed $f\in L^2$, termwise convergence of each multiplier to $m'_0(n)$ and domination by $4H_4^2\|f_n\|_2^2$ prove strong convergence by summing the squares. This argument avoids the factor $1/(a-2)$ in \eqref{endpointconstant}.
\end{proof}

\section{Why orthogonality forces an infinite moment}\label{converse}
For a Borel cell $A\subset X$ and Borel decoder $b:X\to[0,1]$ define the rectangle response $r_{A,b}(x,y)=\ind_A(x)b(y)$ and its averaged response
\begin{equation}\label{cellresponse}
 a_{A,b}(t)=\int r_{A,b}(x,y)\dd\eta_t(x,y)=\langle\ind_A,R_tb\rangle.
\end{equation}
The rectangle is bounded and measurable. The function to which Sobolev locality will apply is $R_0b$ on the preparation space.
\begin{lemma}[Orthogonality for almost every tape]\label{orthogonal}
Assume Definitions~\ref{input}--\ref{protocol} and exactness \eqref{exact}. There exists a measurable set $\Lambda_0$ of tape probability one such that for every $\lambda\in\Lambda_0$ and every label $i$,
\begin{equation}\label{exclusion}
 \int\ind_{A_{\lambda i}}(x)b_i(\lambda,y)\dd\eta_0(x,y)=0.
\end{equation}
The integrand vanishes $\eta_0$-almost everywhere for these tapes and labels. For each fixed $t\in[0,1]$, the measurable response
$F_\lambda(t)=\sum_i a_{A_{\lambda i},b_i(\lambda,\cdot)}(t)$ obeys $\E F_\lambda(t)=t$.
\end{lemma}
\begin{proof}
Use the common parametrization \eqref{pairlaw} to express every integral over $U(d)$. Joint Borel measurability of the encoder and decoder makes the integrands measurable in the tape and group element. Countable summation and Tonelli are applicable because all terms are nonnegative. The cells partition $X$, so summing the integrands over $i$ gives the total conditional acceptance. Exactness at each fixed pair now gives
\[
 \int_\Lambda\sum_i a_{A_{\lambda i},b_i(\lambda,\cdot)}(t)\rho(\dd\lambda)
 =\int_{X^2}t(x,y)\dd\eta_t(x,y)=t.
\]
At $t=0$ the integral of the nonnegative sum is zero. Outside a single null set its every nonnegative summand is zero. Each zero integral has a nonnegative integrand, proving the almost-everywhere statement. This uses a countable intersection over labels after integrating the orthogonal pairs, with no uncountable intersection over input pairs.
\end{proof}
For $d=4$, the following zero-set conclusion is the one used in the ququart zero-slope proof of de Gois, Santos and Vieira \cite[App.~B.5]{dg}. We give the rotation argument here also for $d>4$.
\begin{lemma}[Regularity and locality of the excluded average]\label{locality}
Let $d\ge4$, $a=d-2$, $A\subset X$ measurable and $b\in L^\infty(X)$ with $0\le b\le1$. If $a_{A,b}(0)=0$, then $w=R_0b$ vanishes almost everywhere on $A$, belongs to $W^{a,2}(X)$, and satisfies $\Delta w=0$ almost everywhere on $A$. Consequently
\[
 \lim_{t\downarrow0}a_{A,b}(t)/t=0.
\]
The Sobolev normalization is inherited from the phase-invariant lift to the unit sphere.
\end{lemma}
\begin{proof}
Positivity of the conditional average gives $w\ge0$. Its integral on $A$ is zero, so it vanishes there almost everywhere. Define the spectral $W^{a,2}$ norm using weights $(1+4n(n+d-1))^a$ on the squared harmonic coefficients. For $n\ge1$,
\[
 (1+4n(n+d-1))^{a/2}|m_0(n)|
 \le (1+4d)^{a/2}a! .
\]
Here $n+d-1\le dn$ and $\binom{n+a}{a}\ge n^a/a!$ were used. The constant level has multiplier one. This proves the spectral Sobolev assertion. In integer order it also controls weak derivatives. The following rotation argument gives directly the derivatives needed for locality.

Let $V_{ij}=x_i\partial_j-x_j\partial_i$ on the real sphere with $2d$ coordinates. Expanding on radially constant extensions gives $\Delta=\sum_{i<j}V_{ij}^2$. The rotations are skew-adjoint and preserve the full space of harmonic polynomials of ordinary degree $k$. Integration by parts yields
\[
 \sum_{i<j}\|V_{ij}v\|_2^2=k(k+2d-2)\|v\|_2^2.
\]
Apply the individual derivative bound again to $V_{ij}v$ in the same space to get $\|V_{ij}^2v\|_2\le k(k+2d-2)\|v\|_2$. Products of up to $a$ such derivatives are bounded by the corresponding powers of the square root of the eigenvalue. Distinct full harmonic degrees remain orthogonal. Thus the partial harmonic sums of $w$ converge with these weak derivatives in $L^2$. The vector fields span each tangent space, and on each coordinate patch ordinary tangent derivatives are smooth linear combinations of them, identifying the usual local Sobolev class.

For completeness the level-set locality argument needs only two derivatives. Outside the fixed locus $x_i=x_j=0$, a set of sphere measure zero, use local orbit coordinates for the $V_{ij}$ rotation. In these coordinates $V_{ij}$ is angle differentiation. Fubini for weak derivatives gives one-dimensional $W^{2,2}$ slices for almost every transverse coordinate. One-dimensional $W^{1,2}$ functions have absolutely continuous representatives. At almost every point of a measurable zero set both differentiation and the density property hold. Taking difference quotients along zeros proves that the first derivative vanishes there. Apply this to $w$ on the slice and then to its first derivative, whose zero set contains almost all of the first zero set. This gives $V_{ij}^2w=0$ almost everywhere on the lifted $A$. A finite sum proves the Laplacian assertion. No interior of $A$ is assumed.

Since $a_{A,b}(0)=0$, the quotient in the statement is $\langle\ind_A,T_tb\rangle$. The strong convergence in Theorem~\ref{analysis}, also for $d=4$, gives its limit as $\langle\ind_A,(\Delta/4)w\rangle=0$.
\end{proof}
\begin{lemma}[Bridge inequality]\label{bridge}
Let $d\ge4$, $a=d-2$ and let $\lambda\in\Lambda_0$ be a tape from Lemma~\ref{orthogonal} with $D_+(\lambda)<\infty$. Then for every $0<t\le1/2$,
\[
 0\le F_\lambda(t)/t\le B_d^{\rm op}D_+(\lambda)^{1/a},
 \qquad \lim_{t\downarrow0}F_\lambda(t)/t=0,
\]
where $B_d^{\rm op}$ is defined after \eqref{endpointconstant}. In particular $B_4^{\rm op}=8$, using the ququart difference-quotient and zero-slope estimates of de Gois, Santos and Vieira \cite[Apps.~B.5--B.6]{dg}.
\end{lemma}
\begin{proof}
Cells of zero mass contribute nothing because the first marginal of $\eta_t$ is $\mu$. Let $I_+=\{i:\mu(A_{\lambda i})>0\}$ and $\mu_i=\mu(A_{\lambda i})$. Write $a_i(t)$ for the $i$th cell response. The positive cells partition a set of full measure.

\emph{Dimension four.} On the full-measure set of tapes from Lemma~\ref{orthogonal}, $a_i(0)=0$ for every $i$. Apply Cauchy--Schwarz on $X$ and the multiplier bound of \cite[App.~B.5.3, Eq.~(167)]{dg}. Since $\|b_i\|_2\le1$,
\[
 0\le a_i(t)/t=\langle\ind_{A_{\lambda i}},T_t b_i\rangle
     \le8\sqrt{\mu_i}.
\]
A second Cauchy--Schwarz inequality, this time on the finite set of cells, gives
\[
 0\le F_\lambda(t)/t\le8\sum_{i\in I_+}\sqrt{\mu_i}
       \le8\sqrt{D_+(\lambda)}.
\]
Each summand tends to zero by the zero-slope result in \cite[App.~B.5]{dg}, including for cells of empty interior. This proves both assertions at $d=4$. It also gives the obstruction directly. If $\mathbb E\sqrt{D_+}<\infty$, then $D_+<\infty$ almost surely and the last bound permits dominated convergence. But $\mathbb EF_\lambda(t)/t=1$ for every $t>0$, a contradiction. In particular $\mathbb E\sqrt L=\infty$. Castellano, Sekatski and Brunner \cite[App.~A, Eqs.~(92)--(94)]{csb} bound each cell by $8$ and sum to $8D$ for an alphabet of size $D$. The square root enters here because the individual estimates retain $\mu_i$.

\emph{Dimensions $d\ge5$.} For $i\in I_+$ subtract \eqref{exclusion} and apply H\"older with conjugate exponents $a/(a-1)$ and $a$.
\[
 0\le a_i(t)/t=\langle\ind_{A_{\lambda i}},T_tb_i\rangle
 \le \mu_i^{1-1/a}\|T_tb_i\|_a
 \le B_d^{\rm op}\mu_i^{1-1/a}.
\]
The last inequality uses $\|b_i\|_\infty,\|b_i\|_2\le1$ in the strong $L^a$ estimate of Theorem~\ref{analysis}. Sum the finite set of terms. A second use of H\"older, on counting measure over $I_+$, gives
\[
 \sum_{i\in I_+}\mu_i^{1-1/a}
 \le \left(\sum_{i\in I_+}\mu_i\right)^{1-1/a}|I_+|^{1/a}
 =D_+(\lambda)^{1/a}.
\]
The total positive-cell mass is one because the partition is countable. Each cell quotient tends to zero by Lemma~\ref{locality}, so their finite sum does too.
\end{proof}
\begin{proof}[Universal part of Theorem~\ref{comm}]
Assume $\E D_+^{1/a}<\infty$. Then $D_+<\infty$ almost surely. Intersect this set with $\Lambda_0$ and choose the deterministic sequence $t_k=1/(k+2)$. Lemma~\ref{bridge} supplies one integrable bound independent of $k$ and a pointwise limit zero. Dominated convergence gives $\E F_\lambda(t_k)/t_k\to0$. Lemma~\ref{orthogonal} gives $\E F_\lambda(t_k)/t_k=1$ for every $k$, a contradiction. Since $D_+\le D$, the asserted obstruction holds also for the full used alphabet.
\end{proof}
The declared-alphabet converse also holds on a general probability space for shared randomness under the joint measurability assumed in \cite{csb}. Only $D_+$ enters the contradiction. Each cell mass is measurable by integration on the product space, and $D_+\le L$ pointwise. Thus the argument for a measurable declared $L$ never needs to project a nonempty input cell onto that more general tape space.

\section{An exact mixture of cap responses}\label{mixture}
The scale distribution must be positive, reproduce the exact target at every fidelity, and have a specified mass near zero. The following lemmas establish these properties. Let $C_s(x)=\{z:t(x,z)>1-s\}$ for $0<s\le1/2$. Let $K_s(t)$ be the probability that a uniform point of $C_s(x)$ has fidelity greater than $s$ with $y$, given $t(x,y)=t$. Write $(v)_k$ for the rising factorial.
\begin{lemma}\label{positive}
For every $d\ge4$ there is a positive probability law of $U\in(0,1]$ with moments, for integers $k\ge0$,
\[
 Q_d(k)=\frac{(2)_k(d)_k(d+1)_k}{(d+2)_k((d+1)/2)_k((d+2)/2)_k}.
\]
It has $\E U^{-1}=(d+1)/4$ and
$\PP(U\le u)\sim r_du^2/2$ with $r_d=d(d+1)(d-3)/[16(d-1)]$.
\end{lemma}
\begin{proof}
At $d=4$ take the density
\[
 f(u)=\tfrac54\left[u(1-u)^{-1/2}
 -2u^4\int_u^1v^{-4}(1-v)^{-1/2}\dd v\right].
\]
The Mellin integral at $x>-2$ is $\tfrac54(x+3)B(x+2,1/2)/(x+5)$ by Fubini on each nonnegative term. Its values at zero and minus one are $1$ and $5/4$. For positivity set $h=4f/(5u^4)$. Differentiation gives $h'=(-1+3u/2)/[u^4(1-u)^{3/2}]$. At its minimum $u=2/3$ write $z=1/\sqrt3$. The integral is $2\int_0^z(1-w^2)^{-4}\dd w\le113z/24$ by the convex chord in $w^2$ between $0$ and $1/3$. Thus $h(2/3)\ge(81/8-113/12)z>0$. At zero $u^3\int_u^1v^{-4}(1-v)^{-1/2}\dd v\to1/3$, so $f(u)\sim5u/12$. This gives $r_4=5/12$.

Gamma duplication expresses the proposed transform as
\[
 Q_d(x)=4^x\Gamma(x+2)\frac{d(d+1)\Gamma(x+d)}
 {(x+d+1)\Gamma(2x+d+1)} .
\]
The ratio $Q_{d+1}(x)/Q_d(x)$ is
\[
 B_d(x)=\frac{d+2}{d}\frac{(x+d)(x+d+1)}{(x+d+2)(2x+d+1)} .
\]
This is the Mellin transform of $V_d$ having mass $(d+2)/(2d)$ at one and the following density on $(0,1)$:
\[
 \frac{d+2}{4d(d+3)}
 \big[(d^2-1)v^{(d-1)/2}-8v^{d+1}\big].
\]
For $0<v<1$, the bracket equals $v^{(d-1)/2}[(d^2-1)-8v^{(d+3)/2}]$, which is positive since $d^2-1\ge15>8$. Its integral against $v^x$, including the atom, is
\[
 \frac{d+2}{2d}+\frac{d+2}{4d(d+3)}
 \left[\frac{d^2-1}{x+(d+1)/2}-\frac8{x+d+2}\right]=B_d(x).
\]
Multiplying both sides by $(x+d+2)(2x+d+1)$ reduces this identity to equality of three quadratic coefficients. At $x=0$ the right side is one, so the atom and density define a probability law. This is an identity in the real variable $x>-(d+1)/2$, not a finite moment interpolation. The integrals also exist at $x=-2$. Taking $U_{d+1}=U_dV_d$ independently now yields the moments and the claimed negative first moment by induction. If $H_d(u)=\PP(U_d\le u)\sim r_d u^2/2$, then $H_d(v)\le c_d v^2$ for some finite dimension-dependent constant for all $v>0$, extending the CDF by one above one. Apply dominated convergence to $u^{-2}\E H_d(u/V_d)$, dominated by $c_d V_d^{-2}$. This gives $r_{d+1}=r_d B_d(-2)$. Here
\[
 B_d(-2)=\frac{(d+2)(d-2)(d-1)}{d^2(d-3)}.
\]
Multiplying this by $r_d=d(d+1)(d-3)/[16(d-1)]$ gives $(d+1)(d+2)(d-2)/(16d)=r_{d+1}$. Also $B_d(-1)=(d+2)/(d+1)$, which propagates the negative first moment. The negative second moment of the factor $V_d$ is finite. No such moment is required of $U_d$.
\end{proof}
\begin{lemma}\label{mix}
Let $\eta$ be the law of $S=(1-\sqrt{1-U})/2$ from Lemma~\ref{positive}, and set
\[
 \dd\nu_d(s)=\frac{\dd\eta(s)}{d(d+1)s(1-s)^d}.
\]
Then $\nu_d$ is a probability measure,
$\int K_s(t)\dd\nu_d(s)=t$ for all $t\in[0,1]$, and
$\nu_d((0,s])\sim [(d-3)/(d-1)]s$.
\end{lemma}
\begin{proof}
Finiteness follows from $s^{-1}(1-s)^{-d}\le2^{d+1}/U$. For $\ell\ge1$ write $j=\ell-1$, $B_{\ell,d-2}=\binom{\ell+d-2}{d-2}$ and $c_{\ell,d}=(d-1)/(\ell B_{\ell,d-2})$. A cap of Haar mass $v^{d-1}$ has unnormalized level-$\ell$ multiplier
\[
 F_\ell(v)=\frac{d-1}{B_{\ell,d-2}}\int_0^v w^{d-2}P_\ell^{(d-2,0)}(1-2w)\,\dd w
 =c_{\ell,d} v^{d-1}(1-v)P_j^{(d-1,1)}(1-2v).
\]
For the second equality, shifted Rodrigues gives
$[v^{d-1}(1-v)P_j^{(d-1,1)}(1-2v)]'=\ell v^{d-2}P_\ell^{(d-2,0)}(1-2v)$, and the primitive vanishes at zero. Thus the two multipliers before normalizing the encoder are
\[
 \begin{aligned}
 F_\ell(s)&=c_{\ell,d}s^{d-1}(1-s)P_j^{(d-1,1)}(1-2s),\\
 F_\ell(1-s)&=c_{\ell,d}(1-s)^{d-1}sP_j^{(d-1,1)}(2s-1).
 \end{aligned}
\]
The encoder draws uniformly inside its cap, whose mass is $s^{d-1}$, while the decoder uses an indicator. Composition of the radial operators therefore gives the level-$\ell$ multiplier of $K_s$.
\[
 \frac{F_\ell(s)F_\ell(1-s)}{s^{d-1}}
 =c_{\ell,d}^{\,2}s(1-s)^d P_j^{(d-1,1)}(1-2s)P_j^{(d-1,1)}(2s-1).
\]

Here is the coefficient computation. Set $z=1-2s$, $u=1-z^2$, $p=P_j^{(d-1,1)}(z)$, $q=p(-z)$, $Y=pq$, $Z=p'q-pq'$, $W=p'q'$, $\alpha=j(j+d+1)$. Primes on $p,q$ are $z$-derivatives. All three products are even. The Jacobi equations give $up''=[(d+2)z+d-2]p'-\alpha p$ and the reflected equation for $q$, changing $+d-2$ to $-(d-2)$. Substitution and $\partial_z=-2z\partial_u$ give
\begin{align*}
 4u(1-u)Y_{uu}+[2(d+2)(1-u)-2u]Y_u+2\alpha Y-(d-2)Z-2uW&=0,\\
 uZ_u=-(d+2)Z/2+(d-2)Y_u,\qquad uW_u&=-(d+2)W-\alpha Y_u .
\end{align*}
Write $Y=\sum b_ku^k$. The last two identities give
$Z_k=(d-2)(k+1)b_{k+1}/[k+(d+2)/2]$ and
$W_k=-\alpha(k+1)b_{k+1}/(k+d+2)$. In the first equation the coefficient multiplying $b_{k+1}$ becomes
$4(k+1)(k+2)(k+d)/[k+(d+2)/2]$, and
that multiplying $b_k$ becomes
$2(2k+d+1)[\alpha-k(k+d+1)]/(k+d+1)$.
Multiplying the resulting ratio by $Q_d(k+1)/Q_d(k)$ cancels all but
$(k-j)(k+j+d+1)/[(k+1)(k+d+2)]$. For $j\ge1$ the mixed coefficient is zero by the finite-difference identity
\[
 \frac{\E Y}{b_0}=
 \sum_{k=0}^j(-1)^k\binom jk\frac{(j+d+1)_k}{(d+2)_k}
 =\sum_{k=0}^j(-1)^k\binom jk\frac{(k+d+2)_{j-1}}{(d+2)_{j-1}}=0 .
\]
Here $b_0=P_j^{(d-1,1)}(1)P_j^{(d-1,1)}(-1)\ne0$. The last ratio is a polynomial in $k$ of degree $j-1$. Its $j$th forward difference vanishes. The constant $c_{\ell,d}^{\,2}$ is independent of $k$, so every mixed multiplier of degree $\ell\ge2$ vanishes.

For level one the constant in each primitive is one, giving mixed multiplier $1/[d(d+1)]$. For level zero the mixed multiplier is $\int(1-s)^{d-1}\dd\nu_d=4Q_d(-1)/[d(d+1)]=1/d$. The kernel $t$ has precisely these multipliers because $t=[1+(d-1)\phi_1]/d$, and the projection kernel on level one is $(d^2-1)\phi_1$, since this space consists of traceless forms. In general the projection kernel is the dimension times the normalized zonal function by invariance and its diagonal trace. Completeness gives equality of the kernels almost everywhere. Both are continuous, since rotating either cap changes its indicator continuously in $L^1$ and $\nu_d$ is finite. Hence equality holds everywhere. At $t=1$ all the kernels equal one, proving normalization.

The small-$s$ CDF of $\eta$ is asymptotic to $8r_ds^2$ by the change of variables. For $H(s)=\eta((0,s])$, integration by parts gives $\int_0^s v^{-1}\dd H(v)=H(s)/s+\int_0^s H(v)v^{-2}\dd v\sim16r_d s$. Multiplication by $(1-s)^{-d}$ changes the leading term by a factor tending to one. Substitution of $r_d$ gives the assertion.
\end{proof}

\subsection{Explicit form and sampling of the scale law}\label{density}
The multiplicative recursion also gives a density construction. Let $f_4$ be the density in Lemma~\ref{positive}, let $\alpha_d=(d+2)/(2d)$, and let $g_d$ be the displayed density of the continuous part of $V_d$. Then recursively
\begin{equation}\label{densityrecursion}
 f_{d+1}(u)=\alpha_d f_d(u)+\int_u^1 f_d(u/v)g_d(v)\frac{\dd v}{v},\qquad0<u<1.
\end{equation}
This follows by conditioning on $V_d$ and changing variables in the density of $U_dV_d$. It has unit mass and is nonnegative by the same conditioning. The factors have positive atoms only at one, while $U_4$ has a density, so every $U_d$ has a density. The measure $\nu_d$ on the interval $(0,1/2)$ consequently has density
\begin{equation}\label{nudensity}
 v_d(s)=\frac{4(1-2s)f_d(4s(1-s))}{d(d+1)s(1-s)^d}.
\end{equation}
The normalization and exact mixture identity have been proved in Lemma~\ref{mix}. Shared uniforms sample any probability distribution used below by its generalized inverse CDF. Thus \eqref{densityrecursion} and \eqref{nudensity} specify the scale distribution without reference to any private data or stored certificate.

\section{An exact protocol for binary tests}\label{construction}
Fix $d\ge4$ and retain $a=d-2$. Let
\begin{equation}\label{parameters}
 b=2(d-1),\quad c=3/4,\quad \sigma=4^{-(d-1)},\quad
 C=2^b(d-1)(5/4)^2,\quad H=9^b.
\end{equation}
These are numerical constants once $d$ is fixed. Choose $\delta=2^{-k_d}$, where $k_d\ge5$ is the first integer such that
\begin{equation}\label{budgetcut}
 m_\delta:=\nu_d((0,\delta))<\frac{\sigma}{2(1/3+\sigma)}.
\end{equation}
Lemma~\ref{mix} implies $m_\delta\to0$ as $\delta\to0$, so $k_d$ exists. The strict factor two leaves positive slack in the budget. A scale is called fine if $s<\delta$.

\begin{lemma}[Metric, cap volume and endpoint response]\label{geometry}
On $X$, $d_c(x,z)=\|P_x-P_z\|_{\rm op}=\sqrt{1-t(x,z)}$ is a metric. A radius-$r$ open ball has Haar mass $r^b$ for $0\le r\le1$. The cap $C_s(x)$ is its radius-$\sqrt s$ ball. For $0<s\le1/2$, $K_s(0)=0$, $K_s(1)=1$, and $K_s(t)=1$ if $t>4s(1-s)$.
\end{lemma}
\begin{proof}
For distinct rays, $P_x-P_z$ on their span has trace zero and $\tr((P_x-P_z)^2)=2(1-t)$, hence eigenvalues $\pm\sqrt{1-t}$. For coincident rays the difference is zero. The operator norm triangle inequality gives the metric. Integrating the Haar fidelity density above $1-r^2$ gives $r^{2(d-1)}$. At orthogonality the projection of an encoder cap point onto $x^\perp$ has squared norm less than $s$. At unit fidelity the encoder threshold $1-s$ is at least the decoder threshold $s$. For the remaining assertion decompose $z$ along $x$. The smallest possible overlap amplitude with $y$ for $z$ in the cap is bounded below by $\sqrt{(1-s)t}-\sqrt{s(1-t)}$. For $s<1/2$ it exceeds $\sqrt s$ when $\sqrt{1-t}<1-2s$, equivalent to $t>4s(1-s)$. This also follows by squaring the two nonnegative sides of $\sqrt{(1-s)t}>\sqrt s+\sqrt{s(1-t)}$. At $s=1/2$ the sufficient interval is empty and the endpoint $t=1$ was already treated.
\end{proof}

\subsection{Public lists and the exact anchor law}
\begin{lemma}[Rotated net sampler]\label{anchor}
For each fine scale $s$ there is a Borel public-tape sampler selecting a point uniformly in $C_s(x)$ for every fixed input $x$. Its successful round is at most a geometric random variable $J$ of parameter $H^{-1}$ simultaneously for all $x$, almost surely. $J$ is independent of $s$.
\end{lemma}
\begin{proof}
Fix a dense countable list of rays by normalizing nonzero Gaussian-rational vectors and identifying phases by their projectors. For each dyadic $h$, scan the list and retain a point whenever its distance to every earlier retained point is at least $h$. The retained points have disjoint open $h/2$-balls, so there are finitely many. If some point had distance strictly greater than $h$ from the retained list, its neighborhood would contain a dense-list point that should have been retained. Thus the covering radius is at most $h$.

Set $r=\sqrt s$ and choose the unique dyadic $h$ with $r/4<h\le r/2$, with this half-open convention. Let $z_1,\ldots,z_L$ be the resulting deterministic list. Covering and packing imply $h^{-b}\le L\le(2/h)^b$. Every radius-$r$ open ball contains at least one centre. The disjoint $h/2$-balls of centres in such a ball are contained in a ball of radius $r+h/2$. Their number is at most $(2r/h+1)^b\le9^b=H$.

Each round uses a fresh Haar rotation $G_j$ and independent uniforms $U_j,V_j$. Let $k_j(x)$ count the hits $G_jz_i\in C_s(x)$. Alice accepts the round when $U_j\le k_j(x)/H$ and uses $V_j$ to select a uniform hit, ordered by the original list index. On a Borel set $E$, one-round success with selected point in $E$ has probability
\[
 \frac1H\E\#\{i:G_jz_i\in E\cap C_s(x)\}
 =\frac L H\mu(E\cap C_s(x)).
\]
Success has probability $Ls^{d-1}/H>0$. Independence of rounds and geometric summation give selected law $\mu(E\cap C_s(x))/s^{d-1}$. Define $J=\min\{j:U_j\le1/H\}$. Every input still searching succeeds by round $J$, since it always has at least one hit. The uniforms defining $J$ are independent of the scale.
\end{proof}
\begin{lemma}[Uniform unsafe fraction]\label{unsafe}
For a fine scale $s$, every rotated list of Lemma~\ref{anchor} and every test $y$, the number $B_y$ of centres $z$ with $t(y,z)\le s$ satisfies $B_y/L\le Cs$.
\end{lemma}
\begin{proof}
For $d_c(w,z)<h/2$, decompose a unit representative of $w$ along $z$. The perpendicular component has norm $d_c(w,z)$ and the parallel coefficient has modulus at most one. Thus $|\langle y,w\rangle|\le|\langle y,z\rangle|+h/2\le r+h/2$ for an unsafe centre. The band with amplitude at most $v\le1$ has mass $1-(1-v^2)^{d-1}\le(d-1)v^2$. The disjoint balls therefore give $B_y(h/2)^b\le(d-1)(r+h/2)^2$. Since $L(h/2)^b\ge2^{-b}$ and $h/2\le r/4$, division gives exactly $B_y/L\le Cs$. The band bound applies since $s<\delta\le1/32$.
\end{proof}

\subsection{Packet alphabet and decoder}
\begin{lemma}[Grouped response and actual range]\label{packets}
At each fine scale set
\[
 n(s)=\max\{1,\lfloor(8Cs)^{-1}\rfloor\},\qquad M_d=16C\,8^b+1.
\]
There is a protocol with response $cK_s(t)$ for every input pair. Its used alphabet has size at most $M_dJs^{-a}$ and at least $1/[n(s)s^{d-1}]$ almost surely. For $s<1/(8C)$ the latter is at least $8Cs^{-a}$.
\end{lemma}
\begin{proof}
Independently of the round data used to choose the anchor, uniformly permute each round's $L$ labels. Divide the permuted list into consecutive packets of size $n(s)$, allowing a shorter last packet. The public declared alphabet is
\[
 \mathcal A_{s,\lambda}
 =\{(j,g):1\le j\le J(\lambda),\ 1\le g\le\lceil L/n(s)\rceil\}.
\]
Alice sends the pair consisting of the first successful round and the packet containing its selected anchor. Neither selection uses the permutation. Bob reconstructs the indicated round and packet and counts $B_y$ for the entire round. If any packet member is unsafe, he rejects. If every member is safe and its actual size is $g$, he computes
\[
 p_g=\frac{\binom{L-1-B_y}{g-1}}{\binom{L-1}{g-1}},\qquad p_1=1,
\]
then accepts with probability $c/p_g$, using a fresh independent coin.

To justify this rule, condition on the round list, the selected anchor and the size of its packet. The anchor selection is independent of the permutation. For a safe anchor the remaining $g-1$ members are a uniform subset of the other $L-1$ labels. Thus $p_g$ is the conditional all-safe probability. Lemma~\ref{unsafe}, $L\ge2$ and a union bound give
\[
 p_g\ge1-\frac{(g-1)B_y}{L-1}
 \ge1-2Cs(g-1)\ge1-2Cs(n(s)-1)\ge3/4=c.
\]
The last inequality holds also when $n=1$. Conditional on a safe anchor, averaging over the packet and the additional coin gives acceptance $p_g(c/p_g)=c$. An unsafe anchor forces rejection. Averaging the exactly uniform anchor proves response $cK_s(t)$. Conditioning on the size treats the short final packet explicitly.

The full declared alphabet has size $J\lceil L/n\rceil$. Since $n\ge1/(16Cs)$, $L\le8^b s^{-(d-1)}$, and $s<1$, this is at most $M_dJs^{-a}$. A used pair $(j,g)$ can encode only inputs whose anchor lies in its packet. These inputs belong to a union of at most $n$ cap balls, of total mass at most $ns^{d-1}$. The union over the actually used labels covers $X$, proving the lower bound. If $s<1/(8C)$ then $n\le(8Cs)^{-1}$, giving its stated form. These inequalities concern the range over all inputs on one fixed tape. The geometric round factor remains random at fixed scale.
\end{proof}

\subsection{Coarse sampling and a common finite alphabet}
\begin{lemma}[Uniform cap and annulus samples]\label{coarse}
For every fixed $s>0$, a first-hit iid Haar sampler in a cap or in the annulus $C_s(x)\setminus C_{s/4}(x)$ has the uniform conditional distribution there. There is a common random integer $Z$ dominating all first-hit indices for every $x$ and every $\delta/128\le s\le1/2$, with
\[
 \Pr(Z>j)\le N_d(1-\epsilon^b)^j,\qquad
 \epsilon=\sqrt{\delta/128}/16,\quad N_d\le(2/\epsilon)^b.
\]
\end{lemma}
\begin{proof}
Let $E$ be the chosen region of mass $p>0$. For any Borel set $G$, geometric summation gives the selected distribution
$\sum_{j\ge1}(1-p)^{j-1}\mu(G\cap E)=\mu(G\cap E)/p$.
Choose a fixed $\epsilon$-net by the packing construction, of size at most $(2/\epsilon)^b$. Define $Z$ as the first prefix of the Haar tape hitting each net point's open $\epsilon$-ball. A union bound gives the displayed tail. This prefix is a $2\epsilon$-net. For a given $x$ and radius $r=\sqrt s\ge\sqrt{\delta/128}$ choose a ray at distance $3r/4$ from $x$ on a projective line. A prefix ray within $2\epsilon\le r/8$ has distance strictly between $r/2$ and $r$ from $x$, and qualifies for both sampling rules. Thus their first-hit indices never exceed $Z$ on that tape, simultaneously for all inputs and scales. In particular $Z\ge1$ and all its positive moments are finite.
\end{proof}

\begin{lemma}[Two local exact responses]\label{nearouter}
There are two protocols with responses $P_{\rm near}(t)=t$ for $0\le t\le\delta/4$ and $P_{\rm out}(t)=t$ for $\delta/16\le t\le1$. Only the near protocol uses the fine packets of Lemma~\ref{packets}. All its other branches, and the outer protocol, have range bounded by a variable $Z$ of Lemma~\ref{coarse}.
\end{lemma}
\begin{proof}
For $s\ge\delta$, the inner cap $C_{s/4}(x)$ has conditional mass $\sigma=4^{-(d-1)}$ inside $C_s(x)$. If $t(x,y)\le\delta/4$, an inner point satisfies $|\langle y,z\rangle|\le\sqrt t+d_c(x,z)<\sqrt s$. The removed part always rejects. If $A_s(t)$ denotes the annular response, then $K_s(t)=(1-\sigma)A_s(t)$ on this interval.

The near protocol uses the following unconditional branch measures, all sampled publicly. On $(0,\delta)$ give scale measure $\dd\nu_d/c$ and use the packet rule of response $cK_s$. On $[\delta,1/2)$ give scale measure $(1-\sigma)\dd\nu_d$ and use the annular rule. The remaining branch always rejects with one fixed label. The total nondefault mass is
\[
 W=c^{-1}m_\delta+(1-\sigma)(1-m_\delta),\qquad
 1-W=\sigma-(1/3+\sigma)m_\delta>\sigma/2
\]
by \eqref{budgetcut}. Hence this is a probability distribution. On the near interval its response is exactly the full mixture in Lemma~\ref{mix}.

For the outer protocol sample a scale from $\nu_d$. Always accept at $s<\delta/128$, with one label. Otherwise use the first-hit cap sampler. If $t\ge\delta/16$, the discarded scales already have $K_s(t)=1$, since $4s(1-s)<\delta/32<t$. Thus the outer response is exact there. Lemma~\ref{coarse} supplies all claimed range bounds. The branch and scale are public and require no transmitted branch label.
\end{proof}
\begin{lemma}[Exact deterministic routing]\label{route}
There is a Borel one-way protocol exact for every pair $(x,y)\in X^2$, with actual range bounded by
$N_0D_{\rm near}D_{\rm out}$, where $N_0\le(64/\delta)^b$ is fixed and the two subprotocol tapes are independent.
\end{lemma}
\begin{proof}
Fix a $\delta/32$-net. Alice sends a nearest point index $x_0$, breaking ties by its fixed order, and both near and outer messages. Encode this finite tuple as one natural-number label by a fixed injective coding. Bob uses the near message if $t(x_0,y)\le\delta/8$ and uses the outer message otherwise. The projector norm bound gives
$|t(x_0,y)-t(x,y)|\le d_c(x_0,x)\le\delta/32$.
The first case implies $t\le5\delta/32<\delta/4$, and the second implies $t>3\delta/32>\delta/16$. The routing decision depends only on the fixed inputs and deterministic net. Conditional selection therefore preserves the exact mean of the selected random subprotocol. Multiplying the three range bounds gives the assertion, regardless of whether every tuple is realizable.

To verify measurability, all base lists belong to a countable dyadic family, with a Borel scale-to-list choice. Each round uses finitely many strict fidelity comparisons. The uniformly chosen hit uses $\lfloor kV\rfloor$ in fixed list order. A uniform permutation of a finite list is obtained by sorting iid continuous priorities, resolving ties by index. First successful rounds and first-hit indices are countable stopping rules. The common bounds $J$ and $Z$ are measurable finite random variables almost surely. On their null failure sets one can assign a default label. All threshold conventions are included above, and the extra acceptance coin is independent. This defines a joint Borel encoder and decoder satisfying Definition~\ref{protocol}.
\end{proof}

\section{The two-sided alphabet tail}\label{tail}
\begin{lemma}[Explicit tail constants]\label{taillemma}
The protocol of Lemma~\ref{route} has the tail in Theorem~\ref{comm}. Its fine-scale input-independent law, conditional kernels, and common round bound determine constants depending only on $d$.
\end{lemma}
\begin{proof}
Put $\gamma=1/a$ and $k_d^\nu=(d-3)/(d-1)>0$. Define the finite constant
\[
 A_d=\sup_{0<r\le\delta}\frac{\nu_d((0,r))}{cr}.
\]
Its finiteness follows from Lemma~\ref{mix} at zero and from bounded total mass away from zero. Extend the fine-branch cumulative mass by its total mass above $\delta$. It remains bounded by $A_dr$. Conditional on $J$, the event $M_dJs^{-a}>m$ restricts $s$ to an interval of length $(M_dJ/m)^\gamma$. Integrating the scale first gives a near fine-tail bound $A_d M_d^\gamma m^{-\gamma}\E J^\gamma$. Markov's inequality for the other branches gives at most $m^{-\gamma}\E Z^\gamma$. Consequently, for all $m>0$,
\[
 \Pr(D_{\rm near}>m)\le B_dm^{-\gamma},\quad
 B_d=A_dM_d^\gamma\E J^\gamma+\E Z^\gamma.
\]
All expectations are finite by their explicit geometric tail bounds. The independent outer tape has range bounded by a copy $Z'$ of $Z$. Condition on $Z'$ in $D\le N_0D_{\rm near}Z'$ to obtain
\[
 \Pr(D>m)\le B_d N_0^\gamma\E Z^\gamma\,m^{-\gamma}.
\]
This supplies a finite upper constant specified entirely by $d$ and the fixed net choices.

Choose $s_0<\min(\delta,1/(8C))$ such that $\nu_d((0,r))\ge k_d^\nu r/2$ for all $0<r\le s_0$. At a fine tape with $s<s_0$, projecting joint transcripts onto their near packet label shows $D\ge8Cs^{-a}$. For $m\ge8Cs_0^{-a}$, every fine scale $s<(8C/m)^\gamma$ therefore gives $D>m$. Its unconditional branch mass is $\nu_d((0,(8C/m)^\gamma))/c$. Hence
\[
 \Pr(D>m)\ge\frac{k_d^\nu}{2c}(8C)^\gamma m^{-\gamma}.
\]
Together the bounds give the assertion. Lemma~\ref{momtail} yields finite moments for every $q<\gamma$ for this one protocol. Combined with Section~\ref{converse}, this completes Theorem~\ref{comm} for every $d\ge4$.
\end{proof}

\section{From binary tests to general measurements}\label{lift}
\begin{theorem}[Finite-overhead reduction]\label{liftthm}
In fixed dimension $d\ge2$, an exact one-way binary rank-one simulator with declared alphabet $L(\lambda)$ gives an exact one-way simulator for arbitrary states and POVMs with declared alphabet at most $C_d L(\lambda)$ on every augmented tape, up to the harmless default on null tapes. The constant depends only on $d$.
\end{theorem}
The proof constructs a decoder whose outputs form a probability distribution for each tape and input. Its expectation matches the Born law. Finite and countable outcomes are handled first.

\subsection{A finite local description and a filtered query}
Constants $s,r,\delta,U$ in this section are local to the reduction and independent of the random scale in the binary construction. Write $P_x=xx^*$ for a unit vector $x$. Choose
\[
 s=\frac1{32d},\quad r=\frac{s}{4},\quad m=d^2-1,
 \quad\delta=\frac{r}{\sqrt{2m}},\quad U=2s .
\]
Take a finite $\delta$-net of pure projectors in operator distance. Alice sends a nearest centre $P_0$, breaking ties by list order. Thus $\norm{P_x-P_0}_{\rm op}\le\delta$. The net is fixed and does not depend on Bob's measurement.

\strong{A formal matrix with the right mean.} Fix a real Hilbert--Schmidt orthonormal basis $H_1,\ldots,H_m$ of the traceless Hermitian matrices. Write $P_x-P_0=\sum_k \xi_k H_k$. Two rank-one projectors satisfy $\norm{P_x-P_0}_{\rm HS}=\sqrt 2\norm{P_x-P_0}_{\rm op}$. Therefore $\sum_k|\xi_k|\le r$. With probability $|\xi_k|/r$ Alice chooses $Q=P_0+r\,\mathrm{sign}(\xi_k)H_k$. She chooses $P_0$ with the remaining probability. She sends the vertex index. The $1+2m$ possible matrices satisfy
\[
 \tr Q=1,\qquad\norm{Q-P_0}_{\rm op}\le r,\qquad \E Q=P_x .
\]
Some vertices have negative eigenvalues. The decoder below uses only probabilities proved nonnegative for each such vertex.

\strong{A filtered binary query.} Define $A=\sqrt{s}P_0+(I-P_0)$, and let
\[
 u=\norm{Ax}^2=s+(1-s)\norm{P_x-P_0}_{\rm op}^2\le U,
 \qquad x'=Ax/\sqrt{u}.
\]
Alice sends the original binary encoder's single message for $x'$. Using a fresh independent uniform she sends a bit $G$ with probability $u/U$ of equaling one. All additional sender randomness may be placed on the public tape. Alice needs no information about the measurement.

Write $b(y')\in[0,1]$ for the original decoder on this tape and message queried at a test ray $y'$. For each $y$, put $v_y=\norm{A^{-1}y}^2$ and $y'=A^{-1}y/\sqrt{v_y}$. Then
\begin{equation}
   |\langle x',y'\rangle|^2=\frac{|\langle x,y\rangle|^2}{u v_y},
   \qquad \E[U v_y G b(y')]=|\langle x,y\rangle|^2.                 \label{liftfilter}
\end{equation}
The first identity uses self-adjointness and invertibility of $A$. The second uses independence of the gate and the binary tape, and exactness for $x',y'$. Only rays with $t_0(y):=\tr(P_0P_y)\le s$ will use this score. For them $v_y=1+(s^{-1}-1)t_0(y)\le2$. Its maximum contribution per unit of effect weight is at most $4s$, uniformly on every tape.


\subsection{One normalized distribution on every tape}
First take a rank-one POVM $E_i=w_iP_{y_i}$, omitting zero effects. Its weights obey $\sum_i w_iP_{y_i}=I$ and $\sum_i w_i=d$. For a Hermitian $H$, put $f_i(H)=w_i\tr(H P_{y_i})$. Each is linear, and $\sum_i f_i(H)=\tr H$.

Partition the indices into $N=\{i:t_0(y_i)\le s\}$ and its complement $F$. The far reference mass $B=\sum_{i\in F}f_i(P_0)$ is at least $1-ds=31/32$. For $j\in F$ set $R_j=f_j(P_0)/B$, giving a probability distribution on $F$ depending only on the centre and the measurement.

For a fixed tape and received message, Bob defines
\begin{align}
 q_i&=w_i U v_{y_i}G b(y_i'),&& i\in N, \nonumber\\
 S&=\sum_{i\in N}q_i,\quad T=\sum_{i\in N} f_i(Q), & &\nonumber\\
 q_j&=f_j(Q)+R_j(T-S),&&j\in F.                                  \label{liftdecode}
\end{align}
He samples one index from this distribution. Evaluations of $b$ at different rays use one and the same binary message. Joint independence of those scores is unnecessary.

\strong{Normalization.} On each tape $\sum_i q_i=S+(1-T)+(T-S)=1$.

\strong{Positivity.} Near entries are nonnegative and $S\le4sd=1/8$. Since $f_i(P_0)\ge0$ and $\norm{Q-P_0}_{\rm op}\le r$, we have $T\ge-dr=-1/128$. For a far index $t_0(y_j)>s$ implies $f_j(Q)\ge(1-r/s) f_j(P_0)=3f_j(P_0)/4$. Consequently
\[
 q_j\ge f_j(P_0)\left[\frac34-\frac{1/8+1/128}{31/32}\right]
      =\frac{19}{31} f_j(P_0)>0 .
\]
The estimate holds for any values of the binary scores in $[0,1]$, even under adversarial correlation. The gate and the same finite message suffice for every Bob input.

\strong{Exactness.} For fixed preparation and measurement, \eqref{liftfilter} gives $\E q_i=f_i(P_x)$ on $N$. Linearity and $\E Q=P_x$ give $\E T=\sum_{i\in N} f_i(P_x)=\E S$. Since $R_j$ is fixed by the inputs, $\E q_j=f_j(P_x)$ on $F$. A near outcome with zero Born probability has zero mean and is nonnegative on each tape, so is zero almost surely for the fixed input. The proof includes orthogonal inputs and the near-set boundary.


\paragraph{A four-outcome example.}
Take $d=4$, a net containing $P_0=P_{e_1}$, and a preparation $x=\sqrt{1-\eta}\,e_1+\sqrt{\eta}\,e_2$ so close to $e_1$ that $P_0$ is the nearest centre. If Bob measures in the coordinate basis, only outcome 1 is far. Its redistribution weight is $R_1=1$. Since $\sum_i f_i(Q)=1$, the rule gives $q_1=1-S$ on every tape. For $i=2,3,4$ one has $v_{e_i}=1$ and $q_i=U G b(e_i)$. Equation~\eqref{liftfilter} gives $\mathbb E q_2=\eta$ and $\mathbb E q_3=\mathbb E q_4=0$. Thus Bob's average law is $(1-\eta,\eta,0,0)$ even though the total near mass $S$ may change from tape to tape. Removing the subtraction of $S$ in \eqref{liftdecode} would give total mass $1+S$ whenever $S>0$.

\subsection{General effects, mixed states and alphabet range}
\strong{Arbitrary effects.} Fix an orthonormal basis $(e_k)$. For an outcome with effect $E$, refine it into its at most $d$ rank-one terms
\[
 E=\sum_{k=1}^d |E^{1/2}e_k\rangle\langle E^{1/2}e_k|.
\]
Discard zero columns, apply \eqref{liftdecode} to the refinement, then forget the refinement index. This avoids choices of eigenvectors at degeneracies. Finite and countable sums converge absolutely because on the near set $q_i\le4s w_i$ and $|f_i(Q)|\le (1+r)w_i$ everywhere.

\strong{Standard Borel outcomes.} Fix the outcome space $(\Omega,\mathcal B)$ and equip its POVMs with the evaluation $\sigma$-algebra generated by the matrix entries of $E(B)$ for $B\in\mathcal B$. For a POVM $E(B)$ take the finite measure $\sigma(B)=\tr E(B)$. Its total mass is $d$. In finite dimension there is a measurable positive matrix density $H(z)=dE/d\sigma$, with trace one $\sigma$-almost everywhere. Refine its square-root columns as above. On pairs $(z,k)$ let $d\omega=\norm{H(z)^{1/2}e_k}^2d\sigma(z)$ and $y$ be the normalized nonzero column. Then $\int P_y\,d\omega=I$ and $\omega(\mathrm{all})=d$. Formula \eqref{liftdecode} applies to densities relative to $\omega$, replacing sums over $N,F$ by integrals. Boundedness allows integration over any outcome event and interchange with tape expectation. The resulting kernel has total mass one and its projection onto $z$ has the prescribed law. On a fixed standard Borel output space, a jointly measurable density can also be chosen as the limit of ratios $E(C)/\sigma(C)$ on refining finite generating partitions, taking a default value on zero-mass or nonconvergent points. This gives the usual kernel interpretation for varying measurement inputs.

\strong{Mixed states.} Sample a pure state from the normalized columns of $\rho^{1/2}$ with probabilities equal to their squared norms. Their mean projector is $\rho$. One independent uniform implements this choice, and the pure-state alphabet envelope covers all selections.

\strong{Cost.} With $N_d$ net centres the tuple has at most $C_d L(\lambda)$ slots, where $C_d=2N_d(1+2m)$. Extra uniforms never increase this count. A maximal $\delta$-separated net can be chosen with $N_d\le(2/\delta)^{2(d-1)}$ since disjoint projector-distance balls of radius $\delta/2$ have Haar mass $(\delta/2)^{2(d-1)}$. The only use of this estimate is finiteness. The overhead in log alphabet size is additive at fixed $d$.


This proves Theorem~\ref{liftthm}. In particular, restriction transfers any attainable upper-tail exponent from general measurements to binary tests, and the reduction transfers it in the opposite direction. This equivalence holds for every $d\ge2$, even before the binary exponent is evaluated.

\begin{proof}[Proof of Theorem~\ref{allthm}]
For the forward construction, the bounds in Lemmas~\ref{packets}, \ref{coarse} and \ref{route} apply to the declared menus. In a fine branch declare all $J\lceil L/n\rceil$ slots, bounded by $M_dJs^{-(d-2)}$. At a coarse branch declare all indices up to $Z$ (or one label at a default branch). The independent outer tape has its own bound $Z'$. These common finite envelopes are tape-measurable. The tail integration in Lemma~\ref{taillemma} applies to these declared bounds and gives $\Pr(L_{\rm bin}>m)=O_d(m^{-1/(d-2)})$. Theorem~\ref{liftthm} preserves this rate under multiplication by $C_d$. It also gives finite moments below that exponent.

Conversely, restrict any all-measurement protocol to pure states and binary rank-one tests. Its declared alphabet dominates the used range on the restricted experiment. Theorem~\ref{comm} makes the endpoint moment infinite. If an exponent strictly above $1/(d-2)$ were attained, Lemma~\ref{momtail} would give a finite endpoint moment, a contradiction. The binary construction has a two-sided tail for its used alphabet. For general measurements the proof gives an attainable upper tail and a universal moment obstruction.
\end{proof}

\section{Sharpness of the analytic exponent}\label{sharp}
\begin{corollary}[Maximum strong output exponent]\label{sharpcor}
Fix $d\ge4$ and $a=d-2$. There is no finite constant $M$ and exponent $a<p\le\infty$ for which
\[
 \|T_tf\|_p\le M\|f\|_\infty
 \quad\text{for every bounded }f\text{ and every }0<t\le1/2.
\]
The same assertion holds on any smaller fixed interval $0<t\le t_0$ with $t_0>0$. For finite $p>a$, such a bound would force $\E D_+^{1/p}=\infty$ for every exact protocol, contradicting the protocol of Theorem~\ref{comm}.
\end{corollary}
\begin{proof}
Assume the bound with finite $p>a$. On tapes from Lemma~\ref{orthogonal}, each positive-mass cell satisfies
\[
 0\le a_i(t)/t=\langle\ind_{A_i},T_tb_i\rangle
 \le M\mu(A_i)^{1-1/p}.
\]
If $D_+<\infty$, summing gives $F_\lambda(t)/t\le M D_+^{1/p}$. The excluded-cell limit remains available from Lemma~\ref{locality}. If its dominating moment were finite, dominated convergence would contradict exactness as before. On the other hand $1/p<1/a$, and the constructed tail gives
\[
 \E D^{1/p}=\frac1p\int_0^\infty u^{1/p-1}\Pr(D>u)\dd u<\infty
\]
by Lemma~\ref{momtail}. This is a contradiction since $D_+\le D$. A uniform $L^\infty$ output bound implies every finite $L^p$ bound on a probability space, so it too is excluded. For a shorter interval choose the sequence approaching zero inside that interval.
\end{proof}


\subsection{An explicit family above the endpoint}\label{bandproof}
The following independent proof of divergence for finite $p>d-2$ also specifies a measurable event for the numerical tests. Fix $n$ centres $y_1,\ldots,y_n$. Let $f$ be the indicator of the union of bands $\{z:t(y_j,z)\le s\}$, let $t=5s\le1/2$, and put $h=s^{d-1}$. Sample a uniform label $j$, then $X$ uniformly in $C_s(y_j)$, and finally $Z$ uniformly on the fidelity-$t$ sphere about $X$. Define $m_*$ as the probability that $X$ lies in exactly one centre cap and $Z$ misses every band. The tagged sampling density is the number of covering caps divided by $nh$. On the uniquely covered region $A$, $R_0 f=1$ and $e=1-R_t f\ge0$. Hence $\int_A e\,d\mu=nhm_*$, while $\mu(A)\le nh$. For $p\ge1$, H\"older yields the fixed-decoder inequality
\begin{equation}\label{witnessbound}
                  \|T_tf\|_p^p\ge nh(m_*/t)^p .
\end{equation}

For independent Haar centres, the tagged band is escaped because $t>4s(1-s)$ (Lemma~\ref{geometry}). Each remaining centre must avoid both the cap about $X$, of mass $h$, and the band about $Z$, of mass $b=1-(1-s)^{d-1}$. These sets are disjoint by the same escape inequality. Conditional on the tagged centre, $X,Z$, the other centres remain independent. Thus $\E_{\rm centres}m_*=(1-h-b)^{n-1}$. Jensen applied to \eqref{witnessbound} gives an expected lower bound $nh t^{-p}(1-h-b)^{p(n-1)}$. For $s=\kappa/[(d-1)n]$ with $\kappa>0$ fixed, the bound is asymptotic to
\[
 \frac{\kappa e^{-p\kappa}}{(d-1)5^p}\,s^{d-2-p}.
\]
At least one realized union at each sufficiently large $n$ attains the expected lower bound. This supplies explicit finite families that rule out a uniform estimate above the endpoint. The endpoint upper estimate itself comes from Theorem~\ref{analysis}.


\section{Comparison and dimension dependence}\label{related}
Castellano, Sekatski and Brunner \cite[Definition~1, Eq.~(12) and Sec.~V]{csb} give an all-measurement construction with tail exponent $1/(2d-2)$ and exclude finite expected alphabet size for $d\ge4$. Their binary obstruction already applies to pure preparations and rank-one projective tests. Their bounds for the optimal all-measurement tail exponent were $1/(2d-2)\le\beta^{\rm tail}_{d,\rm all}\le1$. Theorems~\ref{comm} and \ref{liftthm} supply matching bounds under the same input-independent shared-randomness convention. In dimension four the earlier interval was $[1/6,1]$ and the exponent obtained here is $1/2$. These results concern tail decay at fixed $d$. The optimal dependence of the expected bit cost on $d$ remains open.

\paragraph{Comparison with the qutrit cap protocol.}
De Gois, Santos and Vieira \cite[App.~D]{dg} already realize qutrit Born probabilities by coupling cap thresholds to a shared Haar ray and conditioning on Alice's acceptance. Their finite binary simulator truncates the search and uses a covering-ball fallback. In Appendix~D.3 they simulate general qutrit measurements using 26 independent binary copies, rejection and a multi-outcome fallback. Here Lemmas~\ref{positive}--\ref{mix} construct an exact scale mixture in $d\ge4$ with $\nu_d((0,s])\sim (d-3)s/(d-1)$. Grouping the labels at scale $s$ then gives the matching tail in Lemma~\ref{taillemma}. Theorem~\ref{liftthm} uses one binary message on each tape. Its normalized decoder gives a declared alphabet at most $C_d L(\lambda)$ for \emph{any} exact binary simulator, preserving its tail exponent at fixed $d$.

\begin{center}\small
\begin{tabularx}{0.97\linewidth}{@{}clX@{}}\toprule
$d$ & Optimal tail exponent & Basis \\\midrule
2 & $\infty$ & Bounded alphabet for arbitrary measurements \cite{rtq}.\\
3 & $\infty$ & Bounded alphabet for arbitrary measurements \cite{dg}.\\
4 & $1/2$ & The ququart estimates of \cite{dg}, summed with cell masses in Lemma~\ref{bridge}, and the matching construction with Theorem~\ref{liftthm}.\\
$\ge5$ & $1/(d-2)$ & The strong $L^{d-2}$ estimate, the binary construction and the finite-overhead reduction.\\\bottomrule
\end{tabularx}
\end{center}
There is a direct reason the positive cap recursion cannot be extended down to $d=3$ using the same proposed moments. Its first two moments would be $Q_3(1)=24/25$ and $Q_3(2)=32/35$, so $1-2Q_3(1)+Q_3(2)=-1/175$. A positive law on $[0,1]$ must have $\E(1-U)^2\ge0$. The low-dimensional bounded protocols therefore use a different construction.

The sphere kernel $(u\cdot v)^2$ for real unit vectors $u,v\in\mathbb R^5$ is obtained by restricting the complex dimension-five experiment to real inputs. The upper construction restricts to those inputs, but the Haar-cell converse integrates over the full complex projective space. The real projective locus has zero complex Haar measure, as follows from its smaller real dimension in coordinate charts. Consequently the present lower bound does not decide the finite-alphabet question for the real five-dimensional square or its exceptional polynomial-contact case. The common squared-overlap formula alone does not transfer the complex lower bound to that restricted domain.

\section{Computational checks}\label{verification}
The experiments have three distinct targets. Exact arithmetic detects a wrong multiplier normalization and a missing term in the general-measurement decoder. Quadrature and sampling test the cap response against the Born probability at specified fidelities. Realized finite decoders give lower confidence bounds on their own operator norms. The lower bound over all exact protocols follows from Section~\ref{converse}. None of the sampling routines enumerates protocols.
\subsection{Exact arithmetic and normalized multipliers}
In \texttt{check\_dimension.py}, exact arithmetic confirms the dimension-factor transform for $d=4,\ldots,30$ and Mellin arguments $-2,\ldots,24$. It also checks the Jacobi-product cancellation for $d=4,\ldots,16$ and degrees $1,\ldots,12$, the dyadic sum and the degree-one quotient. The floating-point multiplier grid covers $d=4,\ldots,12$, degrees $1,\ldots,400$, and 110 positive fidelities including a repeated join at $0.01$. It also checks the endpoint slopes. The largest ratio of an observed quotient to the bound in Lemma~\ref{high} was $0.062499224575$.

The normalization audit in \texttt{normalization\_checks} verifies $m_1(n)=1$, the reproducing-kernel dimension, and the dimension-four endpoint slope using exact rational arithmetic. The routine \texttt{diagonal\_scaling\_checks} independently evaluates the terminating Jacobi series with 80 decimal digits at $t=n^{-2}$ for $n=16,64,256,1024,4096$. In dimension five its largest tested degree gives $|q_{1/n^2}(n)|=0.0011360387157$, consistent with the proved $n^{-1}$ scaling. For a direct norm test, take $f_n([z])=(2z_1\overline z_2)^n$ on unit representatives. Its complex Euclidean Laplacian is zero, so $f_n\in\mathcal H_n$, and $\|f_n\|_\infty=1$. The simplex law of the squared moduli gives, for $r>0$,
\[
 \|f_n\|_r^r=\frac{2^{rn}\Gamma(d)\Gamma(rn/2+1)^2}{\Gamma(rn+d)}.
\]
The routine \texttt{harmonic\_endpoint\_test} evaluates both these norms and the multiplier. For $d=5$, the ratio $\|T_{1/n^2}f_n\|_3^3/(\|f_n\|_\infty\|f_n\|_2^2)$ decreases from $0.003733516007646$ at $n=16$ to $3.548397241413\times10^{-10}$ at $n=4096$. These values omit the fixed factor $\mathcal C_5$ on the right-hand side. The test uses the norm ratio directly. For every nonzero $f_n\in\mathcal H_n$, the elementary inequality $\|f_n\|_3^3\le\|f_n\|_\infty\|f_n\|_2^2$ bounds this ratio by $|q_t(n)|^3$.

The only specialized approximation input to the analytic proof is the Wang--Sloan filter bound in Lemma~\ref{wslemma}. Lemma~\ref{locality} proves the required Sobolev locality on arbitrary measurable cells.

\subsection{Finite CPU experiments}
The reference panel contains three seeded waves in dimensions 4 through 8. Each wave has five cap-mixture cells, 25 finite-decoder cells and one cell for four packet configurations, giving 93 scheduled cells in total. Seeds, interval allocations and raw counts are included in the embedded source.

\paragraph{Born probabilities.} Importance sampling of the multiplicative dimension factors, followed by rejection sampling of the mixing law in Lemma~\ref{mix}, produced 6,943,070 accepted cap anchors from 62,914,560 proposals. For each anchor the code tested nine fidelities, $0,1/1024,1/64,1/8,0.37,1/2,0.81,63/64,1$, by directly computing the overlap with the test ray. Thus 62,487,630 bits were evaluated, with nine correlated bits per anchor. The cap law takes $1-u=sV^{1/(d-1)}$ for a uniform $V$. The squared projection on a chosen transverse direction is independently $\mathrm{Beta}(1,d-2)$. These and a uniform phase determine the overlap without using the target probability as an output coin.

\begin{center}\small
\begin{tabular}{@{}rrrr@{}}\toprule
$d$ & Accepted anchors & Max. $|\widehat p-t|$ & Finest-scale $p=d-1$ lower bound\\\midrule
4 & 3,146,183 & 0.00086744 & 0.872750\\
5 & 1,834,756 & 0.00095795 & 0.106409\\
6 & 1,046,648 & 0.00181094 & 0.0126192\\
7 & 588,901 & 0.00219489 & 0.00155111\\
8 & 326,582 & 0.00164808 & 0.000185654\\\bottomrule
\end{tabular}
\end{center}
The largest residual was at $d=7$, $t=1/2$ in wave 3. There were 97,638 successes in 196,137 trials, giving $\widehat p=0.4978051$ and a simultaneous interval $[0.492764,0.502846]$. The intervals are two-sided Clopper--Pearson intervals. Zero-indexed wave $w$ receives error budget $0.01/[(w+1)(w+2)]$, split among all its intervals, including normalization and small-scale mass checks. The union bound permits dependence across fidelities. The budgets sum to $0.01$ even if later waves are added. The core required each Born interval to contain $t$ and fit within $t\pm0.012$. A wrong-threshold control had to produce false accepts at $t=0$. The scale normalization and all scheduled checks met their criteria.

As an independent $d=4$ check, direct nested quadrature evaluates $\int K_s(t)\,d\nu_4(s)$ on eight fidelities. Its maximum absolute residual in the reference run was $2.38\times10^{-8}$ (rounded up). All 15 diagnostics in the quadrature validation module passed. These fixed-fidelity computations are separate from the random cap samples.

\paragraph{Finite decoders and packets.} At each dimension the core used $n=2,8,32,128,512$ bands. Each of 75 saved decoders received 131,072 independent tagged trials conditional on its centres. Across all decoders this required 2,681,733,120 pairwise centre fidelities. Substituting the lower limit for $m_*$ into \eqref{witnessbound} gives a lower confidence limit for the full-space $p$-th power of the norm of that particular decoder. The last column reports the smallest such bound across the three 512-centre decoders in each dimension. Separately, 3,145,728 finite population trials checked the hypergeometric packet correction of Lemma~\ref{packets}, including a short packet, a singleton and the boundary $p_g=c$. The source also includes an optional GPU runner. The reported measurements used a CPU.

\begin{figure}[htbp]
\centering\includegraphics[width=.85\linewidth]{reference/evidence.png}
\caption{First of the three prespecified CPU waves. The left panel shows deviation of the simulated cap response from its target at each fidelity with simultaneous binomial intervals. The right panel gives lower confidence limits from \eqref{witnessbound} for archived unions of bands at $p=d-1$. The sequence of finite witnesses illustrates the construction in Section~\ref{bandproof}.}\label{fig:evidence}
\end{figure}

\paragraph{Arbitrary-measurement decoder.} The twelve-outcome rational fixture enumerates 18 positive-probability tape blocks at each of two scales, the original $s=1/256$ and the theorem's $s=1/(32d)=1/128$ at $d=4$. On every block it forms both full vectors in exact arithmetic. The correct vector uses $f_j(Q)+R_j(T-S)$ on far outcomes. The faulty vector uses $f_j(Q)+R_j T$ there and keeps the near entries unchanged. At each scale the correct vector is nonnegative, has unit mass on all 18 blocks and reproduces all twelve Born probabilities after averaging. The faulty vector fails normalization on six of the 18 blocks at each scale. The released JSON records both measured totals on every block. A second suite tests 720 frames in dimensions $4,5,7,8$ and 6,480 fixed-tape vectors. The maximum normalization error was $1.1103\times10^{-15}$ (rounded up) and the maximum deviation of the computed mean identity was $4.9961\times10^{-16}$ (rounded up). The minimum output component was zero. In 1,071 vertex--measurement pairs a raw score before correction was negative. These checks exercise the algebra of the reduction using an exactly specified binary-response fixture. The optional geometric simulator in \texttt{ququart\_lab/protocol.py} replaces the deterministic covering net of Lemma~\ref{anchor} with finitely many random centres and a finite round limit. A random list may miss a cap. Its counts refer only to sampled inputs. The 93-cell panel tests components of the construction. Neither experiment measures the distribution of $L$ over complete tapes.

\section{Conclusion}
For $d\ge4$, a classical one-way simulator of arbitrary quantum measurements can attain alphabet-tail exponent $1/(d-2)$, and every exact simulator has an infinite endpoint moment. The matching protocol is constructed in Sections~\ref{mixture}--\ref{tail}. At $d=4$ the obstruction follows by summing the ququart estimates of \cite{dg} with cell masses. For $d\ge5$ it uses the strong $L^{d-2}$ bound of Theorem~\ref{analysis}. Section~\ref{lift} transfers the exponent to arbitrary measurements. The optimal constants and the dependence of the optimal mean bit cost on dimension remain open.
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\appendix
\section{Source code and reproduction}\label{software}
The research archive \texttt{Kashogi\_Source.zip} is embedded in the PDF and available directly from the \href{https://kashogi.com/research/critical-alphabet/}{Kashogi.com research page}. The public download address is \url{https://kashogi.com/research/critical-alphabet/source.zip}. It contains this manuscript's LaTeX source, the complete Python checks, 93 raw result cells, the 75 saved decoder arrays, the sampling plan and a CPU replay log. After installing the pinned dependencies, the checks run locally. The reference environment used Python 3.12.14, NumPy 2.3.5, SciPy 1.17.0 and Matplotlib 3.10.8. The verification script first checks the files listed in \texttt{SHA256SUMS}.

\noindent With Poppler and \texttt{unzip} installed, extract the archive in the directory containing the PDF.
\begin{verbatim}
pdfdetach -saveall Kashogi_Critical_Alphabet.pdf
unzip Kashogi_Source.zip
cd Critical_Alphabet
\end{verbatim}

\begin{center}\small
\begin{tabularx}{\linewidth}{@{}>{\raggedright\arraybackslash}p{0.39\linewidth}X@{}}\toprule
Implementation & Formula or claim to audit \\\midrule
\texttt{check\_dimension.py} &
\texttt{cap\_moments} and \texttt{cancellation} check dimension recursion and finite Jacobi products.
\texttt{endpoint\_sum}, \texttt{degree\_one\_check} and \texttt{multiplier\_checks} check the dyadic sum and multiplier bound.\\[3pt]
\texttt{normalization\_checks} in the same file &
Exact tests of \eqref{mt} at $t=1$, the reproducing-kernel dimension, and the $d=4$ slope. At $d=5,n=2$, dividing $P_2^{(3,0)}(1)=10$ by $\binom{5}{3}$ gives $1$. Dividing by $n+a$ gives $2$. The code computes and asserts both results.\\[3pt]
\texttt{diagonal\_scaling\_checks} and \texttt{harmonic\_endpoint\_test} &
Independent terminating series at $t=n^{-2}$ and Dirichlet-integral harmonic norms.\\[3pt]
\texttt{check\_povm\_lift.py} &
Exact rational and floating-point fixtures for \eqref{liftfilter} and \eqref{liftdecode}, including a faulty decoder control.\\[3pt]
\texttt{ququart\_lab/evidence.py} and \texttt{campaign.py} in that directory &
Scale sampler, direct overlap bits, finite packet trials, \eqref{witnessbound}, deterministic seed mapping and interval allocation.\\[3pt]
\texttt{reference/cells/} and \texttt{verify.py} &
The driver reconstructs totals, intervals and lower bounds from raw integer counts and hashed centre matrices.\\\bottomrule
\end{tabularx}
\end{center}

With Python 3.12, run the checks from the extracted directory.
\begin{verbatim}
python3 -m venv .venv
. .venv/bin/activate
python -m pip install -r requirements-pinned.txt
python verify.py
\end{verbatim}
For a fresh CPU simulation of all 93 cells on Linux, run \verb|python verify.py --full|. It compares each new result against the archived cell, excluding elapsed time. Exact seeded replay targets the stated software environment. Floating-point residuals may vary on other systems. To inspect just the endpoint normalization, run
\begin{verbatim}
python -c "from check_dimension import normalization_checks as f; f()"
\end{verbatim}
Keep Python assertions enabled. A replay with the same code and seeds matched all 93 archived cells, excluding elapsed times. See \texttt{reference/replay.log} for the record and \texttt{README.md} for the plain-text formulas, build instructions and optional GPU commands.

\paragraph{Preparation note.} An AI assistant contributed to the development of the proofs, the manuscript and the numerical code.
\end{document}







Critical_Alphabet/ququart_lab/__init__.py

"""ququart_lab: numerical laboratory for the critical communication exponent.

Modules
-------
cpn        geometry of CP^{d-1}: Haar rays, fidelity, cap/band masses, sampling
           of fidelity spheres (NumPy API; pass backend="cupy" for the GPU)
zonal      zonal (Jacobi) functions, difference-quotient multipliers, exact
           spherical means of a band via a 1-D integral, cap response K_s(t)
scalelaw   the d=4 scale law nu of the manuscript (density f, Mellin transform,
           Jacobi cancellation, mixture identity)
validate   theorem-anchored checks (d=4) and multiplier-growth checks (d>=5)
endpoint   Experiment 1: adversarial L^infty -> L^p endpoint exponents
protocol   Experiment 2: grouped encoder with random nets, exactness, scaling
"""
__version__ = "0.1.0"







Critical_Alphabet/ququart_lab/campaign.py

"""Preregistered, resumable RTX evidence run. One immutable result per experiment and seed."""
import argparse
import fcntl
import hashlib
import json
import math
from pathlib import Path
import platform
import signal
import subprocess
import sys
import time
import zipfile

import numpy as np
import scipy

from . import cpn, evidence as ev

ROOT = Path(__file__).resolve().parents[1]
SOURCE = sorted([*ROOT.glob("ququart_lab/*.py"), ROOT/"check_dimension.py", ROOT/"PLAN.md", ROOT/"run_gpu.sh", ROOT/"requirements.txt", *ROOT.glob("tests/test*.py")])
BASE_SEED = 509031
TOLERANCE = 0.012
FAMILY_ALPHA = 0.01


def digest(path):
    return hashlib.sha256(path.read_bytes()).hexdigest()


def write_json(path, data):
    tmp = path.with_suffix(".tmp")
    tmp.write_text(json.dumps(data, indent=2, allow_nan=False)+"\n")
    tmp.replace(path)


def seed_for(wave, kind, d, n, stream=0):
    return int(np.random.SeedSequence([BASE_SEED,wave,kind,d,n,stream]).generate_state(1, dtype=np.uint64)[0])


def schedule(wave, smoke):
    dims = (4,5) if smoke else (4,5,6,7,8)
    sizes = (2,16) if smoke else (2,8,32,128,512)
    if wave >= 3 and not smoke:
        sizes = (32,128,512,2048,4096)
    tasks = [("packets",0,0)]
    # Round-robin across dimensions; record a useful result even with a short budget.
    tasks += [("born",d,0) for d in dims]
    tasks += [("witness",d,n) for n in sizes for d in dims]
    return tasks


def identity(xp, backend, smoke):
    env = dict(backend=backend, profile="smoke" if smoke else "overnight",
               python=platform.python_version(), numpy=np.__version__, scipy=scipy.__version__,
               machine=platform.machine(), platform=platform.platform(), device="CPU",
               source={str(p.relative_to(ROOT)):digest(p) for p in SOURCE})
    if backend == "cupy":
        r = xp.cuda.runtime
        props = r.getDeviceProperties(xp.cuda.Device().id)
        name = props["name"]
        env.update(device=name.decode() if isinstance(name,bytes) else str(name),
                   compute_capability=xp.cuda.Device().compute_capability,
                   cuda_runtime=r.runtimeGetVersion(), cuda_driver=r.driverGetVersion(),
                   cupy=xp.__version__, vram_bytes=int(props["totalGlobalMem"]))
        if "5090" not in env["device"]:
            raise RuntimeError(f"RTX 5090 requested; selected device is {env['device']}. Set CUDA_VISIBLE_DEVICES.")
    return env


def anchors(out, xp):
    fixture = ev.parity(xp)
    for name,args in (("regression",[str(ROOT/"tests/test_evidence.py")]),
                      ("geometry",[str(ROOT/"tests/test_core.py")]),
                      ("analytic",[str(ROOT/"check_dimension.py")]),
                      ("quadrature",["-m","ququart_lab.validate","--lmax","400","--dmax","8",
                                     "--json",str(out/"quadrature.json")])):
        proc = subprocess.run([sys.executable,*args],cwd=ROOT,text=True,
                              stdout=subprocess.PIPE,stderr=subprocess.STDOUT)
        (out/f"{name}.log").write_text(proc.stdout)
        if proc.returncode:
            raise RuntimeError(f"{name} validation failed; see {out/name}.log")
    return dict(shared_fixture_max_abs_error=fixture, regression_pass=True, analytic_pass=True,
                quadrature_pass=json.loads((out/"quadrature.json").read_text())["all_pass"])


def data_for(out,name):
    return out/"cells"/(name+".json")


def run_cell(out,xp,wave,kind,d,n,smoke,alpha):
    name = f"w{wave:04d}-{kind}-d{d}-n{n}"
    path = data_for(out,name)
    if path.exists():
        return False
    category = {"born":1,"witness":2,"packets":3}[kind]
    seed = seed_for(wave,category,d,n)
    rng = xp.random.default_rng(seed)
    started = time.monotonic()
    tolerance = 0.060 if smoke else TOLERANCE
    if kind == "born":
        result = ev.born_job(xp,rng,d,2**16 if smoke else 2**22,alpha,tolerance)
    elif kind == "packets":
        result = ev.packet_job(xp,rng,2**13 if smoke else 2**18,alpha,tolerance)
    else:
        centre_seed = seed_for(wave,category,d,n,stream=1)
        Y = cpn.haar_rays(np,np.random.default_rng(centre_seed),n,d)
        kappa = 0.5 if wave < 3 else (0.25,0.5,1.0,2.0)[(wave-3)%4]
        result = ev.witness_job(xp,rng,Y,kappa,2**12 if smoke else 2**17,alpha)
        file = path.with_suffix(".npy")
        with file.with_suffix(".tmp").open("wb") as dest:
            np.save(dest,Y,allow_pickle=False)
        file.with_suffix(".tmp").replace(file)
        result.update(centre_seed=centre_seed, centres=file.name, centres_sha256=digest(file))
    runtime = time.monotonic()-started
    write_json(path,dict(wave=wave,kind=kind,d=d,seed=seed,cell=name,alpha=alpha,
                         tolerance=tolerance,seconds=runtime,**result))
    print(f"[{name}] {runtime:.1f}s",flush=True)
    return True


def findings(row):
    if row["kind"] == "born":
        flags = []
        if not row["mass_ok"]:
            flags.append("scale normalization")
        if not row["mutant_detected"]:
            flags.append("negative control undetected")
        for h in row["responses"]:
            if not h["target_inside"] or not h["within_tolerance"]:
                flags.append(f"Born t={h['t']:g}")
        return flags
    if row["kind"] == "packets":
        return [f"packet size={h['size']}" for h in row["cases"]
                if not (h["target_inside"] and h["within_tolerance"])]
    return [] if row["strong_witness"] else ["weak finite witness"]


def load_rows(out,verify=True):
    rows = []
    for p in sorted((out/"cells").glob("*.json")):
        row = json.loads(p.read_text())
        if verify and row["kind"] == "witness" and digest(p.with_name(row["centres"])) != row["centres_sha256"]:
            raise ValueError(f"saved decoder checksum mismatch in {p}")
        rows.append(row)
    return rows


def summary(out,env,smoke,final=False):
    rows = load_rows(out,verify=final)
    core_waves = 1 if smoke else 3
    wanted = {f"w{w:04d}-{k}-d{d}-n{n}" for w in range(core_waves) for k,d,n in schedule(w,smoke)}
    done = {r["cell"] for r in rows}
    missing = sorted(wanted-done)
    flags = [(r["cell"],f) for r in rows for f in findings(r)]
    verdict = "REVIEW" if flags else ("INCOMPLETE" if missing else "FINITE CHECKS PASSED")
    if smoke:
        verdict = "SMOKE ONLY / "+verdict
    write_json(out/"status.json",dict(verdict=verdict,core_completed=len(wanted)-len(missing),
               core_required=len(wanted),completed_cells=len(rows),missing_core=missing,flags=flags))
    born = [r for r in rows if r["kind"]=="born"]
    witness = [r for r in rows if r["kind"]=="witness"]
    packets = [r for r in rows if r["kind"]=="packets"]
    bcount = sum(r["accepted"] for r in born)
    fidelities = sum(r["tested_fidelities"] for r in witness)
    response = [(abs(h["rate"]-h["t"]),r,h) for r in born for h in r["responses"]]
    text = [f"# {env['device']} evidence report","",f"**{verdict}**",
            "",f"{len(wanted)-len(missing)} of {len(wanted)} prespecified core cells complete. "
            f"{len(rows)} total cells, including replication. Backend {env['backend']} in double precision.",
            "",f"Accepted cap anchors: {bcount:,} from {sum(r['proposals'] for r in born):,} proposals. "
            f"Test bits evaluated: {len(ev.FIDELITIES)*bcount:,} (the fidelities share anchors). "
            f"Endpoint pairwise centre fidelities: {fidelities:,}. "
            f"Permutation trials: {sum(h['trials'] for r in packets for h in r['cases']):,}."]
    if response:
        err,r,h=max(response,key=lambda u:u[0])
        text += ["",f"Largest absolute Born residual {err:.6g} in {r['cell']} at t={h['t']}. "
                 f"Observed {h['hits']:,}/{h['trials']:,}. Simultaneous interval [{h['low']:.6g}, {h['high']:.6g}]."]
    if witness:
        text += ["","### Finest core scale per dimension","",
                 "Bounds below use the smallest certificate across the completed core seeds at that scale. "
                 "The quantity certified is the p-th power of the norm on the full space.",
                 "","| d | Centres | s | p | Lower bound | Seeds complete |","|---:|---:|---:|---:|---:|---:|"]
        for d in sorted({r["d"] for r in witness}):
            ws=[r for r in witness if r["d"]==d and r["wave"]<core_waves]
            if not ws:
                continue
            n=max(r["n"] for r in ws)
            sel=[r for r in ws if r["n"]==n]
            h=sel[0]
            text.append(f"| {d} | {n} | {h['s']:.6g} | {d-1} | {min(r['bounds'][1]['lower_bound'] for r in sel):.6g} | {len(sel)} |")
    text += ["","### Interpretation","",
             "The sampled component is the cap mixture for pure preparations and one rank-one binary test. "
             "The packet panel isolates Bob's conditional correction. The saved decoders give finite lower "
             "confidence bounds for the fidelity difference quotient. The run neither implements the full "
             "all-input routing construction nor measures its used alphabet or the universal converse.",
             "","Use status.json for all flags and missing core cells. Each cell file contains the counts, "
             "parameters, interval and seed. PLAN.md specifies the decision rules. "
             "Every extension flag is retained even after the core finishes."]
    if flags:
        text += ["","### Findings requiring review",""] + [f"- {k} — {f}" for k,f in flags[:40]]
    tmp = out/"report.tmp"
    tmp.write_text("\n".join(text)+"\n"); tmp.replace(out/"REPORT.md")
    if final and rows:
        plot(out,born,witness)
    return verdict


def plot(out,born,witness):
    import matplotlib
    matplotlib.use("Agg")
    from matplotlib import pyplot as plt
    fig,axes=plt.subplots(1,2,figsize=(11,4.7),layout="constrained")
    for d in sorted({r["d"] for r in born}):
        r=next(r for r in born if r["d"]==d)  # wave zero, fixed prospectively
        h=r["responses"]
        x=np.array([v["t"] for v in h]); y=np.array([v["rate"] for v in h])
        axes[0].errorbar(x,y-x,yerr=[y-[v["low"] for v in h],[v["high"] for v in h]-y],
                         marker=".",lw=0.8,alpha=0.8,label=f"d={d}")
    axes[0].axhline(0,color="black",lw=0.8)
    axes[0].set(xlabel="Target fidelity",ylabel="Observed probability minus target",title="Cap mixture • wave 1")
    for d in sorted({r["d"] for r in witness}):
        ws=sorted([r for r in witness if r["d"]==d and r["wave"]==0],key=lambda v:v["n"])
        axes[1].loglog([1/r["s"] for r in ws],[r["bounds"][1]["lower_bound"] for r in ws],
                       "o-",ms=3,label=f"d={d}")
    axes[1].set(xlabel="Inverse band scale  1/s",ylabel="Lower bound for the (d−1)-th moment",
                title="Explicit decoders • wave 1")
    for ax in axes:
        if ax.lines:
            ax.legend(fontsize=8)
    fig.savefig(out/"evidence.png",dpi=150); plt.close(fig)


def bundle(out):
    target=out/"evidence.zip"
    with zipfile.ZipFile(out/"bundle.tmp","w",zipfile.ZIP_DEFLATED) as z:
        for p in sorted(out.rglob("*")):
            if p.is_file() and p.suffix not in {".tmp",".lock",".zip"}:
                z.write(p,p.relative_to(out))
        for p in SOURCE:
            z.write(p,Path("source")/p.relative_to(ROOT))
    (out/"bundle.tmp").replace(target)


def main(argv=None):
    ap=argparse.ArgumentParser(description=__doc__)
    ap.add_argument("--backend",choices=("cupy","numpy"),default="cupy")
    ap.add_argument("--profile",choices=("overnight","smoke"),default="overnight")
    ap.add_argument("--hours",type=float,default=8)
    ap.add_argument("--core-only",action="store_true",help="stop after the fixed independent core panel")
    ap.add_argument("--out",type=Path)
    args=ap.parse_args(argv)
    if not __debug__:
        ap.error("validation requires normal Python; unset PYTHONOPTIMIZE")
    if not math.isfinite(args.hours) or args.hours <= 0:
        ap.error("--hours must be positive and finite")
    smoke=args.profile=="smoke"
    out=(args.out or ROOT/"runs"/f"{args.backend}-{args.profile}").resolve()
    out.mkdir(parents=True,exist_ok=True); (out/"cells").mkdir(exist_ok=True)
    lock=(out/"run.lock").open("w")
    try:
        fcntl.flock(lock,fcntl.LOCK_EX|fcntl.LOCK_NB)
    except BlockingIOError:
        ap.error("this run directory is already active")
    xp=cpn.get_xp(args.backend)
    env=identity(xp,args.backend,smoke)
    manifest=out/"manifest.json"
    if manifest.exists() and env != json.loads(manifest.read_text()):
        ap.error("source, backend or environment changed; choose a fresh --out")
    write_json(manifest,env)
    print(f"{env['device']} / {env['backend']} • results in {out}",flush=True)
    stop=False
    def finish_cell(*unused):
        nonlocal stop
        stop=True
        print("Stop requested; finishing current cell.",flush=True)
    for sig in (signal.SIGINT,signal.SIGTERM):
        signal.signal(sig,finish_cell)
    start=time.monotonic()
    deadline=start+args.hours*3600
    # Anchors are recorded anew on each launch, including resume.
    write_json(out/"anchors.json",anchors(out,xp))
    wave=0
    known=load_rows(out)
    done={r["cell"] for r in known}
    last_report=time.monotonic()
    while not stop and time.monotonic()<deadline:
        previous_count=len(done)
        tasks=schedule(wave,smoke)
        # Per-wave counts of *intervals*, including descriptive tail intervals.
        dims=len({d for k,d,n in tasks if k=="born"})
        n_intervals=dims*(len(ev.FIDELITIES)+len(ev.TAIL_SCALES)+1)+8+sum(k=="witness" for k,d,n in tasks)
        alpha=FAMILY_ALPHA/((wave+1)*(wave+2)*n_intervals)
        for k,d,n in tasks:
            if stop or time.monotonic()>=deadline:
                break
            key=f"w{wave:04d}-{k}-d{d}-n{n}"
            if key not in done:
                run_cell(out,xp,wave,k,d,n,smoke,alpha)
                done.add(key)
                if time.monotonic()-last_report>=60:
                    summary(out,env,smoke); last_report=time.monotonic()
        wave+=1
        if smoke or (args.core_only and wave>=3):
            break
        if any(f"w{wave-1:04d}-{k}-d{d}-n{n}" not in done for k,d,n in tasks):
            break
        if len(done)==previous_count:
            continue
        decision=summary(out,env,smoke)
        print(f"Wave {wave} complete / {decision} / elapsed {(time.monotonic()-start)/60:.1f} min",flush=True)
    decision=summary(out,env,smoke,True)
    bundle(out)
    print(f"{decision} • {out/'REPORT.md'} • {out/'evidence.zip'}",flush=True)
    return 2 if "REVIEW" in decision else (3 if "INCOMPLETE" in decision else 0)


if __name__=="__main__":
    sys.exit(main())







Critical_Alphabet/ququart_lab/cpn.py

"""Geometry of complex projective space CP^{d-1} with the Fubini-Study / projector metric.

Conventions (match the manuscript):
    t(x, y) = |<x, y>|^2                      fidelity in [0, 1]
    d(x, y) = sqrt(1 - t)                     projector distance ||P_x - P_y||_op
    Haar density of fidelity to a fixed ray:  (d-1) (1-t)^{d-2} dt
    cap  C_s(x) = {z : t(x, z) > 1 - s}       mass s^{d-1}
    band B_s(y) = {z : t(y, z) <= s}          mass 1 - (1-s)^{d-1}

Array backend: every function takes `xp` (numpy or cupy) and a Generator from
`xp.random.default_rng`. Nothing here is NumPy-specific beyond that API.
"""
from __future__ import annotations

import numpy as np


# --------------------------------------------------------------------------- backend
def get_xp(backend: str = "numpy"):
    if backend == "cupy":
        import cupy as cp  # type: ignore
        return cp
    if backend == "numpy":
        return np
    raise ValueError(f"unknown backend {backend!r}; use 'numpy' or 'cupy'")


def to_np(a):
    """Bring an array to host NumPy regardless of backend."""
    try:
        import cupy as cp  # type: ignore
        if isinstance(a, cp.ndarray):
            return cp.asnumpy(a)
    except ImportError:
        pass
    return np.asarray(a)


# --------------------------------------------------------------------------- masses
def cap_mass(s: float, d: int) -> float:
    return float(s) ** (d - 1)


def band_mass(s: float, d: int) -> float:
    return 1.0 - (1.0 - float(s)) ** (d - 1)


def fidelity_density(t, d: int):
    """Haar density of the fidelity to a fixed ray, (d-1)(1-t)^{d-2}."""
    return (d - 1) * (1.0 - t) ** (d - 2)


# --------------------------------------------------------------------------- sampling
def uniform(xp, rng, size, dtype=None, lo: float = 0.0, hi: float = 1.0):
    """Uniform floats on [lo, hi) via Generator.random, which both NumPy and CuPy provide."""
    dtype = dtype or xp.float64
    u = rng.random(size=size, dtype=dtype)
    return u if (lo == 0.0 and hi == 1.0) else lo + (hi - lo) * u


def haar_rays(xp, rng, n: int, d: int, dtype=None):
    """n Haar-random unit vectors in C^d (rows). Complex dtype defaults to complex128."""
    dtype = dtype or xp.complex128
    real_dtype = xp.float32 if dtype == xp.complex64 else xp.float64
    g = rng.standard_normal((n, d), dtype=real_dtype) + 1j * rng.standard_normal((n, d), dtype=real_dtype)
    g = g.astype(dtype)
    g /= xp.linalg.norm(g, axis=1, keepdims=True)
    return g


def haar_unitary(xp, rng, d: int, dtype=None):
    """Haar-random d x d unitary via QR with phase correction."""
    dtype = dtype or xp.complex128
    g = (rng.standard_normal((d, d)) + 1j * rng.standard_normal((d, d))).astype(dtype)
    q, r = xp.linalg.qr(g)
    ph = xp.diag(r)
    ph = ph / xp.abs(ph)
    return q * ph[None, :]


def fidelity(xp, X, Z):
    """Pairwise fidelities |<x_i, z_j>|^2, shape (len(X), len(Z))."""
    return xp.abs(X.conj() @ Z.T) ** 2


def fidelity_rows(xp, X, Y):
    """Row-wise fidelities |<x_i, y_i>|^2 for equally shaped X, Y."""
    return xp.abs(xp.sum(X.conj() * Y, axis=-1)) ** 2


def _orthonormal_perp(xp, rng, X, m: int):
    """For each row x of X (N,d) return m unit vectors orthogonal to x: shape (N,m,d)."""
    N, d = X.shape
    dtype = X.dtype
    real_dtype = xp.float32 if dtype == xp.complex64 else xp.float64
    W = rng.standard_normal((N, m, d), dtype=real_dtype) + 1j * rng.standard_normal((N, m, d), dtype=real_dtype)
    W = W.astype(dtype)
    # project out x
    coef = xp.sum(X.conj()[:, None, :] * W, axis=-1, keepdims=True)
    W = W - coef * X[:, None, :]
    W /= xp.linalg.norm(W, axis=-1, keepdims=True)
    return W


def fidelity_sphere_samples(xp, rng, X, t: float, m: int):
    """For each x in X, m Haar-uniform points on {z : t(x,z) = t}: shape (N,m,d).

    z = e^{i a} sqrt(t) x + sqrt(1-t) w, w uniform unit in x^perp, a uniform phase.
    For t = 0 this is the orthogonal complement CP^{d-2} of x.
    """
    N, d = X.shape
    W = _orthonormal_perp(xp, rng, X, m)
    if t == 0.0:
        return W
    real_dtype = xp.float32 if X.dtype == xp.complex64 else xp.float64
    a = uniform(xp, rng, (N, m, 1), real_dtype, 0.0, 2 * np.pi)
    ph = xp.exp(1j * a).astype(X.dtype)
    return ph * np.sqrt(t) * X[:, None, :] + np.sqrt(1.0 - t) * W


def coupled_sphere_samples(xp, rng, X, t: float, m: int):
    """Common-random-number pair (Z_t, Z_0) sharing w and the phase.

    Used for the difference quotient (R_t f - R_0 f)/t: f(Z_t) - f(Z_0) is nonzero
    only when the shift crosses a level set of f, which removes almost all of the
    Monte Carlo variance.
    """
    W = _orthonormal_perp(xp, rng, X, m)
    real_dtype = xp.float32 if X.dtype == xp.complex64 else xp.float64
    a = uniform(xp, rng, (X.shape[0], m, 1), real_dtype, 0.0, 2 * np.pi)
    ph = xp.exp(1j * a).astype(X.dtype)
    Zt = ph * np.sqrt(t) * X[:, None, :] + np.sqrt(1.0 - t) * W
    return Zt, W


def rays_at_fidelity(xp, rng, X, t: float):
    """One partner y per row of X with t(x, y) = t exactly: shape (N, d)."""
    return fidelity_sphere_samples(xp, rng, X, t, 1)[:, 0, :]


def cap_samples(xp, rng, centres, s: float, counts):
    """Uniform samples in the caps C_s(centre): for centre i draw counts[i] points.

    The fidelity u to the centre has density (d-1)(1-u)^{d-2} on (1-s, 1], which is
    inverted exactly: 1-u = s * V^{1/(d-1)} with V uniform.
    Returns (points (sum counts, d), centre_index (sum counts,)).
    """
    counts = np.asarray(to_np(counts), dtype=int)
    idx = np.repeat(np.arange(len(counts)), counts)
    idx_x = xp.asarray(idx)
    C = centres[idx_x]
    n_tot = len(idx)
    d = centres.shape[1]
    real_dtype = xp.float32 if centres.dtype == xp.complex64 else xp.float64
    V = uniform(xp, rng, (n_tot, 1), real_dtype)
    one_minus_u = (s * V ** (1.0 / (d - 1))).astype(real_dtype)
    u = 1.0 - one_minus_u
    W = _orthonormal_perp(xp, rng, C, 1)[:, 0, :]
    a = uniform(xp, rng, (n_tot, 1), real_dtype, 0.0, 2 * np.pi)
    ph = xp.exp(1j * a).astype(centres.dtype)
    X = ph * xp.sqrt(u) * C + xp.sqrt(one_minus_u) * W
    return X, idx_x







Critical_Alphabet/ququart_lab/endpoint.py

"""Experiment 1: the L^infty -> L^p endpoint exponent of T_t = (R_t - R_0)/t on CP^{d-1}.

Conjecture (the general-d obstruction): sup_{t} ||T_t f||_p / ||f||_inf is bounded
over all decoders f iff p <= d-2.

What is measured
----------------
For a family of decoders f_s with ||f_s||_inf = 1 we compute
    N_p(s) = sup_t ||T_t f_s||_p^p
on a grid of scales s and fit the exponent  e(p) = d log N_p / d log(1/s).
Boundedness means e(p) <= 0; divergence means e(p) > 0.

Families (all indicator functions of unions of fidelity bands {t(y_j, .) <= s}):
    band        one band.                 Prediction: e(p) = max(0, p - (d-1)).
    union       n = kappa s^-1/(d-1) bands with well-separated centres, the
                harmonic-analytic shadow of the grouping trick.
                                          Prediction: e(p) = max(0, p - (d-2)).
    gamma=G     n = kappa s^-G/(d-1) bands; G > 1 saturates (bands cover X),
                G < 1 under-uses the budget. The exponent should be maximised at G = 1.

Why the union family: for x in the cap of band j, the whole fidelity-t sphere of x
leaves the band once t > 4s(1-s), so T_t f(x) ~ -(1 - mass of the other bands)/t,
of size 1/s on a set of measure n s^{d-1}; the other n-1 bands contribute O(1) in
total because the Beta(1,d-2) density of the perpendicular overlap is flat at 0.
Hence N_p ~ s^{d-1-p} (band) and s^{d-2-p} (union), and the number of bands cannot
exceed order 1/s because each band carries Haar mass (d-1)s regardless of d.

Estimator
---------
Stratified Monte Carlo: x is sampled separately inside the caps (where |T| is large)
and outside. T_t f(x) is estimated with common random numbers for the fidelity-t and
fidelity-0 spheres, so only samples whose shifted copy crosses a band boundary
contribute variance. For the single band the result is cross-checked against the
exact one-dimensional integral in `zonal.lp_norm_band`.
"""
from __future__ import annotations

import argparse
import csv
import json
import os
import time
from dataclasses import dataclass, field, asdict

import numpy as np

from . import cpn
from . import zonal as Z


# --------------------------------------------------------------------------- decoders
class BandUnion:
    """f(z) = 1 if min_j t(y_j, z) <= s else 0."""

    def __init__(self, xp, Y, s: float):
        self.xp, self.Y, self.s = xp, Y, float(s)

    def __call__(self, Zflat):
        fid = cpn.fidelity(self.xp, Zflat, self.Y)
        return (fid.min(axis=1) <= self.s)

    def multiplicity(self, X):
        """number of caps C_s(y_j) containing each x."""
        return self.multiplicity_radius(X, self.s)

    def multiplicity_radius(self, X, radius: float):
        fid = cpn.fidelity(self.xp, X, self.Y)
        return (fid > 1.0 - radius).sum(axis=1)


def n_bands(family: str, s: float, d: int, kappa: float) -> tuple[int, float]:
    """(number of bands, effective scale). For gamma = 1 the scale is adjusted so that
    n = kappa / ((d-1) s) holds exactly, which removes integer-rounding noise from the fits."""
    if family == "band":
        return 1, s
    if family == "union":
        gamma = 1.0
    elif family.startswith("gamma="):
        gamma = float(family.split("=", 1)[1])
    else:
        raise ValueError(family)
    n = max(1, int(round(kappa * s ** (-gamma) / (d - 1))))
    s_eff = (kappa / ((d - 1) * n)) ** (1.0 / gamma)
    return n, s_eff


# --------------------------------------------------------------------------- core estimator
MAX_ELEMS = 40_000_000     # fidelity-matrix entries per chunk (rows * M * n_bands)
MAX_SAMPLES = 1_000_000    # sphere samples per chunk (rows * M); each is a d-vector


def difference_quotient(xp, rng, X, f, t: float, M: int, max_elems: int = None, max_samples: int = None):
    """Monte Carlo estimate of T_t f(x) for each row of X, coupled sampling.

    Returns (estimate, per-x standard error). Work is chunked so that
    chunk_rows * M * n_bands <= max_elems and chunk_rows * M <= max_samples.
    """
    max_elems = max_elems or MAX_ELEMS
    max_samples = max_samples or MAX_SAMPLES
    N, d = X.shape
    n_b = f.Y.shape[0]
    rows = min(int(max_elems // max(1, M * n_b)), int(max_samples // M))
    if rows < 1 or M > max_samples:
        # fall back to splitting the M samples of a single row into pieces
        return _difference_quotient_split_M(xp, rng, X, f, t, M, min(max_samples, max_elems//n_b))
    est = np.empty(N)
    se = np.empty(N)
    for i0 in range(0, N, rows):
        Xc = X[i0:i0 + rows]
        nc = Xc.shape[0]
        Zt, Z0 = cpn.coupled_sphere_samples(xp, rng, Xc, t, M)
        ft = f(Zt.reshape(-1, d)).reshape(nc, M).astype(xp.float64)
        f0 = f(Z0.reshape(-1, d)).reshape(nc, M).astype(xp.float64)
        diff = ft - f0
        m = diff.mean(axis=1) / t
        v = diff.var(axis=1) / (M * t * t)
        est[i0:i0 + nc] = cpn.to_np(m)
        se[i0:i0 + nc] = np.sqrt(cpn.to_np(v))
    return est, se


def _difference_quotient_split_M(xp, rng, X, f, t, M, max_samples):
    """Same estimator when a single row's M samples exceed the chunk budget."""
    N, d = X.shape
    est = np.empty(N); se = np.empty(N)
    piece = max(1, int(max_samples))
    for i in range(N):
        s1 = 0.0; s2 = 0.0; cnt = 0
        while cnt < M:
            m = min(piece, M - cnt)
            Zt, Z0 = cpn.coupled_sphere_samples(xp, rng, X[i:i + 1], t, m)
            diff = (f(Zt.reshape(-1, d)).astype(xp.float64) - f(Z0.reshape(-1, d)).astype(xp.float64))
            s1 += float(diff.sum()); s2 += float((diff * diff).sum()); cnt += m
        mean = s1 / M
        var = max(s2 / M - mean * mean, 0.0)
        est[i] = mean / t; se[i] = np.sqrt(var / M) / t
    return est, se


@dataclass
class Config:
    d: int = 4
    family: str = "union"
    kappa: float = 0.5
    s_grid: list = field(default_factory=lambda: [0.2, 0.1, 0.05, 0.025])
    t_over_s: list = field(default_factory=lambda: [1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 8.0])
    p_grid: list = field(default_factory=lambda: [1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 5.0, 6.0])
    n_cap: int = 2000          # x samples inside the caps
    n_out: int = 1000          # x samples outside the caps
    m_cap: int = 1000          # fidelity-sphere samples per cap point
    m_out: int = 4000          # per outside point
    seed: int = 0
    backend: str = "numpy"
    dtype: str = "complex64"


COLLAR_MARGIN = 1.5  # collar outer radius = COLLAR_MARGIN * (sqrt(t)+sqrt(s))^2


def _stratum_collar(xp, rng, f, s: float, r2: float, n_pts: int):
    """Importance-sample the collar {s <= 1 - max_j t(x,y_j) < r2} around the band centres.

    Proposal: pick a centre uniformly, draw the radial coordinate y = 1-u log-uniformly on
    [s, r2] (density psi(y) = 1/(y ln(r2/s))), then a uniform point on that fidelity sphere.
    Under Haar the radial coordinate has density (d-1) y^{d-2}, so the importance weight
    for E_mu[g 1_collar] ~= mean(weight * g) is
        weight(x) = n / sum_{j : s <= y_j(x) < r2} psi(y_j) / ((d-1) y_j^{d-2}),
    and points inside any inner cap (y_k < s for some k) get weight 0 (they belong to A).
    """
    n, d = f.Y.shape
    dtype = f.Y.dtype
    real_dtype = xp.float32 if dtype == xp.complex64 else xp.float64
    idx = rng.integers(n, size=n_pts)
    C = f.Y[idx]
    L = np.log(r2 / s)
    V = cpn.uniform(xp, rng, (len(idx), 1), real_dtype)
    y = (s * xp.exp(L * V)).astype(real_dtype)              # 1 - u
    W = cpn._orthonormal_perp(xp, rng, C, 1)[:, 0, :]
    a = cpn.uniform(xp, rng, (len(idx), 1), real_dtype, 0.0, 2 * np.pi)
    X = xp.exp(1j * a).astype(dtype) * xp.sqrt(1.0 - y) * C + xp.sqrt(y) * W
    yj = 1.0 - cpn.fidelity(xp, X, f.Y)                     # radial coordinates to every centre
    in_collar = (yj >= s) & (yj < r2)
    inner = (yj < s).any(axis=1)
    psi_over_haar = xp.where(in_collar, 1.0 / (xp.maximum(yj, 1e-300) * L) / ((d - 1) * xp.maximum(yj, 1e-300) ** (d - 2)), 0.0)
    denom = psi_over_haar.sum(axis=1)
    w = xp.where(inner | (denom <= 0), 0.0, n / xp.maximum(denom, 1e-300))
    return X, cpn.to_np(w).astype(float)


def _stratum_caps(xp, rng, f, radius: float, n_pts: int, exclude_radius: float | None):
    """Sample the union of caps of the given radius with the cap-sampling trick.

    Returns (X, weight) with weight = radius^{d-1} * n / mult(x) so that
    E_mu[g 1_stratum] ~= mean(weight * g). Points inside the excluded (smaller) caps
    are dropped by giving them weight 0.
    """
    n = f.Y.shape[0]
    counts = np.bincount(cpn.to_np(rng.integers(n, size=n_pts)), minlength=n)
    X, _ = cpn.cap_samples(xp, rng, f.Y, radius, counts)
    fid = cpn.fidelity(xp, X, f.Y)
    mult = cpn.to_np((fid > 1.0 - radius).sum(axis=1)).astype(float)
    assert np.all(mult >= 1)
    w = n * radius ** (f.Y.shape[1] - 1) / mult
    if exclude_radius is not None:
        inside = cpn.to_np((fid > 1.0 - exclude_radius).any(axis=1))
        w = np.where(inside, 0.0, w)
    return X, w


def _stratum_far(xp, rng, f, radius: float, n_pts: int, dtype):
    """One fixed Haar batch; the surviving fraction weights the far contribution."""
    X = cpn.haar_rays(xp, rng, n_pts, f.Y.shape[1], dtype)
    keep = f.multiplicity_radius(X, radius) == 0
    count = int(keep.sum())
    # A zero-mass estimate needs no conditional samples. A dummy row with
    # weight zero keeps the moment calculation well-defined.
    return (X[keep], count / n_pts) if count else (X[:1], 0.0)


def run_scale(cfg: Config, s_req: float, rng, xp, log=print):
    d = cfg.d
    dtype = getattr(xp, cfg.dtype)
    n, s = n_bands(cfg.family, s_req, d, cfg.kappa)
    Y = cpn.haar_rays(xp, rng, n, d, dtype)
    f = BandUnion(xp, Y, s)
    other_mass = 1.0 - (1.0 - cpn.band_mass(s, d)) ** (n - 1)  # mass of the other bands, if independent

    # stratum A: the caps of radius s (uniform sampling; |T| is nearly constant there)
    XA, wA = _stratum_caps(xp, rng, f, s, cfg.n_cap, None)
    mu_A = float(np.mean(wA))
    m_far = int(cfg.m_out * max(1.0, 0.1 / s))

    rows = []
    for r in cfg.t_over_s:
        t = r * s
        if t > 0.5:
            continue
        # stratum B: collar out to the radius where the fidelity-t sphere stops meeting the band
        r2 = min(1.0, COLLAR_MARGIN * (np.sqrt(t) + np.sqrt(s)) ** 2)
        if r2 < 1.0:
            XB, wB = _stratum_collar(xp, rng, f, s, r2, cfg.n_cap)
            XC, mu_C = _stratum_far(xp, rng, f, r2, cfg.n_out, dtype)
        else:
            XB, wB = None, None
            XC, mu_C = _stratum_far(xp, rng, f, s, cfg.n_out, dtype)
        mu_B = float(np.mean(wB)) if wB is not None else 0.0
        TA, seA = difference_quotient(xp, rng, XA, f, t, cfg.m_cap)
        TB, seB = (difference_quotient(xp, rng, XB, f, t, cfg.m_cap) if XB is not None else (np.zeros(1), np.zeros(1)))
        TC, seC = difference_quotient(xp, rng, XC, f, t, m_far)
        exact = Z.lp_norms_band(t, s, d, cfg.p_grid) if cfg.family == "band" else None
        for p in cfg.p_grid:
            gA = wA * np.abs(TA) ** p
            gB = wB * np.abs(TB) ** p if wB is not None else np.zeros(1)
            gC = mu_C * np.abs(TC) ** p
            parts = [float(g.mean()) for g in (gA, gB, gC)]
            ses = [float(g.std() / np.sqrt(len(g))) for g in (gA, gB, gC)]
            # inner-noise diagnostic for p = 2: E[est^2] - E[se^2] is unbiased for E[T^2]
            debias2 = (mu_C * float(np.mean(TC ** 2 - seC ** 2))) if p == 2.0 else float("nan")
            row = {
                "d": d, "family": cfg.family, "s": s, "s_requested": s_req, "n_bands": n, "t": t, "t_over_s": r, "p": p,
                "norm_p_pow_p": sum(parts), "cap_part": parts[0], "collar_part": parts[1], "far_part": parts[2],
                "se": float(np.sqrt(sum(x * x for x in ses))), "mu_caps": mu_A, "mu_collar": mu_B, "mu_far": mu_C,
                "far_part_p2_debiased": debias2,
                "mean_abs_T_cap": float(np.mean(np.abs(TA))), "mean_abs_T_far": float(np.mean(np.abs(TC))),
                "inner_se_cap": float(np.median(seA)), "inner_se_far": float(np.median(seC)),
                "m_far": m_far, "other_band_mass": other_mass,
                "exact_band": exact[float(p)] if exact else float("nan"),
            }
            rows.append(row)
        log(f"  s={s:.4g} n={n} t/s={r:g}: mean|T| caps={np.mean(np.abs(TA)):.4g} "
            f"(1/t={1/t:.4g}, (1-m_other)/t={(1-other_mass)/t:.4g}) far={np.mean(np.abs(TC)):.3g}±{np.median(seC):.2g}; "
            f"mu A/B/C={mu_A:.2e}/{mu_B:.2e}/{mu_C:.3f}")
    return rows


def fit_exponents(rows):
    """For each (family, d, p): slope of log max_t N vs log(1/s). Returns list of dicts."""
    import collections
    best = collections.defaultdict(dict)  # (family,d,p) -> s -> max over t
    for r in rows:
        key = (r["family"], r["d"], r["p"])
        val = r["exact_band"] if r["family"] == "band" else r["norm_p_pow_p"]
        best[key][r["s"]] = max(best[key].get(r["s"], 0.0), val)
    out = []
    for (fam, d, p), by_s in best.items():
        s = np.array(sorted(by_s))
        if len(s) < 2:
            continue
        y = np.log(np.array([by_s[v] for v in s]))
        x = np.log(1.0 / s)
        A = np.vstack([x, np.ones_like(x)]).T
        slope, _ = np.linalg.lstsq(A, y, rcond=None)[0]
        # local slope between the two smallest scales (closest to the asymptotics)
        local = (y[0] - y[1]) / (x[0] - x[1])
        pred = max(0.0, p - (d - 1)) if fam == "band" else max(0.0, p - (d - 2))
        out.append({"family": fam, "d": d, "p": p, "slope_global": float(slope), "slope_smallest_scales": float(local),
                    "predicted": pred})
    return sorted(out, key=lambda r: (r["family"], r["d"], r["p"]))


def crosscheck_band(cfg: Config, rows, log=print):
    """For the single band compare MC norms with the exact 1-D integral."""
    if cfg.family != "band":
        return []
    out = []
    for r in rows:
        exact = r["exact_band"]
        out.append({"s": r["s"], "t": r["t"], "p": r["p"], "mc": r["norm_p_pow_p"], "mc_se": r["se"], "exact": exact,
                    "rel_err": (r["norm_p_pow_p"] - exact) / exact, "z": (r["norm_p_pow_p"] - exact) / max(r["se"], 1e-300)})
    worst = max(abs(o["rel_err"]) for o in out) if out else float("nan")
    worst_z = max(abs(o["z"]) for o in out) if out else float("nan")
    log(f"  single-band MC vs exact 1-D integral: worst rel. err {worst:.2%}, worst |z| {worst_z:.1f} over {len(out)} (s,t,p) cases")
    return out


def main(argv=None):
    ap = argparse.ArgumentParser(description=__doc__, formatter_class=argparse.RawDescriptionHelpFormatter)
    ap.add_argument("--d", type=int, nargs="+", default=[4])
    ap.add_argument("--family", type=str, nargs="+", default=["band", "union"])
    ap.add_argument("--s", type=float, nargs="+", default=None)
    ap.add_argument("--p", type=float, nargs="+", default=None)
    ap.add_argument("--kappa", type=float, default=0.5)
    ap.add_argument("--n-cap", type=int, default=2000)
    ap.add_argument("--n-out", type=int, default=1000)
    ap.add_argument("--m-cap", type=int, default=1000)
    ap.add_argument("--m-out", type=int, default=4000)
    ap.add_argument("--backend", default="numpy", choices=["numpy", "cupy"])
    ap.add_argument("--dtype", default="complex64", choices=["complex64", "complex128"])
    ap.add_argument("--seed", type=int, default=0)
    ap.add_argument("--out", type=str, default="out/endpoint")
    ap.add_argument("--no-plot", action="store_true")
    a = ap.parse_args(argv)

    os.makedirs(os.path.dirname(a.out) or ".", exist_ok=True)
    xp = cpn.get_xp(a.backend)
    all_rows, all_fits, all_xc = [], [], []
    t0 = time.time()
    for d in a.d:
        for fam in a.family:
            cfg = Config(d=d, family=fam, kappa=a.kappa, n_cap=a.n_cap, n_out=a.n_out, m_cap=a.m_cap, m_out=a.m_out,
                         seed=a.seed, backend=a.backend, dtype=a.dtype)
            if a.s:
                cfg.s_grid = a.s
            if a.p:
                cfg.p_grid = a.p
            rng = xp.random.default_rng(a.seed)
            print(f"== d={d} family={fam} ==")
            rows = []
            for s in cfg.s_grid:
                rows += run_scale(cfg, s, rng, xp)
            fits = fit_exponents(rows)
            for ft in fits:
                print(f"  p={ft['p']:<4g} slope(global)={ft['slope_global']:+.3f} slope(smallest s)={ft['slope_smallest_scales']:+.3f} "
                      f"predicted={ft['predicted']:+.3f}")
            all_xc += crosscheck_band(cfg, rows)
            all_rows += rows
            all_fits += fits
    print(f"total time {time.time()-t0:.1f}s")

    with open(a.out + "_rows.csv", "w", newline="") as fh:
        w = csv.DictWriter(fh, fieldnames=list(all_rows[0].keys()))
        w.writeheader(); w.writerows(all_rows)
    with open(a.out + "_fits.json", "w") as fh:
        json.dump({"fits": all_fits, "band_crosscheck": all_xc, "args": vars(a)}, fh, indent=2)
    print(f"wrote {a.out}_rows.csv and {a.out}_fits.json")

    if not a.no_plot:
        plot(all_fits, a.out + "_exponents.png")


def plot(fits, path):
    import matplotlib
    matplotlib.use("Agg")
    import matplotlib.pyplot as plt
    ds = sorted({f["d"] for f in fits})
    fams = sorted({f["family"] for f in fits})
    fig, axes = plt.subplots(1, len(ds), figsize=(5 * len(ds), 4), squeeze=False)
    for ax, d in zip(axes[0], ds):
        for fam in fams:
            sel = sorted([f for f in fits if f["d"] == d and f["family"] == fam], key=lambda r: r["p"])
            if not sel:
                continue
            p = [r["p"] for r in sel]
            ax.plot(p, [r["slope_smallest_scales"] for r in sel], "o-", label=f"{fam} (measured)")
            ax.plot(p, [r["predicted"] for r in sel], "--", color=ax.lines[-1].get_color(), alpha=0.6, label=f"{fam} (predicted)")
        ax.axvline(d - 2, color="k", lw=0.8, ls=":")
        ax.axvline(d - 1, color="gray", lw=0.8, ls=":")
        ax.set_title(f"CP^{d-1}: endpoint exponent e(p); walls at p=d-2, d-1")
        ax.set_xlabel("p"); ax.set_ylabel("d log sup_t ||T_t f_s||_p^p / d log(1/s)")
        ax.axhline(0, color="k", lw=0.5); ax.legend(fontsize=8)
    fig.tight_layout(); fig.savefig(path, dpi=130)
    print(f"wrote {path}")


if __name__ == "__main__":
    main()







Critical_Alphabet/ququart_lab/evidence.py

"""Two finite experiments for the critical alphabet moment manuscript. All arithmetic is float64."""
import math

import numpy as np
from scipy.stats import beta

from . import cpn

FIDELITIES = (0.0, 2**-10, 1/64, 0.125, 0.37, 0.5, 0.81, 63/64, 1.0)
TAIL_SCALES = (2**-6, 2**-8, 2**-10, 2**-12)


def interval(hits, total, alpha):
    """Two-sided exact binomial interval, including at the endpoints."""
    if total <= 0 or not 0 <= hits <= total:
        raise ValueError(f"invalid binomial counts {hits}/{total}")
    lower = beta.ppf(alpha/2, hits, total-hits+1) if hits else 0.0
    upper = beta.isf(alpha/2, hits+1, total-hits) if hits < total else 1.0
    return float(lower), float(upper)


def envelope(d):
    factor = 1.0
    for j in range(4, d):
        atom = (j+2)/(2*j)
        cont = (j+2)*(j*j-1)/(4*j*(j+3)*((j-1)/2))
        factor *= atom + cont
    return 10 * 2**(d-1) * factor / (d*(d+1))


def propose_scales(xp, rng, d, size):
    # Importance-sample the U^{-1} tilt. Cancel the singularity analytically.
    w = rng.random(size)
    u = (1-w)*(1+w)
    # u^3 J_4(w) by reduction, with atanh(w) written without division.
    atanh = 0.5*(xp.log1p(w)-xp.log(xp.maximum(1-w, np.finfo(float).tiny)))
    reduced = w/6 + 5*w*u/24 + 5*w*u*u/16 + 5*u**3*atanh/16
    weight = 2.5*(1-4*w*reduced)
    for j in range(4, d):
        atom = (j+2)/(2*j)
        shape = (j-1)/2
        mass = (j+2)*(j*j-1)/(4*j*(j+3)*shape)
        norm = atom + mass
        continuous = rng.random(size) >= atom/norm
        v = rng.random(size)**(1/shape)
        u *= xp.where(continuous, v, 1.0)
        weight *= norm*xp.where(continuous, 1-8*v**((j+3)/2)/(j*j-1), 1.0)
    s = u/(2*(1+xp.sqrt(xp.maximum(0.0, 1-u))))
    weight *= 4/(d*(d+1)*(1-s)**(d-1))
    return s, weight


def direct_score(xp, t, radial, perp, cosine):
    # Squared complex amplitude at the test ray. radial = 1 - anchor fidelity.
    a = xp.sqrt(t*(1-radial))
    b = xp.sqrt((1-t)*radial*perp)
    return (a-b)**2 + 2*a*b*(1+cosine)


def born_job(xp, rng, d, proposals, alpha, tolerance, batch=131072):
    counts = np.zeros(len(FIDELITIES), np.int64)
    tail = np.zeros(len(TAIL_SCALES), np.int64)
    kept = mutant = 0
    bound = envelope(d)
    for lo in range(0, proposals, batch):
        size = min(batch, proposals-lo)
        s, weight = propose_scales(xp, rng, d, size)
        if not bool(xp.all(xp.isfinite(weight) & (weight >= 0) & (weight <= bound*(1+1e-14)))):
            raise ArithmeticError("scale weight violated its analytic envelope")
        accepted = rng.random(size)*bound < weight
        s = s[accepted]
        n = len(s)
        kept += n
        radial = s*rng.random(n)**(1/(d-1))
        perp = 1-rng.random(n)**(1/(d-2))
        cosine = xp.cos(2*math.pi*rng.random(n))
        hits = [xp.count_nonzero(direct_score(xp,t,radial,perp,cosine) > s) for t in FIDELITIES]
        counts += cpn.to_np(xp.stack(hits)).astype(np.int64)
        tail += cpn.to_np(xp.stack([xp.count_nonzero(s < v) for v in TAIL_SCALES])).astype(np.int64)
        mutant += int(xp.count_nonzero(radial*perp > s*s))  # wrong decoder threshold at t=0
    if not kept:
        raise RuntimeError("zero accepted scales")
    records = []
    for t, k in zip(FIDELITIES,counts):
        k = int(k)
        low, high = interval(k,kept,alpha)
        records.append(dict(t=t, hits=k, trials=kept, rate=k/kept, low=low, high=high,
                            target_inside=low <= t <= high,
                            within_tolerance=max(high-t,t-low) <= tolerance))
    ml, mh = interval(kept,proposals,alpha)
    return dict(proposals=proposals, accepted=kept, envelope=bound, predicted_acceptance=1/bound,
                mass_interval=[ml,mh], mass_ok=ml <= 1/bound <= mh,
                mutant_false_accepts=mutant, mutant_detected=mutant > 0,
                responses=records, small_scale=[dict(s=s, hits=int(k), trials=kept,
                    mass_over_s=k/(kept*s), interval_over_s=[v/s for v in interval(int(k),kept,alpha)])
                    for s,k in zip(TAIL_SCALES,tail)])


def witness_job(xp, rng, centres, kappa, trials, alpha):
    n, d = centres.shape
    s = kappa/((d-1)*n)
    t = 5*s
    if not 0 < t <= 0.5:
        raise ValueError("witness must lie in the theorem's fidelity interval")
    Y = xp.asarray(centres)
    unique_count = successes = 0
    # Cap-tagged sampling avoids waiting for a Haar point to hit a microscopic cap.
    # Limit temporaries by centre count, not installed VRAM.
    batch = min(8192, max(1, 2**20//n))
    for lo in range(0, trials, batch):
        size = min(batch, trials-lo)
        idx = rng.integers(n,size=size)
        C = Y[idx]
        v = s*rng.random((size,1))**(1/(d-1))
        w = cpn._orthonormal_perp(xp,rng,C,1)[:,0,:]
        X = xp.sqrt(1-v)*C + xp.sqrt(v)*w
        Z = cpn.rays_at_fidelity(xp,rng,X,t)
        fx = cpn.fidelity(xp,X,Y)
        selected = fx[xp.arange(size),idx]
        if bool(xp.any(selected <= 1-s)):
            raise ArithmeticError("sample outside tagged cap")
        unique = (fx > 1-s).sum(axis=1) == 1
        fz = cpn.fidelity(xp,Z,Y)
        if bool(xp.any(fz[xp.arange(size),idx] <= s)):
            raise ArithmeticError("sphere did not escape its tagged band")
        unique_count += int(xp.count_nonzero(unique))
        successes += int(xp.count_nonzero(unique & (fz.min(axis=1) > s)))
    h = s**(d-1)
    band = -math.expm1((d-1)*math.log1p(-s))
    prediction = math.exp((n-1)*math.log1p(-h-band))
    low, high = interval(successes,trials,alpha)
    powers = []
    for p in (d-2,d-1):
        lower = n*h*(low/t)**p
        powers.append(dict(p=p, lower_bound=lower, scaled_bound=lower*s**(p-(d-2))))
    return dict(n=n, s=s, t=t, kappa=kappa, trials=trials, unique=unique_count, hits=successes,
                rate=successes/trials, interval=[low,high], ensemble_prediction=prediction,
                strong_witness=low >= prediction/2, bounds=powers, tested_fidelities=2*n*trials)


def parity(xp):
    """An independent host fixture exercises the actual GEMM + radial formula on the chosen backend."""
    r = np.random.default_rng(7341)
    X = cpn.haar_rays(np,r,131,6)
    Y = cpn.haar_rays(np,r,53,6)
    ref = np.array([[abs(np.vdot(x,y))**2 for y in Y] for x in X])
    got = cpn.to_np(cpn.fidelity(xp,xp.asarray(X),xp.asarray(Y)))
    err = float(np.max(np.abs(ref-got)))
    v, rho, angle = r.random((3,400))
    t = 0.37
    direct = np.abs(np.sqrt(t*(1-v))+np.exp(2j*np.pi*angle)*np.sqrt((1-t)*v*rho))**2
    test = direct_score(xp,t,xp.asarray(v),xp.asarray(rho),xp.cos(2*np.pi*xp.asarray(angle)))
    err = max(err,float(np.max(np.abs(direct-cpn.to_np(test)))))
    if not err < 2e-13:
        raise ArithmeticError(f"CPU fixture disagrees with selected backend by {err}")
    return err


def packet_job(xp, rng, trials, alpha, tolerance):
    """Explicit random packet permutations with fixed safe anchor; independent of scale sampling."""
    from .protocol import safe_peer_probability
    rows = []
    for L,B,g in ((65,16,2),(67,2,8),(67,2,3),(65,16,1)):
        pg = float(safe_peer_probability(L,B,g))
        if pg < 0.75:
            raise ArithmeticError("illegal packet correction")
        safe = accepted = 0
        for lo in range(0,trials,8192):
            n = min(8192,trials-lo)
            ranks = xp.argsort(rng.random((n,L-1)),axis=1)
            clean = (ranks[:,:g-1] >= B).all(axis=1)
            safe += int(xp.count_nonzero(clean))
            accepted += int(xp.count_nonzero(clean & (rng.random(n) < 0.75/pg)))
        low, high = interval(accepted,trials,alpha)
        sl, sh = interval(safe,trials,alpha)
        rows.append(dict(population=L, unsafe=B, size=g, trials=trials, all_safe=safe,
                         p_g=pg, safe_interval=[sl,sh], accepted=accepted, target=0.75,
                         interval=[low,high], target_inside=(sl <= pg <= sh and low <= 0.75 <= high),
                         within_tolerance=max(high-0.75,0.75-low) <= tolerance))
    return dict(cases=rows)







Critical_Alphabet/ququart_lab/protocol.py

"""Optional random-net surrogate for the grouped cap protocol.

What is implemented
-------------------
A random Haar net of L = lambda / s^{d-1} centres replaces the deterministic net of the
manuscript (lambda = expected number of centres in a cap). Shared randomness per seed:
the net, R Haar rotations (one per round) and R uniform permutations (packets).

Alice (input x):   round by round, rotate, find the k centres inside C_s(x), accept the
                   round with probability k/H, pick a uniform hit as anchor, and send
                   (round, packet index of the anchor).
Bob, grouped:      rejects unless every centre of the packet is safe (t(y,z) > s); if the
                   packet is safe he accepts with probability c / p_g, where
                   p_g = P(all g-1 peers safe | anchor safe) is hypergeometric in the
                   number B_y of unsafe centres of the rotated net.
Bob, ungrouped:    accepts iff the anchor itself is safe (needs the anchor index, i.e. an
                   alphabet of size ~L instead of ~L/n).

What is measured
----------------
1. Sampled response: acceptance frequency at fixed fidelity t versus the exact
   c K_s(t) (grouped) and K_s(t) (ungrouped) from `zonal.cap_response`. This experiment uses a finite random surrogate shared across input trials.
2. The geometric fact that makes grouping possible: the unsafe fraction B_y/L is of order
   s in every dimension (its mean is the band mass 1-(1-s)^{d-1} ~ (d-1)s).
3. Record sampled violations of the correction and hit bounds. The random list has no
   deterministic covering guarantee. Sampled ranges are not the all-input alphabet L.
4. Alphabet: distinct messages used by a dense input sample, grouped (~ lambda s^{-(d-2)})
   versus ungrouped (~ lambda s^{-(d-1)}); slopes against log(1/s) across dimensions.

Scale limits: L = lambda s^{-(d-1)} centres must fit in memory, so the reachable s range
shrinks with d. Everything is chunked; pass backend="cupy" on the GPU.
"""
from __future__ import annotations

import argparse
import csv
import json
import math
import os
import time
from dataclasses import dataclass

import numpy as np

from . import cpn
from . import zonal as Z


@dataclass
class Params:
    d: int = 4
    s: float = 0.05
    lam: float = 4.0            # expected centres per cap -> L = lam / s^{d-1}
    kappa_group: float = 0.25   # packet size n = floor(kappa_group / band_mass): (n-1) B_y/(L-1) <~ kappa_group
    c: float = 0.75             # target acceptance for a safe anchor; needs p_g >= c
    H: int | None = None        # hit-count bound for the round acceptance k/H
    rounds: int = 96
    seed: int = 0
    backend: str = "numpy"
    dtype: str = "complex64"
    max_fid_elems: int = 20_000_000


def safe_peer_probability(L, unsafe, size):
    """Without-replacement probability, conditional on a safe anchor."""
    unsafe, size = np.broadcast_arrays(np.asarray(unsafe), np.asarray(size))
    if np.any((unsafe < 0) | (unsafe >= L) | (size < 1) | (size > L)):
        raise ValueError("invalid safe-anchor packet population")
    prob = np.ones(unsafe.shape)
    for i in range(int(np.max(size, initial=1))-1):
        live = size > i+1
        prob[live] *= np.maximum(0, L-1-unsafe[live]-i)/(L-1-i)
    return prob


class GroupedProtocol:
    def __init__(self, P: Params):
        self.P = P
        self.xp = xp = cpn.get_xp(P.backend)
        self.dtype = getattr(xp, P.dtype)
        self.rng = xp.random.default_rng(P.seed)
        self.d, self.s = P.d, P.s
        self.L = int(math.ceil(P.lam / P.s ** (P.d - 1)))
        self.n = max(1, int(math.floor(P.kappa_group / cpn.band_mass(P.s, P.d))))
        self.H = P.H or int(math.ceil(P.lam + 6 * math.sqrt(P.lam) + 6))  # Poisson(lam) tail ~1e-10
        self.net = cpn.haar_rays(xp, self.rng, self.L, self.d, self.dtype)
        self.U = xp.stack([cpn.haar_unitary(xp, self.rng, self.d, self.dtype) for _ in range(P.rounds)])
        self._perm = {}
        self.n_packets = int(math.ceil(self.L / self.n))
        self.stats = {"max_hits": 0, "encode_failures": 0, "min_pg": 1.0, "pg_below_c": 0, "inputs": 0}

    # -- shared randomness ---------------------------------------------------------
    def perm(self, r: int):
        """(perm, inverse perm) for round r, generated deterministically from the seed."""
        if r not in self._perm:
            self._perm.clear()  # deterministic replay; keep only one round in memory
            g = np.random.default_rng([self.P.seed, 7919, r])
            p = g.permutation(self.L).astype(np.int64)
            inv = np.empty_like(p); inv[p] = np.arange(self.L)
            self._perm[r] = (self.xp.asarray(p), self.xp.asarray(inv))
        return self._perm[r]

    def _fid_to_net(self, Xr):
        """Fidelities of rotated inputs to the net, chunked: returns a generator of (slice, fid)."""
        rows = max(1, self.P.max_fid_elems // self.L)
        for i0 in range(0, Xr.shape[0], rows):
            yield slice(i0, i0 + rows), cpn.fidelity(self.xp, Xr[i0:i0 + rows], self.net)

    # -- Alice -----------------------------------------------------------------------
    def encode(self, X):
        """Returns (round, anchor index, packet index) per input; round = -1 if no round accepted."""
        xp = self.xp
        N = X.shape[0]
        rnd = np.full(N, -1, dtype=np.int64)
        anc = np.full(N, -1, dtype=np.int64)
        pending = np.arange(N)
        for r in range(self.P.rounds):
            if len(pending) == 0:
                break
            Xr = X[xp.asarray(pending)] @ self.U[r].conj()        # t(x, U z) = t(U^dag x, z)
            u1 = cpn.to_np(cpn.uniform(xp, self.rng, len(pending)))
            u2 = cpn.to_np(cpn.uniform(xp, self.rng, len(pending)))
            accepted = np.zeros(len(pending), dtype=bool)
            for sl, fid in self._fid_to_net(Xr):
                hits = fid > 1.0 - self.s
                k = cpn.to_np(hits.sum(axis=1))
                self.stats["max_hits"] = max(self.stats["max_hits"], int(k.max(initial=0)))
                acc = u1[sl] < k / self.H
                if not acc.any():
                    continue
                # uniform hit: the floor(u2*k)-th hit in index order
                target = np.floor(u2[sl] * np.maximum(k, 1)).astype(np.int64)
                cs = xp.cumsum(hits, axis=1)
                idx_target = xp.asarray(target)[:, None] + 1
                pick = cpn.to_np(xp.argmax(cs >= idx_target, axis=1))
                sel = np.nonzero(acc)[0]
                gi = pending[sl][sel]
                rnd[gi] = r
                anc[gi] = pick[sel]
                accepted[sl][sel] = True
            pending = pending[~accepted]
        self.stats["encode_failures"] += int(len(pending))
        self.stats["inputs"] += N
        if self.stats["max_hits"] > self.H:
            raise RuntimeError(f"hit count {self.stats['max_hits']} exceeded H={self.H}: increase H")
        packet = np.full(N, -1, dtype=np.int64)
        for r in np.unique(rnd[rnd >= 0]):
            m = rnd == r
            _, inv = self.perm(int(r))
            packet[m] = cpn.to_np(inv[self.xp.asarray(anc[m])]) // self.n
        return rnd, anc, packet

    # -- Bob -------------------------------------------------------------------------
    def decode(self, Y, rnd, anc, packet):
        """Returns (accept_grouped, accept_ungrouped, B_y, p_g) per pair."""
        xp = self.xp
        N = Y.shape[0]
        acc_g = np.zeros(N, dtype=bool); acc_u = np.zeros(N, dtype=bool)
        By = np.zeros(N, dtype=np.int64); pg = np.ones(N)
        for r in np.unique(rnd[rnd >= 0]):
            m = np.nonzero(rnd == r)[0]
            Yr = Y[xp.asarray(m)] @ self.U[r].conj()
            p, _ = self.perm(int(r))
            u = cpn.to_np(cpn.uniform(xp, self.rng, len(m)))
            for sl, fid in self._fid_to_net(Yr):
                unsafe = fid <= self.s
                B = cpn.to_np(unsafe.sum(axis=1)).astype(np.int64)
                ids = m[sl]
                By[ids] = B
                # ungrouped: anchor safe?
                a = xp.asarray(anc[ids])
                anchor_unsafe = cpn.to_np(unsafe[xp.arange(len(ids)), a])
                acc_u[ids] = ~anchor_unsafe
                # grouped: whole packet safe, then accept w.p. c/p_g
                pk = packet[ids]
                starts = pk * self.n
                g = np.minimum(self.n, self.L - starts)
                members = xp.asarray(starts)[:, None] + xp.arange(self.n)[None, :]
                valid = cpn.to_np(members < self.L)
                members = xp.minimum(members, self.L - 1)
                mem_ids = p[members]                                    # (rows, n) net indices
                mem_unsafe = cpn.to_np(xp.take_along_axis(unsafe, mem_ids, axis=1)) & valid
                packet_safe = ~mem_unsafe.any(axis=1)
                # hypergeometric: P(all g-1 peers safe | anchor safe)
                pgi = np.ones(len(ids))
                safe = ~anchor_unsafe
                pgi[safe] = safe_peer_probability(self.L, B[safe], g[safe])
                pg[ids] = pgi
                self.stats["min_pg"] = min(self.stats["min_pg"], float(pgi.min()))
                self.stats["pg_below_c"] += int((pgi < self.P.c).sum())
                if np.any(pgi < self.P.c):
                    raise ArithmeticError("correction c/p_g exceeds one for a safe anchor")
                ratio = self.P.c / pgi
                acc_g[ids] = packet_safe & (u[sl] < ratio)
        return acc_g, acc_u, By, pg


# --------------------------------------------------------------------------- experiment driver
def run_point(P: Params, t_list, n_pairs: int, n_alphabet: int, log=print):
    xp = cpn.get_xp(P.backend)
    t0 = time.time()
    proto = GroupedProtocol(P)
    dtype = proto.dtype
    log(f"  d={P.d} s={P.s:g}: L={proto.L} centres, packet n={proto.n}, packets={proto.n_packets}, H={proto.H}")
    out = {"d": P.d, "s": P.s, "L": proto.L, "n": proto.n, "n_packets": proto.n_packets, "H": proto.H,
           "band_mass": cpn.band_mass(P.s, P.d), "responses": []}
    for t in t_list:
        X = cpn.haar_rays(xp, proto.rng, n_pairs, P.d, dtype)
        Y = cpn.rays_at_fidelity(xp, proto.rng, X, t)
        rnd, anc, pk = proto.encode(X)
        ok = rnd >= 0
        acc_g, acc_u, By, pg = proto.decode(Y, rnd, anc, pk)
        Kg = P.c * Z.cap_response(t, P.s, P.d)
        Ku = Z.cap_response(t, P.s, P.d)
        fg, fu = float(acc_g.mean()), float(acc_u.mean())
        seg = math.sqrt(max(fg * (1 - fg), 1e-12) / n_pairs); seu = math.sqrt(max(fu * (1 - fu), 1e-12) / n_pairs)
        rec = {"t": t, "grouped_freq": fg, "grouped_se": seg, "grouped_exact": Kg, "grouped_z": (fg - Kg) / seg,
               "ungrouped_freq": fu, "ungrouped_se": seu, "ungrouped_exact": Ku, "ungrouped_z": (fu - Ku) / seu,
               "unsafe_fraction_mean": float(By[ok].mean() / proto.L) if ok.any() else None, "unsafe_fraction_max": float(By.max() / proto.L),
               "pg_min": float(pg.min()), "pairs": n_pairs, "encoded_pairs": int(ok.sum()), "failed_pairs": int((~ok).sum())}
        out["responses"].append(rec)
        log(f"    t={t:.4f}: grouped {fg:.4f}±{seg:.4f} vs cK_s={Kg:.4f} (z={rec['grouped_z']:+.2f}) | "
            f"ungrouped {fu:.4f}±{seu:.4f} vs K_s={Ku:.4f} (z={rec['ungrouped_z']:+.2f}) | "
            f"B_y/L mean {rec['unsafe_fraction_mean']} (band mass {out['band_mass']:.4g}), min p_g {rec['pg_min']:.3f}")
    # alphabet: the range at this seed is at most rounds_used * n_packets (grouped) and
    # rounds_used * L (ungrouped), and at least n_packets / lam (every packet covers at most
    # n caps of mass s^{d-1}). The distinct-messages count over a finite input sample is a
    # diagnostic only: it saturates to the range only when the sample is much larger than it.
    X = cpn.haar_rays(xp, proto.rng, n_alphabet, P.d, dtype)
    rnd, anc, pk = proto.encode(X)
    ok = rnd >= 0
    used_g = len(set(zip(rnd[ok].tolist(), pk[ok].tolist())))
    used_u = len(set(zip(rnd[ok].tolist(), anc[ok].tolist())))
    rounds_used = int(rnd[ok].max() + 1) if ok.any() else 0
    out.update({"alphabet_grouped_upper": P.rounds * proto.n_packets + 1, "alphabet_ungrouped_upper": P.rounds * proto.L + 1,
                "packets": proto.n_packets, "rounds_used": rounds_used,
                "used_grouped_sample": used_g, "used_ungrouped_sample": used_u, "n_alphabet_inputs": n_alphabet,
                "stats": dict(proto.stats), "seconds": time.time() - t0})
    log(f"    alphabet: packets {proto.n_packets} (= s^-(d-2) object), L {proto.L} (= s^-(d-1)); rounds used {rounds_used}; "
        f"declared slots incl. failure {out['alphabet_grouped_upper']}; "
        f"distinct used over {n_alphabet} inputs: grouped {used_g}, ungrouped {used_u}; "
        f"max hits {proto.stats['max_hits']} (H={proto.H}); encode failures {proto.stats['encode_failures']}; "
        f"p_g<c events {proto.stats['pg_below_c']}; {out['seconds']:.1f}s")
    return out


def fit_slopes(results):
    """log alphabet vs log(1/s) per dimension; predicted d-2 (grouped) and d-1 (ungrouped)."""
    fits = []
    for d in sorted({r["d"] for r in results}):
        rs = sorted([r for r in results if r["d"] == d], key=lambda r: -r["s"])
        if len(rs) < 2:
            continue
        x = np.log(1.0 / np.array([r["s"] for r in rs]))
        for key, pred in (("packets", d - 2), ("L", d - 1), ("alphabet_grouped_upper", d - 2), ("alphabet_ungrouped_upper", d - 1)):
            y = np.log(np.array([r[key] for r in rs], dtype=float))
            slope = np.polyfit(x, y, 1)[0]
            fits.append({"d": d, "quantity": key, "slope": float(slope), "predicted": pred})
    return fits


def main(argv=None):
    ap = argparse.ArgumentParser(description=__doc__, formatter_class=argparse.RawDescriptionHelpFormatter)
    ap.add_argument("--d", type=int, nargs="+", default=[4])
    ap.add_argument("--s", type=float, nargs="+", default=[0.2, 0.1, 0.05])
    ap.add_argument("--t-over-s", type=float, nargs="+", default=[0.5, 1.0, 2.0, 3.0, 4.0, 8.0])
    ap.add_argument("--lam", type=float, default=4.0)
    ap.add_argument("--kappa-group", type=float, default=0.25)
    ap.add_argument("--c", type=float, default=0.75)
    ap.add_argument("--pairs", type=int, default=20000, help="(x,y) pairs per fidelity for the exactness test")
    ap.add_argument("--alphabet-inputs", type=int, default=50000)
    ap.add_argument("--rounds", type=int, default=96)
    ap.add_argument("--max-L", type=int, default=5_000_000, help="skip (d,s) points whose net exceeds this")
    ap.add_argument("--backend", default="numpy", choices=["numpy", "cupy"])
    ap.add_argument("--dtype", default="complex64", choices=["complex64", "complex128"])
    ap.add_argument("--seed", type=int, default=0)
    ap.add_argument("--out", type=str, default="out/protocol")
    ap.add_argument("--no-plot", action="store_true")
    a = ap.parse_args(argv)
    os.makedirs(os.path.dirname(a.out) or ".", exist_ok=True)

    results = []
    for d in a.d:
        for s in a.s:
            L = math.ceil(a.lam / s ** (d - 1))
            if L > a.max_L:
                print(f"  skip d={d} s={s}: L={L} > max-L"); continue
            P = Params(d=d, s=s, lam=a.lam, kappa_group=a.kappa_group, c=a.c, rounds=a.rounds, seed=a.seed,
                       backend=a.backend, dtype=a.dtype)
            t_list = [r * s for r in a.t_over_s if r * s < 1.0]
            results.append(run_point(P, t_list, a.pairs, a.alphabet_inputs))
    fits = fit_slopes(results)
    for f in fits:
        print(f"  d={f['d']} {f['quantity']:<22} slope {f['slope']:+.3f} (predicted {f['predicted']})")
    zs = [abs(r["grouped_z"]) for res in results for r in res["responses"]]
    print(f"  exactness: {len(zs)} grouped acceptance tests, max |z| = {max(zs):.2f}, "
          f"fraction with |z|<2: {np.mean(np.array(zs) < 2):.2f}")
    with open(a.out + "_results.json", "w") as fh:
        json.dump({"results": results, "fits": fits, "args": vars(a)}, fh, indent=2)
    with open(a.out + "_responses.csv", "w", newline="") as fh:
        rows = [{"d": res["d"], "s": res["s"], **r} for res in results for r in res["responses"]]
        w = csv.DictWriter(fh, fieldnames=list(rows[0].keys())); w.writeheader(); w.writerows(rows)
    print(f"wrote {a.out}_results.json and {a.out}_responses.csv")
    if not a.no_plot:
        plot(results, a.out)


def plot(results, prefix):
    import matplotlib
    matplotlib.use("Agg")
    import matplotlib.pyplot as plt
    ds = sorted({r["d"] for r in results})
    fig, axes = plt.subplots(1, 2, figsize=(11, 4))
    for d in ds:
        rs = sorted([r for r in results if r["d"] == d], key=lambda r: r["s"])
        s = np.array([r["s"] for r in rs])
        axes[0].loglog(1 / s, [r["packets"] for r in rs], "o-", label=f"d={d} grouped: packets (slope→{d-2})")
        axes[0].loglog(1 / s, [r["L"] for r in rs], "s--", color=axes[0].lines[-1].get_color(), alpha=0.6,
                       label=f"d={d} ungrouped: centres (slope→{d-1})")
    axes[0].set_xlabel("1/s"); axes[0].set_ylabel("messages per round"); axes[0].legend(fontsize=7)
    axes[0].set_title("Alphabet size: grouping drops the exponent by one")
    rows = [(res["d"], res["s"], r) for res in results for r in res["responses"]]
    axes[1].axhline(0, color="k", lw=0.5)
    for d in ds:
        zz = [(r["t"] / s_, r["grouped_z"]) for d_, s_, r in rows if d_ == d]
        axes[1].plot([z[0] for z in zz], [z[1] for z in zz], "o", label=f"d={d}")
    axes[1].axhspan(-2, 2, color="gray", alpha=0.15)
    axes[1].set_xlabel("t / s"); axes[1].set_ylabel("z-score: measured acceptance − c·K_s(t)")
    axes[1].set_title("Exactness of the grouped response"); axes[1].legend(fontsize=8)
    fig.tight_layout(); fig.savefig(prefix + "_summary.png", dpi=130)
    print(f"wrote {prefix}_summary.png")


if __name__ == "__main__":
    main()







Critical_Alphabet/ququart_lab/scalelaw.py

"""The d = 4 scale law of the manuscript (Lemma 3.1 / 3.2 / Appendix B).

    I(u)  = int_u^1 dv / (v^4 sqrt(1-v))
    f(u)  = (5/4) ( u / sqrt(1-u) - 2 u^4 I(u) )          density of U on (0,1)
    Q(k)  = E U^k = (5/4) (k+3) B(k+2, 1/2) / (k+5)       Mellin transform
    S     = (1 - sqrt(1-U)) / 2,  law eta
    dnu   = d eta / [ 20 s (1-s)^4 ]                      scale measure, nu'(0+) = 1/3

Claimed identities (all checked numerically here, independently of the proof):
    Q(0) = 1,  Q(-1) = 5/4,  nu'(0+) = 1/3,  nu is a probability law,
    E[ P_j^{(3,1)}(z) P_j^{(3,1)}(-z) ] = 0 for z = sqrt(1-U), every j >= 1,
    int_0^{1/2} K_s(t) dnu(s) = t   for every fidelity t.
"""
from __future__ import annotations

import numpy as np
from scipy.special import beta as Beta, eval_jacobi

from .zonal import _gl, _smooth_segment_nodes, cap_response


# --------------------------------------------------------------------------- I(u) in closed form
def _J(w, n: int):
    """J_n(w) = int_0^w (1 - x^2)^{-n} dx by the standard reduction."""
    w = np.asarray(w, dtype=float)
    if n == 1:
        return np.arctanh(w)
    return w / (2 * (n - 1) * (1 - w * w) ** (n - 1)) + (2 * n - 3) / (2 * (n - 1)) * _J(w, n - 1)


def I(u):
    """I(u) = 2 J_4(sqrt(1-u))  (substitution v = 1 - w^2)."""
    u = np.asarray(u, dtype=float)
    return 2.0 * _J(np.sqrt(1.0 - u), 4)


def f(u):
    u = np.asarray(u, dtype=float)
    return 1.25 * (u / np.sqrt(1.0 - u) - 2.0 * u ** 4 * I(u))


def f_of_w(w):
    """f(1 - w^2) * 2w: the density of W = sqrt(1-U) on (0,1); smooth, no endpoint singularity."""
    w = np.asarray(w, dtype=float)
    u = 1.0 - w * w
    return 1.25 * (2.0 * u - 8.0 * u ** 4 * w * _J(w, 4))


def Q_closed(k: float) -> float:
    return 1.25 * (k + 3) * Beta(k + 2, 0.5) / (k + 5)


def Q_numeric(k: float, n: int = 400) -> float:
    """E U^k by quadrature in the w variable (U = 1 - w^2)."""
    w, wt = _gl(n)
    return float(np.sum(wt * (1.0 - w * w) ** k * f_of_w(w)))


def nu_density(s):
    """nu'(s) = 4 (1-2s) f(4 s (1-s)) / [20 s (1-s)^4]."""
    s = np.asarray(s, dtype=float)
    # 4(1-2s) f(4s(1-s)) = 2 f_of_w(1-2s), which is finite at s = 1/2
    return 2.0 * f_of_w(1.0 - 2.0 * s) / (20.0 * s * (1.0 - s) ** 4)


def nu_mass(a: float, b: float, n: int = 200) -> float:
    s, w = _smooth_segment_nodes(a, b, n)
    return float(np.sum(w * nu_density(s)))


# --------------------------------------------------------------------------- Appendix B
def jacobi_cancellation(j: int, n: int = 400) -> tuple[float, float]:
    """(E[P_j(z) P_j(-z)], normaliser P_j(1) P_j(-1)) for z = sqrt(1-U) = W."""
    w, wt = _gl(n)
    pz = eval_jacobi(j, 3, 1, w)
    pm = eval_jacobi(j, 3, 1, -w)
    val = float(np.sum(wt * pz * pm * f_of_w(w)))
    b0 = float(eval_jacobi(j, 3, 1, 1.0) * eval_jacobi(j, 3, 1, -1.0))
    return val, b0


# --------------------------------------------------------------------------- Lemma 3.2
def mixture(t: float, n_s: int = 64, n_u: int = 48, n_rho: int = 48) -> float:
    """int_0^{1/2} K_s(t) dnu(s), computed from the direct cap response (no spectral input).

    K_s(t) = 1 for s < s*(t) with 4 s*(1-s*) = t; the remaining s-integral is split at
    s = t and at s = s* to keep the integrand smooth on each piece.
    """
    sstar = 0.5 * (1.0 - np.sqrt(1.0 - t)) if t < 1.0 else 0.5
    total = nu_mass(0.0, sstar)
    pts = sorted({sstar, 0.5} | ({t} if sstar < t < 0.5 else set()) | ({min(0.5, 2 * sstar)}))
    for a, b in zip(pts[:-1], pts[1:]):
        if b - a <= 0:
            continue
        s, w = _smooth_segment_nodes(a, b, n_s)
        for si, wi in zip(s, w):
            total += wi * nu_density(si) * cap_response(t, si, 4, n_u, n_rho)
    return total







Critical_Alphabet/ququart_lab/validate.py

"""Theorem-anchored validation. Run:  python -m ququart_lab.validate [--lmax 400] [--dmax 8]

Every check prints PASS/FAIL against an explicit tolerance. The d = 4 checks pin the
code to statements proved in the manuscript; if any of them fails, nothing downstream
should be trusted. The d >= 5 multiplier-growth check probes the *claimed* (unproved)
uniform bound |m_l(t)| <= C_d l^{-(d-4)}; it is reported, not asserted.
"""
from __future__ import annotations

import argparse
import json
import sys
import time

import numpy as np

from . import scalelaw as S
from . import zonal as Z


def _report(name, value, target, tol, results, note=""):
    ok = np.isfinite(value) and abs(value - target) <= tol
    results.append({"check": name, "value": value, "target": target, "tol": tol, "pass": bool(ok), "note": note})
    print(f"[{'PASS' if ok else 'FAIL'}] {name:<46} {value:+.12g}   (target {target:+.6g}, tol {tol:g}) {note}")
    return ok


def run(lmax: int = 400, dmax: int = 8, verbose: bool = True):
    results = []
    t0 = time.time()
    print("== d = 4: statements proved in the manuscript ==")

    # Lemma A.1: sup |m_l(t)| = 2, approached as l -> inf at t -> 0+
    sup, (l, t) = Z.multiplier_sup(4, lmax)
    _report("Lemma A.1  sup|m_l(t)|, l<=%d" % lmax, sup, 2.0, 2.0 - 1.9999, results,
            note=f"attained at l={l}, t={t:g}; must stay < 2")
    assert sup < 2.0, "multiplier exceeded 2: Lemma A.1 would be false"
    # the explicit level-1 and level-2 quotients from the proof
    _report("Lemma A.1  m_1(t) = 4/3 (any t)", float(Z.multiplier(1, 0.3, 4)), 4 / 3, 1e-12, results)
    _report("Lemma A.1  m_2(1/2) = (15/2-10)/6", float(Z.multiplier(2, 0.5, 4)), (7.5 - 10) / 6, 1e-12, results)

    # Lemma 3.1
    _report("Lemma 3.1  Q(0) = 1 (f is a density)", S.Q_numeric(0), 1.0, 1e-10, results)
    _report("Lemma 3.1  Q(-1) = 5/4", S.Q_numeric(-1), 1.25, 1e-10, results)
    _report("Lemma 3.1  Q(2) closed = numeric", S.Q_numeric(2) - S.Q_closed(2), 0.0, 1e-10, results)
    grid = np.linspace(1e-6, 1 - 1e-9, 200000)
    _report("Lemma 3.1  grid f(u) > 0 on (0,1)", float(np.all(S.f(grid) > 0)), 1.0, 0.0, results,
            note=f"minimum {np.min(S.f(grid)):.6g}")
    assert np.all(S.f(grid) > 0), "scale density went negative"
    _report("Lemma 3.1  nu'(0+) = 1/3", float(S.nu_density(1e-9)), 1 / 3, 1e-6, results)
    sgrid = np.linspace(1e-6, 0.5, 100000)
    density_max = float(np.max(S.nu_density(sgrid) * (1 - sgrid) ** 3))
    _report("Lemma 3.1  nu'(s) <= (1-s)^-3", float(density_max <= 1+1e-12), 1.0, 0.0, results,
            note=f"grid maximum {density_max:.12g}")
    _report("Lemma 3.2  nu((0,1/2]) = 1", S.nu_mass(0.0, 0.5, 400), 1.0, 1e-10, results)

    # Appendix B
    worst = 0.0
    for j in range(1, 41):
        v, b0 = S.jacobi_cancellation(j)
        worst = max(worst, abs(v / b0))
    _report("App. B     max_j<=40 |E P_j(z)P_j(-z)| / b0", worst, 0.0, 1e-12, results)

    # Lemma 3.2 by direct integration (independent of the spectral proof)
    worst = 0.0
    for t in (0.01, 0.05, 0.2, 0.37, 0.5, 0.7, 0.9, 0.99):
        worst = max(worst, abs(S.mixture(t) - t))
    _report("Lemma 3.2  max_t |int K_s(t) dnu - t|", worst, 0.0, 1e-6, results,
            note="direct cap response, 3-level quadrature")

    # Lemma 2.1 cap response endpoints
    _report("Lemma 2.1  K_s(0) = 0", Z.cap_response(0.0, 0.05, 4), 0.0, 1e-10, results)
    _report("Lemma 2.1  K_s(1) = 1", Z.cap_response(1.0, 0.05, 4), 1.0, 1e-10, results)
    _report("Lemma 2.1  K_s(t) = 1 for t > 4s(1-s)", Z.cap_response(4 * 0.05 * 0.95 + 1e-3, 0.05, 4), 1.0, 1e-10, results)

    print("\n== d >= 5: multiplier growth (claimed uniform bound |m_l(t)| <= C_d l^{-(d-4)}) ==")
    tgrid = np.geomspace(1e-7, 0.5, 300)
    growth = {}
    for d in range(4, dmax + 1):
        vals = []
        for l in range(1, lmax + 1):
            m = np.max(np.abs(Z.multiplier(l, tgrid, d)))
            m = max(m, abs(Z.phi_prime0(l, d)))
            vals.append(m * l ** (d - 4))
        vals = np.array(vals)
        growth[d] = {"sup_scaled": float(vals.max()), "tail_mean_last_50": float(vals[-50:].mean()),
                     "argmax_l": int(vals.argmax()) + 1}
        print(f"  d={d}: sup_l |m_l| l^(d-4) = {vals.max():.6f} at l={vals.argmax()+1}; "
              f"mean over l in [{lmax-49},{lmax}] = {vals[-50:].mean():.6f}  "
              f"({'bounded' if vals[-50:].mean() < 1.5 * vals[:50].max() + 1e-9 else 'GROWING?'})")

    npass = sum(r["pass"] for r in results)
    print(f"\n{npass}/{len(results)} checks passed in {time.time()-t0:.1f}s")
    return {"checks": results, "multiplier_growth": growth, "all_pass": npass == len(results)}


def main(argv=None):
    ap = argparse.ArgumentParser()
    ap.add_argument("--lmax", type=int, default=400)
    ap.add_argument("--dmax", type=int, default=8)
    ap.add_argument("--json", type=str, default=None, help="write results to this JSON file")
    a = ap.parse_args(argv)
    out = run(a.lmax, a.dmax)
    if a.json:
        with open(a.json, "w") as fh:
            json.dump(out, fh, indent=2)
    sys.exit(0 if out["all_pass"] else 1)


if __name__ == "__main__":
    main()







Critical_Alphabet/ququart_lab/zonal.py

"""Zonal harmonic analysis on CP^{d-1} and exact spherical means of a band.

Spectral side
-------------
The zonal function of harmonic level l on CP^{d-1} is
    phi_l(t) = P_l^{(d-2,0)}(2t-1) / C(l+d-2, l),     phi_l(1) = 1,
orthogonal for the fidelity weight (d-1)(1-t)^{d-2} dt, with
    integral phi_l^2 dmu = 1 / dim_l,   dim_l = (2l+d-1)/(d-1) * C(l+d-2,l)^2.
The spherical mean at fidelity t acts on level l by multiplication by phi_l(t),
so the difference quotient T_t = (R_t - R_0)/t has multiplier
    m_l(t) = (phi_l(t) - phi_l(0)) / t.
Lemma A.1 of the manuscript: for d = 4, sup_{l, 0<t<=1/2} |m_l(t)| = 2.

Direct side (no truncation, no Jacobi)
-------------------------------------
For the band b_s(z) = 1{ t(y,z) <= s } the spherical mean at a point x with
tau = t(x,y) is a one-dimensional integral. Writing z on the fidelity-t sphere
around x as z = e^{ia} sqrt(t) x + sqrt(1-t) w, the overlap with y is
    |<y,z>|^2 = | sqrt(tau t) + sqrt((1-tau)(1-t) rho) e^{i theta} |^2,
with theta uniform and rho = |<x_perp, w>|^2 ~ Beta(1, d-2). Hence
    R_t b_s(tau) = E_rho [ P_theta( A^2 + B^2 + 2AB cos theta <= s ) ].
This is `band_Rt`. The same kernel gives the cap response
    K_s(tau) = 1 - E_{u ~ cap}[ R_u b_s(tau) ],
with u the fidelity of a uniform cap anchor to its centre (`cap_response`).
"""
from __future__ import annotations

from functools import lru_cache
from math import comb

import numpy as np
from scipy.special import eval_jacobi

# --------------------------------------------------------------------------- spectral
def C(l: int, d: int) -> int:
    return comb(l + d - 2, l)


def phi(l: int, t, d: int):
    return eval_jacobi(l, d - 2, 0, 2.0 * np.asarray(t, dtype=float) - 1.0) / C(l, d)


def dim_level(l: int, d: int) -> int:
    num = (2 * l + d - 1) * C(l, d) ** 2
    assert num % (d - 1) == 0
    return num // (d - 1)


def phi0(l: int, d: int) -> float:
    return (-1) ** l / C(l, d)


def phi_prime0(l: int, d: int) -> float:
    """phi_l'(0) = -l(l+d-1) phi_l(0)  (Rodrigues)."""
    return -l * (l + d - 1) * phi0(l, d)


def multiplier(l: int, t, d: int):
    t = np.asarray(t, dtype=float)
    return (phi(l, t, d) - phi0(l, d)) / t


def multiplier_sup(d: int, lmax: int, tgrid=None):
    """sup over l <= lmax and t in tgrid U {0+} of |m_l(t)|; returns (sup, argl, argt)."""
    if tgrid is None:
        tgrid = np.concatenate([np.geomspace(1e-7, 0.5, 400)])
    best, arg = -1.0, (None, None)
    for l in range(1, lmax + 1):
        vals = np.abs(multiplier(l, tgrid, d))
        slope0 = abs(phi_prime0(l, d))
        i = int(np.argmax(vals))
        if vals[i] > best:
            best, arg = float(vals[i]), (l, float(tgrid[i]))
        if slope0 > best:
            best, arg = float(slope0), (l, 0.0)
    return best, arg


# --------------------------------------------------------------------------- quadrature helpers
@lru_cache(maxsize=None)
def _gl(n: int):
    x, w = np.polynomial.legendre.leggauss(n)
    return 0.5 * (x + 1.0), 0.5 * w  # on [0,1]


def _smooth_segment_nodes(a: float, b: float, n: int):
    """Nodes/weights on [a,b] with the substitution x = a + (b-a)(1-cos(pi xi))/2.

    The substitution turns endpoint sqrt singularities (arccos at c = +-1) into
    smooth integrands, so Gauss-Legendre in xi converges geometrically.
    """
    xi, wxi = _gl(n)
    x = a + (b - a) * 0.5 * (1.0 - np.cos(np.pi * xi))
    w = wxi * (b - a) * 0.5 * np.pi * np.sin(np.pi * xi)
    return x, w


# --------------------------------------------------------------------------- band means
def band_R0(tau, s: float, d: int):
    """R_0 b_s(tau) = P( (1-tau) rho <= s ) with rho ~ Beta(1, d-2)."""
    tau = np.asarray(tau, dtype=float)
    with np.errstate(divide="ignore", invalid="ignore"):
        r = np.where(1.0 - tau > 0, np.minimum(1.0, s / np.maximum(1.0 - tau, 1e-300)), 1.0)
    return 1.0 - (1.0 - r) ** (d - 2)


def _p_theta(A: float, B, s: float):
    """P_theta( A^2 + B^2 + 2 A B cos theta <= s ), B array."""
    B = np.asarray(B, dtype=float)
    out = np.empty_like(B)
    AB = A * B
    small = AB <= 1e-300
    out[small] = (A * A + B[small] ** 2 <= s).astype(float)
    big = ~small
    c = (s - A * A - B[big] ** 2) / (2.0 * AB[big])
    cc = np.clip(c, -1.0, 1.0)
    out[big] = 1.0 - np.arccos(cc) / np.pi
    return out


def band_Rt_scalar(tau: float, t: float, s: float, d: int, n: int = 64) -> float:
    """R_t b_s at a point with fidelity tau to the band centre (d >= 3)."""
    if d < 3:
        raise ValueError("d >= 3 required")
    if t == 0.0:
        return float(band_R0(tau, s, d))
    scale = (1.0 - tau) * (1.0 - t)
    A = np.sqrt(tau * t)
    if scale <= 0.0:
        return float(A * A <= s)
    rs = np.sqrt(s)
    # breakpoints in rho where cos theta threshold hits +-1
    bps = []
    for Bb in (rs - A, A + rs, A - rs):
        if Bb > 0:
            rho_b = Bb * Bb / scale
            if 0.0 < rho_b < 1.0:
                bps.append(rho_b)
    edges = [0.0] + sorted(set(bps)) + [1.0]
    total = 0.0
    for a, b in zip(edges[:-1], edges[1:]):
        if b - a <= 0:
            continue
        rho, w = _smooth_segment_nodes(a, b, n)
        pdf = (d - 2) * (1.0 - rho) ** (d - 3)
        B = np.sqrt(scale * rho)
        total += float(np.sum(w * pdf * _p_theta(A, B, s)))
    return total


def band_Rt(tau, t: float, s: float, d: int, n: int = 64):
    tau = np.atleast_1d(np.asarray(tau, dtype=float))
    return np.array([band_Rt_scalar(float(x), t, s, d, n) for x in tau])


def Tt_band(tau, t: float, s: float, d: int, n: int = 64):
    """Difference quotient (R_t - R_0) b_s / t at fidelity tau."""
    return (band_Rt(tau, t, s, d, n) - band_R0(tau, s, d)) / t


def _tau_segments(s: float, t: float):
    pts = {0.0, 1.0, s, 4.0 * s, t, 4.0 * t, 1.0 - s, 1.0 - 4.0 * s * (1.0 - s), 1.0 - t}
    pts = sorted(p for p in pts if 0.0 <= p <= 1.0)
    return list(zip(pts[:-1], pts[1:]))


def lp_norms_band(t: float, s: float, d: int, p_list, n_tau: int = 48, n_rho: int = 48):
    """{p: ||T_t b_s||_p^p} on CP^{d-1} by composite quadrature over tau (exact up to quadrature)."""
    taus, ws, vals = [], [], []
    for a, b in _tau_segments(s, t):
        if b - a <= 0:
            continue
        tau, w = _smooth_segment_nodes(a, b, n_tau)
        taus.append(tau); ws.append(w * (d - 1) * (1.0 - tau) ** (d - 2))
        vals.append(Tt_band(tau, t, s, d, n_rho))
    w = np.concatenate(ws); v = np.abs(np.concatenate(vals))
    return {float(p): float(np.sum(w * v ** p)) for p in p_list}


def lp_norm_band(t: float, s: float, d: int, p: float, n_tau: int = 48, n_rho: int = 48):
    return lp_norms_band(t, s, d, [p], n_tau, n_rho)[float(p)] ** (1.0 / p)


# --------------------------------------------------------------------------- cap response
def cap_response(tau: float, s: float, d: int, n_u: int = 48, n_rho: int = 48) -> float:
    """K_s(tau): acceptance when the anchor is uniform in C_s(x), Bob accepts t(y,anchor) > s."""
    # 1-u = s v, v in (0,1), weight (d-1) v^{d-2}
    total = 0.0
    # breakpoints in v are messy; use two smoothed segments
    for a, b in ((0.0, 0.5), (0.5, 1.0)):
        v, w = _smooth_segment_nodes(a, b, n_u)
        for vi, wi in zip(v, w):
            u = 1.0 - s * vi
            total += wi * (d - 1) * vi ** (d - 2) * band_Rt_scalar(tau, u, s, d, n_rho)
    return 1.0 - total







Critical_Alphabet/reference/REPORT.md

# CPU evidence report

**FINITE CHECKS PASSED**

93 of 93 prespecified core cells complete. 93 total cells, including replication. Backend numpy in double precision.

Accepted cap anchors: 6,943,070 from 62,914,560 proposals. Test bits evaluated: 62,487,630 (the fidelities share anchors). Endpoint pairwise centre fidelities: 2,681,733,120. Permutation trials: 3,145,728.

Largest absolute Born residual 0.00219489 in w0002-born-d7-n0 at t=0.5. Observed 97,638/196,137. Simultaneous interval [0.492764, 0.502846].

### Finest core scale per dimension

Bounds below use the smallest certificate across the completed core seeds at that scale. The quantity certified is the p-th power of the norm on the full space.

| d | Centres | s | p | Lower bound | Seeds complete |
|---:|---:|---:|---:|---:|---:|
| 4 | 512 | 0.000325521 | 3 | 0.87275 | 3 |
| 5 | 512 | 0.000244141 | 4 | 0.106409 | 3 |
| 6 | 512 | 0.000195313 | 5 | 0.0126192 | 3 |
| 7 | 512 | 0.00016276 | 6 | 0.00155111 | 3 |
| 8 | 512 | 0.000139509 | 7 | 0.000185654 | 3 |

### Interpretation

The sampled component is the cap mixture for pure preparations and one rank-one binary test. The packet panel isolates Bob's conditional correction. The saved decoders give finite lower confidence bounds for the fidelity difference quotient. The run neither implements the full all-input routing construction nor measures its used alphabet or the universal converse.

Use status.json for all flags and missing core cells. Each cell file contains the counts, parameters, interval and seed. PLAN.md specifies the decision rules. Every extension flag is retained even after the core finishes.







Critical_Alphabet/reference/analytic.log

Positive-factor Mellin identity: d = 4..30, k = -2..24 passed.
Direct Jacobi products and mixed cancellation: d = 4..16, j = 1..12 passed.
Endpoint geometric sum including dyadic boundaries: passed.
Degree-one fidelity multiplier and quotient: exact checks passed.
Multiplier grid: d = 4..12, n = 1..400, 110 fidelities plus endpoint passed.
Largest ratio to the proved bound on this grid: 0.062499224575
Normalization: exact m_1(n)=1 and kernel dimensions, d=4..12, n=0..24 passed.
d=4 endpoint: exact |m_0_prime(n)|=2-4/((n+1)(n+2)), n=1..400 passed.
Wrong denominator diagnostic, d=5,n=2: binomial gives 1; n+a gives 2.
t=1/n^2: independent Jacobi series; d=5 target n*|q| = 4.6566553251526
     n        |q| d=4        |q| d=5        n*|q| d=5
    16 1.4741305341e+00 2.4128281579e-01 3.8605250527e+00
    64 1.5332287319e+00 6.9400942907e-02 4.4416603461e+00
   256 1.5475251138e+00 1.7976216769e-02 4.6019114929e+00
  1024 1.5510488805e+00 4.5340895624e-03 4.6429077119e+00
  4096 1.5519262935e+00 1.1360387157e-03 4.6532145794e+00
Independent series agrees with SciPy: relative error < 2e-8.
d=5, f_n=(2*z1*conj(z2))^n, ||f_n||_inf=1, t=1/n^2:
     n         LHS=||T f||_3^3        RHS/C_5=||f||_2^2       LHS/(RHS/C_5)
    16       4.528904460583e-07       1.213040054284e-04       3.733516007646e-03
    64       9.748407405337e-11       1.175834228576e-06       8.290630744048e-05
   256       1.374356206739e-14       9.718087468647e-09       1.414224981173e-06
  1024       1.739360238139e-18       7.701056941582e-11       2.258599373221e-08
  4096       2.142504863718e-22       6.037950990133e-13       3.548397241413e-10
Predicted limit n^3*LHS/(RHS/C_5) = 24.428841642728
These tests show decay, not the proposed numerical divergence.







Critical_Alphabet/reference/anchors.json

{
  "shared_fixture_max_abs_error": 3.3306690738754696e-16,
  "regression_pass": true,
  "analytic_pass": true,
  "quadrature_pass": true
}







Critical_Alphabet/reference/cells/w0000-born-d4-n0.json

{
  "wave": 0,
  "kind": "born",
  "d": 4,
  "seed": 7675906010814475422,
  "cell": "w0000-born-d4-n0",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.22393612500309246,
  "proposals": 4194304,
  "accepted": 1048839,
  "envelope": 4.0,
  "predicted_acceptance": 0.25,
  "mass_interval": [
    0.24920424068990263,
    0.25092251878335065
  ],
  "mass_ok": true,
  "mutant_false_accepts": 261554,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 1048839,
      "rate": 0.0,
      "low": 0.0,
      "high": 1.0131335416094628e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 992,
      "trials": 1048839,
      "rate": 0.0009458076978449505,
      "low": 0.0008287542234488671,
      "high": 0.0010737081136503312,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 16432,
      "trials": 1048839,
      "rate": 0.01566684686591555,
      "low": 0.01517898867818466,
      "high": 0.016165189202912683,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 130955,
      "trials": 1048839,
      "rate": 0.12485710390250553,
      "low": 0.12354942768280446,
      "high": 0.12617289363071962,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 388013,
      "trials": 1048839,
      "rate": 0.369945244217654,
      "low": 0.3680310435030419,
      "high": 0.37186225726148425,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 524540,
      "trials": 1048839,
      "rate": 0.5001148889391032,
      "low": 0.4981310107648916,
      "high": 0.5020987646289649,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 849743,
      "trials": 1048839,
      "rate": 0.8101748695462316,
      "low": 0.8086154059611307,
      "high": 0.811727625291193,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 1032575,
      "trials": 1048839,
      "rate": 0.9844933302442034,
      "low": 0.9839974708539639,
      "high": 0.9849787019444065,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 1048839,
      "trials": 1048839,
      "rate": 1.0,
      "low": 0.999989868664584,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 5554,
      "trials": 1048839,
      "mass_over_s": 0.3389042550858616,
      "interval_over_s": [
        0.32078972113531545,
        0.35770481225921996
      ]
    },
    {
      "s": 0.00390625,
      "hits": 1383,
      "trials": 1048839,
      "mass_over_s": 0.3375618183534365,
      "interval_over_s": [
        0.3019612853104796,
        0.3759348523428042
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 334,
      "trials": 1048839,
      "mass_over_s": 0.3260900862763494,
      "interval_over_s": [
        0.2585962980234552,
        0.40474609851878046
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 76,
      "trials": 1048839,
      "mass_over_s": 0.29680055756889284,
      "interval_over_s": [
        0.17813288830854726,
        0.46052010537908444
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0000-born-d5-n0.json

{
  "wave": 0,
  "kind": "born",
  "d": 5,
  "seed": 17071991445620236553,
  "cell": "w0000-born-d5-n0",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.26128023500496056,
  "proposals": 4194304,
  "accepted": 611259,
  "envelope": 6.857142857142857,
  "predicted_acceptance": 0.14583333333333334,
  "mass_interval": [
    0.1450364258213967,
    0.14643649410423912
  ],
  "mass_ok": true,
  "mutant_false_accepts": 122312,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 611259,
      "rate": 0.0,
      "low": 0.0,
      "high": 1.7383958636871717e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 590,
      "trials": 611259,
      "rate": 0.0009652209619817459,
      "low": 0.0008122269199411819,
      "high": 0.0011368547803734237,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 9557,
      "trials": 611259,
      "rate": 0.01563494361637211,
      "low": 0.014998466782777678,
      "high": 0.016289418697827556,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 76424,
      "trials": 611259,
      "rate": 0.12502719796354736,
      "low": 0.123314709339997,
      "high": 0.12675360418844228,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 225692,
      "trials": 611259,
      "rate": 0.3692248294094647,
      "low": 0.3667188064630932,
      "high": 0.3717357051958547,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 305542,
      "trials": 611259,
      "rate": 0.4998568528234349,
      "low": 0.4972579675946001,
      "high": 0.5024557433641262,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 494922,
      "trials": 611259,
      "rate": 0.8096764219422536,
      "low": 0.8076300753639315,
      "high": 0.8117112757221725,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 601643,
      "trials": 611259,
      "rate": 0.9842685342874297,
      "low": 0.983612106134176,
      "high": 0.9849069678774464,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 611259,
      "trials": 611259,
      "rate": 1.0,
      "low": 0.9999826160413632,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 4823,
      "trials": 611259,
      "mass_over_s": 0.5049774318251347,
      "interval_over_s": [
        0.47608461374365685,
        0.5350413994425288
      ]
    },
    {
      "s": 0.00390625,
      "hits": 1221,
      "trials": 611259,
      "mass_over_s": 0.511364249851536,
      "interval_over_s": [
        0.4541135316583665,
        0.5733670991362243
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 264,
      "trials": 611259,
      "mass_over_s": 0.4422609728445716,
      "interval_over_s": [
        0.3402381572575644,
        0.5634523744515992
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 59,
      "trials": 611259,
      "mass_over_s": 0.3953545060277231,
      "interval_over_s": [
        0.21981421821301603,
        0.6483428138425185
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0000-born-d6-n0.json

{
  "wave": 0,
  "kind": "born",
  "d": 6,
  "seed": 8100297764790678902,
  "cell": "w0000-born-d6-n0",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.3191752010025084,
  "proposals": 4194304,
  "accepted": 348465,
  "envelope": 12.0,
  "predicted_acceptance": 0.08333333333333333,
  "mass_interval": [
    0.08253404094310018,
    0.08362927374796425
  ],
  "mass_ok": true,
  "mutant_false_accepts": 57694,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 348465,
      "rate": 0.0,
      "low": 0.0,
      "high": 3.049382726488776e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 391,
      "trials": 348465,
      "rate": 0.0011220639088574175,
      "low": 0.0009062980212475729,
      "high": 0.0013705652157643372,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 5398,
      "trials": 348465,
      "rate": 0.015490795345300103,
      "low": 0.014655201744289708,
      "high": 0.016357988467708712,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 43532,
      "trials": 348465,
      "rate": 0.12492502833857058,
      "low": 0.12266038290344498,
      "high": 0.12721409924866442,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 128301,
      "trials": 348465,
      "rate": 0.36818905772459215,
      "low": 0.3648726574965051,
      "high": 0.3715140392374671,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 173881,
      "trials": 348465,
      "rate": 0.4989912903734952,
      "low": 0.49554892006586815,
      "high": 0.5024337263496724,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 281985,
      "trials": 348465,
      "rate": 0.8092204382075675,
      "low": 0.8065049002708554,
      "high": 0.8119158421174721,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 342924,
      "trials": 348465,
      "rate": 0.9840988334552968,
      "low": 0.9832206511422171,
      "high": 0.9849454439704822,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 348465,
      "trials": 348465,
      "rate": 1.0,
      "low": 0.9999695061727352,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 3289,
      "trials": 348465,
      "mass_over_s": 0.6040664055213579,
      "interval_over_s": [
        0.5624048563107956,
        0.647776929315414
      ]
    },
    {
      "s": 0.00390625,
      "hits": 816,
      "trials": 348465,
      "mass_over_s": 0.5994748396539107,
      "interval_over_s": [
        0.5180691689117712,
        0.6892194580610077
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 232,
      "trials": 348465,
      "mass_over_s": 0.6817556999985651,
      "interval_over_s": [
        0.5149253326337042,
        0.8822155719412108
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 59,
      "trials": 348465,
      "mass_over_s": 0.69351010861923,
      "interval_over_s": [
        0.3855925498354194,
        1.1372624196311891
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0000-born-d7-n0.json

{
  "wave": 0,
  "kind": "born",
  "d": 7,
  "seed": 17792663738821517148,
  "cell": "w0000-born-d7-n0",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.38970436199451797,
  "proposals": 4194304,
  "accepted": 195857,
  "envelope": 21.333333333333332,
  "predicted_acceptance": 0.046875,
  "mass_interval": [
    0.04627852806580984,
    0.047115818562366255
  ],
  "mass_ok": true,
  "mutant_false_accepts": 28299,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 195857,
      "rate": 0.0,
      "low": 0.0,
      "high": 5.4253385272138185e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 218,
      "trials": 195857,
      "rate": 0.001113056975242141,
      "low": 0.000832903212886754,
      "high": 0.001451606699359947,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 3114,
      "trials": 195857,
      "rate": 0.015899355141761592,
      "low": 0.014776504928209713,
      "high": 0.01707842070229932,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 24688,
      "trials": 195857,
      "rate": 0.12605114956320174,
      "low": 0.12302349740728968,
      "high": 0.12912214101386588,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 72628,
      "trials": 195857,
      "rate": 0.37082156879764316,
      "low": 0.3663925868894419,
      "high": 0.37526551637686245,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 98007,
      "trials": 195857,
      "rate": 0.500400802626406,
      "low": 0.49580849599454857,
      "high": 0.5049930628255006,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 158769,
      "trials": 195857,
      "rate": 0.8106373527624746,
      "low": 0.8070202974787718,
      "high": 0.8142184129315233,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 192789,
      "trials": 195857,
      "rate": 0.9843355100915464,
      "low": 0.9831648050964173,
      "high": 0.9854499711873439,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 195857,
      "trials": 195857,
      "rate": 1.0,
      "low": 0.9999457466147279,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 2071,
      "trials": 195857,
      "mass_over_s": 0.6767386409472217,
      "interval_over_s": [
        0.6182897469047,
        0.7388273919100335
      ]
    },
    {
      "s": 0.00390625,
      "hits": 500,
      "trials": 195857,
      "mass_over_s": 0.653538040509147,
      "interval_over_s": [
        0.5416085445055508,
        0.7803209349575689
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 135,
      "trials": 195857,
      "mass_over_s": 0.7058210837498787,
      "interval_over_s": [
        0.4855754094075544,
        0.9860744456839765
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 37,
      "trials": 195857,
      "mass_over_s": 0.77378903996283,
      "interval_over_s": [
        0.36070339241947597,
        1.4294720769725398
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0000-born-d8-n0.json

{
  "wave": 0,
  "kind": "born",
  "d": 8,
  "seed": 3307918765493053334,
  "cell": "w0000-born-d8-n0",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.46534989200154087,
  "proposals": 4194304,
  "accepted": 108633,
  "envelope": 38.4,
  "predicted_acceptance": 0.026041666666666668,
  "mass_interval": [
    0.02558620842010949,
    0.026216606725415845
  ],
  "mass_ok": true,
  "mutant_false_accepts": 13627,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 108633,
      "rate": 0.0,
      "low": 0.0,
      "high": 9.781257849061142e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 94,
      "trials": 108633,
      "rate": 0.0008652987582042289,
      "low": 0.0005492449880164178,
      "high": 0.0012872145848863877,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 1662,
      "trials": 108633,
      "rate": 0.015299218469525835,
      "low": 0.013832152956989367,
      "high": 0.016867874439204244,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 13541,
      "trials": 108633,
      "rate": 0.12464904771110068,
      "low": 0.12061227040403795,
      "high": 0.12876428669080361,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 40050,
      "trials": 108633,
      "rate": 0.3686725028306316,
      "low": 0.36273532344578086,
      "high": 0.37463712034734953,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 54282,
      "trials": 108633,
      "rate": 0.49968241694512716,
      "low": 0.4935151891125335,
      "high": 0.5058497111274671,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 88170,
      "trials": 108633,
      "rate": 0.81163182458369,
      "low": 0.8067753287890452,
      "high": 0.8164231945621805,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 106884,
      "trials": 108633,
      "rate": 0.9838999199138383,
      "low": 0.9822929066058735,
      "high": 0.9854055210967066,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 108633,
      "trials": 108633,
      "rate": 1.0,
      "low": 0.9999021874215094,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 1208,
      "trials": 108633,
      "mass_over_s": 0.7116806127051633,
      "interval_over_s": [
        0.6319148018494061,
        0.7980089031898456
      ]
    },
    {
      "s": 0.00390625,
      "hits": 292,
      "trials": 108633,
      "mass_over_s": 0.6881150295030055,
      "interval_over_s": [
        0.536699430933589,
        0.8663603453757509
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 60,
      "trials": 108633,
      "mass_over_s": 0.5655739968517853,
      "interval_over_s": [
        0.31620310495015186,
        0.923774332704823
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 16,
      "trials": 108633,
      "mass_over_s": 0.6032789299752377,
      "interval_over_s": [
        0.17227950429313235,
        1.4748794956203752
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0000-packets-d0-n0.json

{
  "wave": 0,
  "kind": "packets",
  "d": 0,
  "seed": 16809845709135160389,
  "cell": "w0000-packets-d0-n0",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.7870287710029515,
  "cases": [
    {
      "population": 65,
      "unsafe": 16,
      "size": 2,
      "trials": 262144,
      "all_safe": 196456,
      "p_g": 0.75,
      "safe_interval": [
        0.7459690655439117,
        0.752849677791956
      ],
      "accepted": 196456,
      "target": 0.75,
      "interval": [
        0.7459690655439117,
        0.752849677791956
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 67,
      "unsafe": 2,
      "size": 8,
      "trials": 262144,
      "all_safe": 209356,
      "p_g": 0.7976689976689976,
      "safe_interval": [
        0.7954329910328594,
        0.8018006807298845
      ],
      "accepted": 196778,
      "target": 0.75,
      "interval": [
        0.747202972796017,
        0.7540723292315246
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 67,
      "unsafe": 2,
      "size": 3,
      "trials": 262144,
      "all_safe": 246327,
      "p_g": 0.9398601398601398,
      "safe_interval": [
        0.9377526503180871,
        0.9415351363005617
      ],
      "accepted": 196779,
      "target": 0.75,
      "interval": [
        0.7472068048635886,
        0.7540761262282121
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 65,
      "unsafe": 16,
      "size": 1,
      "trials": 262144,
      "all_safe": 262144,
      "p_g": 1.0,
      "safe_interval": [
        0.9999594651101376,
        1.0
      ],
      "accepted": 196537,
      "target": 0.75,
      "interval": [
        0.7462794548928642,
        0.7531572426481044
      ],
      "target_inside": true,
      "within_tolerance": true
    }
  ]
}







Critical_Alphabet/reference/cells/w0000-witness-d4-n128.json

{
  "wave": 0,
  "kind": "witness",
  "d": 4,
  "seed": 4561382334206995262,
  "cell": "w0000-witness-d4-n128",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.23266080300527392,
  "n": 128,
  "s": 0.0013020833333333333,
  "t": 0.006510416666666666,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79969,
  "rate": 0.6101150512695312,
  "interval": [
    0.6046290048453876,
    0.6155820319990641
  ],
  "ensemble_prediction": 0.6087075806041407,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.002437174890002158,
      "scaled_bound": 0.002437174890002158
    },
    {
      "p": 3,
      "lower_bound": 0.22634290611858005,
      "scaled_bound": 0.0002947173256752344
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 10419422697500527751,
  "centres": "w0000-witness-d4-n128.npy",
  "centres_sha256": "3aefe1b3f7e630865136d947617ec076e96f7e19e403120c4029a6f411e726ea"
}







Critical_Alphabet/reference/cells/w0000-witness-d4-n128.npy





Critical_Alphabet/reference/cells/w0000-witness-d4-n2.json

{
  "wave": 0,
  "kind": "witness",
  "d": 4,
  "seed": 11672628660012558612,
  "cell": "w0000-witness-d4-n2",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.07720642899948871,
  "n": 2,
  "s": 0.08333333333333333,
  "t": 0.41666666666666663,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 97818,
  "rate": 0.7462921142578125,
  "interval": [
    0.7413843801909981,
    0.7511571993153051
  ],
  "ensemble_prediction": 0.7696759259259259,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0036643386612746024,
      "scaled_bound": 0.0036643386612746024
    },
    {
      "p": 3,
      "lower_bound": 0.006520040273277559,
      "scaled_bound": 0.0005433366894397965
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 13275279452426683162,
  "centres": "w0000-witness-d4-n2.npy",
  "centres_sha256": "395262bae7927e73e51810dc80c0cfd97dd0d8f7134b6e0bd23c375c9f3ea446"
}







Critical_Alphabet/reference/cells/w0000-witness-d4-n2.npy





Critical_Alphabet/reference/cells/w0000-witness-d4-n32.json

{
  "wave": 0,
  "kind": "witness",
  "d": 4,
  "seed": 15516852741476207109,
  "cell": "w0000-witness-d4-n32",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.10831843999767443,
  "n": 32,
  "s": 0.005208333333333333,
  "t": 0.026041666666666664,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79863,
  "rate": 0.6093063354492188,
  "interval": [
    0.6038183182285959,
    0.614775427006101
  ],
  "ensemble_prediction": 0.6153000529137119,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0024306437428560654,
      "scaled_bound": 0.0024306437428560654
    },
    {
      "p": 3,
      "lower_bound": 0.05635842113372964,
      "scaled_bound": 0.0002935334434048418
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 18077431293624209779,
  "centres": "w0000-witness-d4-n32.npy",
  "centres_sha256": "baa700be6bab8fd80b3c3771bd405384a1895cd6c9352ba82dc7b0e874c41e50"
}







Critical_Alphabet/reference/cells/w0000-witness-d4-n32.npy





Critical_Alphabet/reference/cells/w0000-witness-d4-n512.json

{
  "wave": 0,
  "kind": "witness",
  "d": 4,
  "seed": 511360376572279552,
  "cell": "w0000-witness-d4-n512",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.6097382160005509,
  "n": 512,
  "s": 0.0003255208333333333,
  "t": 0.0016276041666666665,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79568,
  "rate": 0.6070556640625,
  "interval": [
    0.6015622451727815,
    0.6125305469961734
  ],
  "ensemble_prediction": 0.6070739333911568,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.002412514232115451,
      "scaled_bound": 0.002412514232115451
    },
    {
      "p": 3,
      "lower_bound": 0.8916648824725462,
      "scaled_bound": 0.0002902554955965319
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 18173915399216081400,
  "centres": "w0000-witness-d4-n512.npy",
  "centres_sha256": "3bd58695b72d403ef15507715e6fe4bab9a1424139d4c5747a33f9c186411df9"
}







Critical_Alphabet/reference/cells/w0000-witness-d4-n512.npy





Critical_Alphabet/reference/cells/w0000-witness-d4-n8.json

{
  "wave": 0,
  "kind": "witness",
  "d": 4,
  "seed": 3576723107614673775,
  "cell": "w0000-witness-d4-n8",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.07839937399694463,
  "n": 8,
  "s": 0.020833333333333332,
  "t": 0.10416666666666666,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84803,
  "rate": 0.6469955444335938,
  "interval": [
    0.6416164892687084,
    0.6523491477664343
  ],
  "ensemble_prediction": 0.6426281570233497,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0027444781286766837,
      "scaled_bound": 0.0027444781286766837
    },
    {
      "p": 3,
      "lower_bound": 0.016904663249244372,
      "scaled_bound": 0.00035218048435925773
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 15584615769706215858,
  "centres": "w0000-witness-d4-n8.npy",
  "centres_sha256": "7d7a4687b1c639e6bafa0d7992ec47271c7fc2915a157bf8d88277731267ea3e"
}







Critical_Alphabet/reference/cells/w0000-witness-d4-n8.npy





Critical_Alphabet/reference/cells/w0000-witness-d5-n128.json

{
  "wave": 0,
  "kind": "witness",
  "d": 5,
  "seed": 10785781409280355342,
  "cell": "w0000-witness-d5-n128",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.24110784599906765,
  "n": 128,
  "s": 0.0009765625,
  "t": 0.0048828125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80087,
  "rate": 0.6110153198242188,
  "interval": [
    0.6055314859061869,
    0.6164799321640237
  ],
  "ensemble_prediction": 0.6087569783685916,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00022202924923281112,
      "scaled_bound": 0.00022202924923281112
    },
    {
      "p": 4,
      "lower_bound": 0.027534479606288225,
      "scaled_bound": 2.6889140240515845e-05
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 1446015523698688548,
  "centres": "w0000-witness-d5-n128.npy",
  "centres_sha256": "b1e1d2746f1f5ff6d73726286e27d4931249bc3923d13877a92561996458ea63"
}







Critical_Alphabet/reference/cells/w0000-witness-d5-n128.npy





Critical_Alphabet/reference/cells/w0000-witness-d5-n2.json

{
  "wave": 0,
  "kind": "witness",
  "d": 5,
  "seed": 15326940912859643856,
  "cell": "w0000-witness-d5-n2",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.08069587100180797,
  "n": 2,
  "s": 0.0625,
  "t": 0.3125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 103690,
  "rate": 0.7910919189453125,
  "interval": [
    0.7865012518075375,
    0.7956321753753075
  ],
  "ensemble_prediction": 0.7724609375,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00048651726266646665,
      "scaled_bound": 0.00048651726266646665
    },
    {
      "p": 4,
      "lower_bound": 0.0012244685955620882,
      "scaled_bound": 7.652928722263051e-05
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 6360959775647174471,
  "centres": "w0000-witness-d5-n2.npy",
  "centres_sha256": "c5d9b4a6604391576d0cfb68c533d2f65fe81ea078cfe1d95bfadf5cd656cf70"
}







Critical_Alphabet/reference/cells/w0000-witness-d5-n2.npy





Critical_Alphabet/reference/cells/w0000-witness-d5-n32.json

{
  "wave": 0,
  "kind": "witness",
  "d": 5,
  "seed": 4118922158686725909,
  "cell": "w0000-witness-d5-n32",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.12057359299797099,
  "n": 32,
  "s": 0.00390625,
  "t": 0.01953125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79805,
  "rate": 0.6088638305664062,
  "interval": [
    0.6033747416725397,
    0.6143340704171274
  ],
  "ensemble_prediction": 0.6154980366843622,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00021966525942731686,
      "scaled_bound": 0.00021966525942731686
    },
    {
      "p": 4,
      "lower_bound": 0.006786072021063103,
      "scaled_bound": 2.6508093832277747e-05
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 13630311507638703190,
  "centres": "w0000-witness-d5-n32.npy",
  "centres_sha256": "59d2fd900757f470a394900e91d91219016117139322081dfb2327b184b8d4a7"
}







Critical_Alphabet/reference/cells/w0000-witness-d5-n32.npy





Critical_Alphabet/reference/cells/w0000-witness-d5-n512.json

{
  "wave": 0,
  "kind": "witness",
  "d": 5,
  "seed": 7497494212263824858,
  "cell": "w0000-witness-d5-n512",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.6615216360005434,
  "n": 512,
  "s": 0.000244140625,
  "t": 0.001220703125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79593,
  "rate": 0.6072463989257812,
  "interval": [
    0.6017534330693726,
    0.6127207958001173
  ],
  "ensemble_prediction": 0.6070862757371108,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00021789924725545244,
      "scaled_bound": 0.00021789924725545244
    },
    {
      "p": 4,
      "lower_bound": 0.1074148311852651,
      "scaled_bound": 2.622432401984011e-05
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 9738107752960301602,
  "centres": "w0000-witness-d5-n512.npy",
  "centres_sha256": "52448b6780a9eb0ea5623fde34363f671728e49ede5df25d2319b32e169ee082"
}







Critical_Alphabet/reference/cells/w0000-witness-d5-n512.npy





Critical_Alphabet/reference/cells/w0000-witness-d5-n8.json

{
  "wave": 0,
  "kind": "witness",
  "d": 5,
  "seed": 7227993613339313977,
  "cell": "w0000-witness-d5-n8",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.08724711399554508,
  "n": 8,
  "s": 0.015625,
  "t": 0.078125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 83841,
  "rate": 0.6396560668945312,
  "interval": [
    0.6342530058126048,
    0.6450349470656124
  ],
  "ensemble_prediction": 0.6434220205542032,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.0002551453173801416,
      "scaled_bound": 0.0002551453173801416
    },
    {
      "p": 4,
      "lower_bound": 0.002071381561182283,
      "scaled_bound": 3.2365336893473174e-05
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 8980474721722909465,
  "centres": "w0000-witness-d5-n8.npy",
  "centres_sha256": "1cc7cd71b3b925db54354421abe5b3cb118b8977527e292da760c0dc99e48347"
}







Critical_Alphabet/reference/cells/w0000-witness-d5-n8.npy





Critical_Alphabet/reference/cells/w0000-witness-d6-n128.json

{
  "wave": 0,
  "kind": "witness",
  "d": 6,
  "seed": 16984404285018213753,
  "cell": "w0000-witness-d6-n128",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.2621741630064207,
  "n": 128,
  "s": 0.00078125,
  "t": 0.00390625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79821,
  "rate": 0.6089859008789062,
  "interval": [
    0.6034971071468557,
    0.6144558244311003
  ],
  "ensemble_prediction": 0.6087865059902922,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.12236831436237e-05,
      "scaled_bound": 2.12236831436237e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0032789584333256672,
      "scaled_bound": 2.5616862760356776e-06
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 6230953007578407377,
  "centres": "w0000-witness-d6-n128.npy",
  "centres_sha256": "9e953024eef941b6adec7b7642df948fb64a42932627dfb3c250eb82e6e97f37"
}







Critical_Alphabet/reference/cells/w0000-witness-d6-n128.npy





Critical_Alphabet/reference/cells/w0000-witness-d6-n2.json

{
  "wave": 0,
  "kind": "witness",
  "d": 6,
  "seed": 16027567800296856302,
  "cell": "w0000-witness-d6-n2",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.09102438399713719,
  "n": 2,
  "s": 0.05,
  "t": 0.25,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 100925,
  "rate": 0.7699966430664062,
  "interval": [
    0.7652472829055703,
    0.7746992476604246
  ],
  "ensemble_prediction": 0.773780625,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 5.486901548316469e-05,
      "scaled_bound": 5.486901548316469e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0001679534600567818,
      "scaled_bound": 8.39767300283909e-06
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 16817912462212562333,
  "centres": "w0000-witness-d6-n2.npy",
  "centres_sha256": "daed2bafb0f1b3fdc3a49a3d106599f141e00a231ea985c4a0e15199f2a8ac26"
}







Critical_Alphabet/reference/cells/w0000-witness-d6-n2.npy





Critical_Alphabet/reference/cells/w0000-witness-d6-n32.json

{
  "wave": 0,
  "kind": "witness",
  "d": 6,
  "seed": 2830509909628194566,
  "cell": "w0000-witness-d6-n32",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.1312873210044927,
  "n": 32,
  "s": 0.003125,
  "t": 0.015625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80967,
  "rate": 0.6177291870117188,
  "interval": [
    0.6122624736328675,
    0.623175516283786
  ],
  "ensemble_prediction": 0.615615058144448,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.248384329576072e-05,
      "scaled_bound": 2.248384329576072e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0008810248648343181,
      "scaled_bound": 2.7532027026072443e-06
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 13472065230098674144,
  "centres": "w0000-witness-d6-n32.npy",
  "centres_sha256": "497ec450930c4f51703d69421b78441a5e1733713cb1333e882184494d5c3c64"
}







Critical_Alphabet/reference/cells/w0000-witness-d6-n32.npy





Critical_Alphabet/reference/cells/w0000-witness-d6-n512.json

{
  "wave": 0,
  "kind": "witness",
  "d": 6,
  "seed": 13930481353106735711,
  "cell": "w0000-witness-d6-n512",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.6460094129943172,
  "n": 512,
  "s": 0.0001953125,
  "t": 0.0009765625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79853,
  "rate": 0.6092300415039062,
  "interval": [
    0.6037418391747236,
    0.6146993313797992
  ],
  "ensemble_prediction": 0.6070936741977774,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.1258130867119535e-05,
      "scaled_bound": 2.1258130867119535e-05
    },
    {
      "p": 5,
      "lower_bound": 0.013142449179782871,
      "scaled_bound": 2.566884605426342e-06
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 14507688572789246259,
  "centres": "w0000-witness-d6-n512.npy",
  "centres_sha256": "f1e8321d6c463bb324b737144858fc1798d1363f3b71318d3f3ae98140ef73d9"
}







Critical_Alphabet/reference/cells/w0000-witness-d6-n512.npy





Critical_Alphabet/reference/cells/w0000-witness-d6-n8.json

{
  "wave": 0,
  "kind": "witness",
  "d": 6,
  "seed": 8259317348355683448,
  "cell": "w0000-witness-d6-n8",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.09481163399323123,
  "n": 8,
  "s": 0.0125,
  "t": 0.0625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84669,
  "rate": 0.6459732055664062,
  "interval": [
    0.6405907239930348,
    0.6513304123395096
  ],
  "ensemble_prediction": 0.6438706806314505,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.6942789939352846e-05,
      "scaled_bound": 2.6942789939352846e-05
    },
    {
      "p": 5,
      "lower_bound": 0.00027614882101827673,
      "scaled_bound": 3.4518602627284593e-06
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 10818910757056319686,
  "centres": "w0000-witness-d6-n8.npy",
  "centres_sha256": "2e5d7938233bdd88d26b17071dccbef22657c58df27007e3036f211b3b525ce5"
}







Critical_Alphabet/reference/cells/w0000-witness-d6-n8.npy





Critical_Alphabet/reference/cells/w0000-witness-d7-n128.json

{
  "wave": 0,
  "kind": "witness",
  "d": 7,
  "seed": 1664352837220721772,
  "cell": "w0000-witness-d7-n128",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.27538442199875135,
  "n": 128,
  "s": 0.0006510416666666666,
  "t": 0.003255208333333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79752,
  "rate": 0.60845947265625,
  "interval": [
    0.602969408607472,
    0.6139307576772115
  ],
  "ensemble_prediction": 0.6088061875451978,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.1254217819946396e-06,
      "scaled_bound": 2.1254217819946396e-06
    },
    {
      "p": 6,
      "lower_bound": 0.00039369655754672544,
      "scaled_bound": 2.563128629861494e-07
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 8161433806899918800,
  "centres": "w0000-witness-d7-n128.npy",
  "centres_sha256": "60e398984b36758074c29f9697e2101dc9ec0d4f118c6247744770cea58b147e"
}







Critical_Alphabet/reference/cells/w0000-witness-d7-n128.npy





Critical_Alphabet/reference/cells/w0000-witness-d7-n2.json

{
  "wave": 0,
  "kind": "witness",
  "d": 7,
  "seed": 224202063169598866,
  "cell": "w0000-witness-d7-n2",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.10339207600191003,
  "n": 2,
  "s": 0.041666666666666664,
  "t": 0.20833333333333331,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 100493,
  "rate": 0.7667007446289062,
  "interval": [
    0.7619281470076744,
    0.7714271577020676
  ],
  "ensemble_prediction": 0.7746393651138117,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 6.84760688219648e-06,
      "scaled_bound": 6.84760688219648e-06
    },
    {
      "p": 6,
      "lower_bound": 2.504344523130702e-05,
      "scaled_bound": 1.0434768846377924e-06
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 14831965426488176013,
  "centres": "w0000-witness-d7-n2.npy",
  "centres_sha256": "f45d14a541c3a0d90adcb62918cd98b551e44e8dd36679d80e82955ceb2c4f79"
}







Critical_Alphabet/reference/cells/w0000-witness-d7-n2.npy





Critical_Alphabet/reference/cells/w0000-witness-d7-n32.json

{
  "wave": 0,
  "kind": "witness",
  "d": 7,
  "seed": 1378976846961663947,
  "cell": "w0000-witness-d7-n32",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.1388978999966639,
  "n": 32,
  "s": 0.0026041666666666665,
  "t": 0.013020833333333332,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80756,
  "rate": 0.616119384765625,
  "interval": [
    0.610648466329188,
    0.6215701978390179
  ],
  "ensemble_prediction": 0.6156930139059497,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.264253697977933e-06,
      "scaled_bound": 2.264253697977933e-06
    },
    {
      "p": 6,
      "lower_bound": 0.00010618852209027205,
      "scaled_bound": 2.7653260961008346e-07
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 16436971992250875242,
  "centres": "w0000-witness-d7-n32.npy",
  "centres_sha256": "eba1beec185c83542ece9cd8524b904405a66bd195ebe67b037968665cd5fcf0"
}







Critical_Alphabet/reference/cells/w0000-witness-d7-n32.npy





Critical_Alphabet/reference/cells/w0000-witness-d7-n512.json

{
  "wave": 0,
  "kind": "witness",
  "d": 7,
  "seed": 16687207703411177616,
  "cell": "w0000-witness-d7-n512",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.6902410699985921,
  "n": 512,
  "s": 0.00016276041666666666,
  "t": 0.0008138020833333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79854,
  "rate": 0.6092376708984375,
  "interval": [
    0.6037494870737852,
    0.614706940948755
  ],
  "ensemble_prediction": 0.6070986062866031,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.1392059913203902e-06,
      "scaled_bound": 2.1392059913203902e-06
    },
    {
      "p": 6,
      "lower_bound": 0.0015870499061819642,
      "scaled_bound": 2.5830890400097074e-07
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 5799429520147717839,
  "centres": "w0000-witness-d7-n512.npy",
  "centres_sha256": "1efedcb30f6e9d86b6c074b9f8cd8ffa6e008e8cd35f379a71b8e807651d04ce"
}







Critical_Alphabet/reference/cells/w0000-witness-d7-n512.npy





Critical_Alphabet/reference/cells/w0000-witness-d7-n8.json

{
  "wave": 0,
  "kind": "witness",
  "d": 7,
  "seed": 10049168876521630668,
  "cell": "w0000-witness-d7-n8",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.10573459100123728,
  "n": 8,
  "s": 0.010416666666666666,
  "t": 0.05208333333333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 85030,
  "rate": 0.6487274169921875,
  "interval": [
    0.6433542275865656,
    0.654074854667757
  ],
  "ensemble_prediction": 0.64416872333484,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.9391349553496736e-06,
      "scaled_bound": 2.9391349553496736e-06
    },
    {
      "p": 6,
      "lower_bound": 3.6305374060255954e-05,
      "scaled_bound": 3.7818097979433285e-07
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 1372941069126354160,
  "centres": "w0000-witness-d7-n8.npy",
  "centres_sha256": "98c4238a98ed2903ee2201a4e92f0bbffae907de99b1ae5a187f0485c7ea83cc"
}







Critical_Alphabet/reference/cells/w0000-witness-d7-n8.npy





Critical_Alphabet/reference/cells/w0000-witness-d8-n128.json

{
  "wave": 0,
  "kind": "witness",
  "d": 8,
  "seed": 16573630666616235080,
  "cell": "w0000-witness-d8-n128",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.27970156900119036,
  "n": 128,
  "s": 0.0005580357142857143,
  "t": 0.002790178571428571,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79790,
  "rate": 0.6087493896484375,
  "interval": [
    0.6032600243670183,
    0.6142199257023744
  ],
  "ensemble_prediction": 0.6088202440950384,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.2033283482126427e-07,
      "scaled_bound": 2.2033283482126427e-07
    },
    {
      "p": 7,
      "lower_bound": 4.763780808304183e-05,
      "scaled_bound": 2.6583598260626022e-08
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 14032435675775158044,
  "centres": "w0000-witness-d8-n128.npy",
  "centres_sha256": "0b8634815207b688a9f4f05ccc799d2d5059b52d0b6d36734c58a924e22988d0"
}







Critical_Alphabet/reference/cells/w0000-witness-d8-n128.npy





Critical_Alphabet/reference/cells/w0000-witness-d8-n2.json

{
  "wave": 0,
  "kind": "witness",
  "d": 8,
  "seed": 2715454145271806615,
  "cell": "w0000-witness-d8-n2",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.11344928199832793,
  "n": 2,
  "s": 0.03571428571428571,
  "t": 0.17857142857142855,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 114790,
  "rate": 0.8757781982421875,
  "interval": [
    0.8720407269714718,
    0.8794505749197999
  ],
  "ensemble_prediction": 0.7752470631336285,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.010354044730071e-06,
      "scaled_bound": 2.010354044730071e-06
    },
    {
      "p": 7,
      "lower_bound": 9.81741937476412e-06,
      "scaled_bound": 3.5062212052729e-07
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 17310024389767328293,
  "centres": "w0000-witness-d8-n2.npy",
  "centres_sha256": "9243fd72cf998f7272f35982d26db40ab65d2ea997347e7a33e2138810b1a2af"
}







Critical_Alphabet/reference/cells/w0000-witness-d8-n2.npy





Critical_Alphabet/reference/cells/w0000-witness-d8-n32.json

{
  "wave": 0,
  "kind": "witness",
  "d": 8,
  "seed": 12377751236281997151,
  "cell": "w0000-witness-d8-n32",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.15207522000127938,
  "n": 32,
  "s": 0.002232142857142857,
  "t": 0.011160714285714284,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 81040,
  "rate": 0.6182861328125,
  "interval": [
    0.6128208890061375,
    0.6237308960745054
  ],
  "ensemble_prediction": 0.6157486694113433,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.42132620036142e-07,
      "scaled_bound": 2.42132620036142e-07
    },
    {
      "p": 7,
      "lower_bound": 1.3295199901126875e-05,
      "scaled_bound": 2.9676785493586774e-08
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 14260922568110302120,
  "centres": "w0000-witness-d8-n32.npy",
  "centres_sha256": "2cac38dbcd560b542ee12445d80088196fa4a9b372d907a96bf205575bacb996"
}







Critical_Alphabet/reference/cells/w0000-witness-d8-n32.npy





Critical_Alphabet/reference/cells/w0000-witness-d8-n512.json

{
  "wave": 0,
  "kind": "witness",
  "d": 8,
  "seed": 6893593570587121900,
  "cell": "w0000-witness-d8-n512",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.7341075579970493,
  "n": 512,
  "s": 0.00013950892857142856,
  "t": 0.0006975446428571428,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79595,
  "rate": 0.6072616577148438,
  "interval": [
    0.6017687281389469,
    0.6127360156665854
  ],
  "ensemble_prediction": 0.6071021291006446,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.1708490681290884e-07,
      "scaled_bound": 2.1708490681290884e-07
    },
    {
      "p": 7,
      "lower_bound": 0.00018727820449725686,
      "scaled_bound": 2.6126981654193198e-08
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 16331825554859124219,
  "centres": "w0000-witness-d8-n512.npy",
  "centres_sha256": "eec89787f1f87df9ca4a6bf81470413970353736a112442d34b53ab134421621"
}







Critical_Alphabet/reference/cells/w0000-witness-d8-n512.npy





Critical_Alphabet/reference/cells/w0000-witness-d8-n8.json

{
  "wave": 0,
  "kind": "witness",
  "d": 8,
  "seed": 11886255671674324351,
  "cell": "w0000-witness-d8-n8",
  "alpha": 4.854368932038835e-05,
  "tolerance": 0.012,
  "seconds": 0.11833910000132164,
  "n": 8,
  "s": 0.008928571428571428,
  "t": 0.04464285714285714,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84582,
  "rate": 0.6453094482421875,
  "interval": [
    0.6399247564163444,
    0.650668980206097
  ],
  "ensemble_prediction": 0.6443811828436269,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 3.1392464307193883e-07,
      "scaled_bound": 3.1392464307193883e-07
    },
    {
      "p": 7,
      "lower_bound": 4.499894576820122e-06,
      "scaled_bound": 4.017763015017966e-08
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 5163394335927951860,
  "centres": "w0000-witness-d8-n8.npy",
  "centres_sha256": "542bac3c9b2c5dc1b164ee074afe2e1152139fe9bb2db1b215665c647cbe1fdb"
}







Critical_Alphabet/reference/cells/w0000-witness-d8-n8.npy





Critical_Alphabet/reference/cells/w0001-born-d4-n0.json

{
  "wave": 1,
  "kind": "born",
  "d": 4,
  "seed": 17850389200353215346,
  "cell": "w0001-born-d4-n0",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.21903368800121825,
  "proposals": 4194304,
  "accepted": 1048122,
  "envelope": 4.0,
  "predicted_acceptance": 0.25,
  "mass_interval": [
    0.2489808437669811,
    0.2508041904843942
  ],
  "mass_ok": true,
  "mutant_false_accepts": 261506,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 1048122,
      "rate": 0.0,
      "low": 0.0,
      "high": 1.1186427004243033e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 1047,
      "trials": 1048122,
      "rate": 0.0009989295139306302,
      "low": 0.0008714196329266656,
      "high": 0.0011386201965901963,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 16423,
      "trials": 1048122,
      "rate": 0.01566897746636365,
      "low": 0.015151304955210276,
      "high": 0.016198429121191498,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 130853,
      "trials": 1048122,
      "rate": 0.12484519931839996,
      "low": 0.12345709677893003,
      "high": 0.12624241831828636,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 387699,
      "trials": 1048122,
      "rate": 0.3698987331627425,
      "low": 0.36786647963232316,
      "high": 0.37193414772741656,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 524296,
      "trials": 1048122,
      "rate": 0.500224210540376,
      "low": 0.4981178347253387,
      "high": 0.5023305809078962,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 849888,
      "trials": 1048122,
      "rate": 0.8108674371876556,
      "low": 0.8092137846076222,
      "high": 0.8125135361093503,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 1032033,
      "trials": 1048122,
      "rate": 0.9846496877271921,
      "low": 0.9841254943455383,
      "high": 0.9851620940590611,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 1048122,
      "trials": 1048122,
      "rate": 1.0,
      "low": 0.9999888135729957,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 5501,
      "trials": 1048122,
      "mass_over_s": 0.3358998284550844,
      "interval_over_s": [
        0.31677583476977117,
        0.3557946225025236
      ]
    },
    {
      "s": 0.00390625,
      "hits": 1374,
      "trials": 1048122,
      "mass_over_s": 0.3355945204852107,
      "interval_over_s": [
        0.2980004199795405,
        0.37630305553203797
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 371,
      "trials": 1048122,
      "mass_over_s": 0.36246162183409947,
      "interval_over_s": [
        0.2869843488556821,
        0.4504674172287139
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 90,
      "trials": 1048122,
      "mass_over_s": 0.351714781294544,
      "interval_over_s": [
        0.21413661559241112,
        0.5397865874786354
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0001-born-d5-n0.json

{
  "wave": 1,
  "kind": "born",
  "d": 5,
  "seed": 1760848448942403220,
  "cell": "w0001-born-d5-n0",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.26376597900525667,
  "proposals": 4194304,
  "accepted": 611773,
  "envelope": 6.857142857142857,
  "predicted_acceptance": 0.14583333333333334,
  "mass_interval": [
    0.1451158578334493,
    0.14660239091878924
  ],
  "mass_ok": true,
  "mutant_false_accepts": 122226,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 611773,
      "rate": 0.0,
      "low": 0.0,
      "high": 1.9165104491506597e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 591,
      "trials": 611773,
      "rate": 0.0009660445949723182,
      "low": 0.0008042497279567881,
      "high": 0.0011487420581582427,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 9580,
      "trials": 611773,
      "rate": 0.015659403079246716,
      "low": 0.014984199484185815,
      "high": 0.016354795760856543,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 76733,
      "trials": 611773,
      "rate": 0.12542724180374093,
      "low": 0.12360834278712093,
      "high": 0.12726173770525762,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 226627,
      "trials": 611773,
      "rate": 0.370442958417583,
      "low": 0.36778255245424296,
      "high": 0.3731087579258925,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 306219,
      "trials": 611773,
      "rate": 0.5005435022467484,
      "low": 0.497786249571581,
      "high": 0.5033007322959032,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 495402,
      "trials": 611773,
      "rate": 0.8097807520109583,
      "low": 0.8076098296754709,
      "high": 0.8119387766479464,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 602042,
      "trials": 611773,
      "rate": 0.9840937733440345,
      "low": 0.983393099768185,
      "high": 0.984774268383816,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 611773,
      "trials": 611773,
      "rate": 1.0,
      "low": 0.9999808348955085,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 4847,
      "trials": 611773,
      "mass_over_s": 0.5070638946145057,
      "interval_over_s": [
        0.4763845387032892,
        0.5390568763462845
      ]
    },
    {
      "s": 0.00390625,
      "hits": 1185,
      "trials": 611773,
      "mass_over_s": 0.49587020022132394,
      "interval_over_s": [
        0.43624411176871747,
        0.5608271161374485
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 286,
      "trials": 611773,
      "mass_over_s": 0.4787135097495313,
      "interval_over_s": [
        0.3663447687689092,
        0.6125639127500644
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 67,
      "trials": 611773,
      "mass_over_s": 0.4485846874576027,
      "interval_over_s": [
        0.25025615597952666,
        0.7335819070956276
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0001-born-d6-n0.json

{
  "wave": 1,
  "kind": "born",
  "d": 6,
  "seed": 15963746676005746773,
  "cell": "w0001-born-d6-n0",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.30534209899633424,
  "proposals": 4194304,
  "accepted": 349160,
  "envelope": 12.0,
  "predicted_acceptance": 0.08333333333333333,
  "mass_interval": [
    0.08266573782935764,
    0.08382925457083283
  ],
  "mass_ok": true,
  "mutant_false_accepts": 58556,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 349160,
      "rate": 0.0,
      "low": 0.0,
      "high": 3.3579473497825555e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 341,
      "trials": 349160,
      "rate": 0.0009766296253866421,
      "low": 0.0007652286375043685,
      "high": 0.0012247235074951787,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 5439,
      "trials": 349160,
      "rate": 0.01557738572574178,
      "low": 0.014689924351811087,
      "high": 0.016500246235351533,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 43820,
      "trials": 349160,
      "rate": 0.12550120288692862,
      "low": 0.12309594995339977,
      "high": 0.1279337836915346,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 129610,
      "trials": 349160,
      "rate": 0.3712051781418261,
      "low": 0.36768296394894373,
      "high": 0.3747367882069682,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 174845,
      "trials": 349160,
      "rate": 0.5007589643716348,
      "low": 0.4971089061323224,
      "high": 0.5044089672438851,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 282784,
      "trials": 349160,
      "rate": 0.8098980410127162,
      "low": 0.8070220038043299,
      "high": 0.8127514673929435,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 343574,
      "trials": 349160,
      "rate": 0.9840016038492382,
      "low": 0.9830668265006441,
      "high": 0.9849010138537149,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 349160,
      "trials": 349160,
      "rate": 1.0,
      "low": 0.9999664205265022,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 3334,
      "trials": 349160,
      "mass_over_s": 0.6111123840073319,
      "interval_over_s": [
        0.5667431839676565,
        0.6577767121716283
      ]
    },
    {
      "s": 0.00390625,
      "hits": 786,
      "trials": 349160,
      "mass_over_s": 0.576285943407034,
      "interval_over_s": [
        0.49199408230914227,
        0.669921670973494
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 231,
      "trials": 349160,
      "mass_over_s": 0.6774659182036888,
      "interval_over_s": [
        0.5022188418984194,
        0.890371676470592
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 60,
      "trials": 349160,
      "mass_over_s": 0.7038606942375988,
      "interval_over_s": [
        0.37844863685907815,
        1.1812206995464436
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0001-born-d7-n0.json

{
  "wave": 1,
  "kind": "born",
  "d": 7,
  "seed": 12763885560140730392,
  "cell": "w0001-born-d7-n0",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.37768565300211776,
  "proposals": 4194304,
  "accepted": 196907,
  "envelope": 21.333333333333332,
  "predicted_acceptance": 0.046875,
  "mass_interval": [
    0.0465021898969486,
    0.047393135294168144
  ],
  "mass_ok": true,
  "mutant_false_accepts": 28499,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 196907,
      "rate": 0.0,
      "low": 0.0,
      "high": 5.95431180953071e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 210,
      "trials": 196907,
      "rate": 0.0010664933191811363,
      "low": 0.0007785244239796095,
      "high": 0.0014196494552090723,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 3188,
      "trials": 196907,
      "rate": 0.016190384293092677,
      "low": 0.014992643156401626,
      "high": 0.017450858356085407,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 24899,
      "trials": 196907,
      "rate": 0.12645055787757672,
      "low": 0.12324262798825437,
      "high": 0.12970683623584647,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 73125,
      "trials": 196907,
      "rate": 0.3713682093577171,
      "low": 0.36667900436712564,
      "high": 0.3760740572776086,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 98701,
      "trials": 196907,
      "rate": 0.5012569385547492,
      "low": 0.4963958185629351,
      "high": 0.5061178959227641,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 159788,
      "trials": 196907,
      "rate": 0.8114896880253114,
      "low": 0.8076664500179717,
      "high": 0.8152726167851025,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 193923,
      "trials": 196907,
      "rate": 0.9848456377883976,
      "low": 0.9836243471223409,
      "high": 0.9860040552264753,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 196907,
      "trials": 196907,
      "rate": 1.0,
      "low": 0.9999404568819047,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 2136,
      "trials": 196907,
      "mass_over_s": 0.6942566795492289,
      "interval_over_s": [
        0.6316892009146501,
        0.7608859331265536
      ]
    },
    {
      "s": 0.00390625,
      "hits": 563,
      "trials": 196907,
      "mass_over_s": 0.7319597576520895,
      "interval_over_s": [
        0.6066345530321403,
        0.8738494862022685
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 131,
      "trials": 196907,
      "mass_over_s": 0.6812556181344492,
      "interval_over_s": [
        0.4544568574676808,
        0.9750209713710268
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 33,
      "trials": 196907,
      "mass_over_s": 0.6864560427003611,
      "interval_over_s": [
        0.28717838632965736,
        1.3563161673557307
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0001-born-d8-n0.json

{
  "wave": 1,
  "kind": "born",
  "d": 8,
  "seed": 7952712126794607517,
  "cell": "w0001-born-d8-n0",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.44059782000113046,
  "proposals": 4194304,
  "accepted": 109004,
  "envelope": 38.4,
  "predicted_acceptance": 0.026041666666666668,
  "mass_interval": [
    0.02565491808736694,
    0.02632511800659521
  ],
  "mass_ok": true,
  "mutant_false_accepts": 13474,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 109004,
      "rate": 0.0,
      "low": 0.0,
      "high": 0.00010755729393883394,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 100,
      "trials": 109004,
      "rate": 0.000917397526696268,
      "low": 0.0005743025642513134,
      "high": 0.0013787494965646376,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 1742,
      "trials": 109004,
      "rate": 0.015981064915048988,
      "low": 0.014394990821024571,
      "high": 0.01768062141715733,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 13560,
      "trials": 109004,
      "rate": 0.12439910462001394,
      "low": 0.12012814111554496,
      "high": 0.12875791838227757,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 40302,
      "trials": 109004,
      "rate": 0.3697295512091299,
      "low": 0.3634358408064003,
      "high": 0.3760537162494483,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 54556,
      "trials": 109004,
      "rate": 0.500495394664416,
      "low": 0.49396088871005284,
      "high": 0.5070297848095455,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 88330,
      "trials": 109004,
      "rate": 0.8103372353308136,
      "low": 0.8051764370322142,
      "high": 0.8154254654733013,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 107303,
      "trials": 109004,
      "rate": 0.9843950680708965,
      "low": 0.9827145363566215,
      "high": 0.9859620240896404,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 109004,
      "trials": 109004,
      "rate": 1.0,
      "low": 0.9998924427060611,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 1279,
      "trials": 109004,
      "mass_over_s": 0.7509449194524972,
      "interval_over_s": [
        0.6642734172996049,
        0.844947599763356
      ]
    },
    {
      "s": 0.00390625,
      "hits": 299,
      "trials": 109004,
      "mass_over_s": 0.7022127628343914,
      "interval_over_s": [
        0.5408446734815154,
        0.893578013946982
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 74,
      "trials": 109004,
      "mass_over_s": 0.695167149829364,
      "interval_over_s": [
        0.4001481322643446,
        1.1115682901460087
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 17,
      "trials": 109004,
      "mass_over_s": 0.6388022457891454,
      "interval_over_s": [
        0.17488611705359994,
        1.5936989878781003
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0001-packets-d0-n0.json

{
  "wave": 1,
  "kind": "packets",
  "d": 0,
  "seed": 17658883025015997921,
  "cell": "w0001-packets-d0-n0",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.7299003410007572,
  "cases": [
    {
      "population": 65,
      "unsafe": 16,
      "size": 2,
      "trials": 262144,
      "all_safe": 196774,
      "p_g": 0.75,
      "safe_interval": [
        0.7469755487013443,
        0.7542665732553242
      ],
      "accepted": 196774,
      "target": 0.75,
      "interval": [
        0.7469755487013443,
        0.7542665732553242
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 67,
      "unsafe": 2,
      "size": 8,
      "trials": 262144,
      "all_safe": 209193,
      "p_g": 0.7976689976689976,
      "safe_interval": [
        0.7946103854822304,
        0.8013765813975976
      ],
      "accepted": 196756,
      "target": 0.75,
      "interval": [
        0.7469065525636943,
        0.7541982469661956
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 67,
      "unsafe": 2,
      "size": 3,
      "trials": 262144,
      "all_safe": 246634,
      "p_g": 0.9398601398601398,
      "safe_interval": [
        0.9388236824194189,
        0.9428015395647416
      ],
      "accepted": 196615,
      "target": 0.75,
      "interval": [
        0.7463660870555587,
        0.7536630201311686
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 65,
      "unsafe": 16,
      "size": 1,
      "trials": 262144,
      "all_safe": 262144,
      "p_g": 1.0,
      "safe_interval": [
        0.9999552744155019,
        1.0
      ],
      "accepted": 196659,
      "target": 0.75,
      "interval": [
        0.746534742152704,
        0.753830042077292
      ],
      "target_inside": true,
      "within_tolerance": true
    }
  ]
}







Critical_Alphabet/reference/cells/w0001-witness-d4-n128.json

{
  "wave": 1,
  "kind": "witness",
  "d": 4,
  "seed": 14054206401999376270,
  "cell": "w0001-witness-d4-n128",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.20011797599727288,
  "n": 128,
  "s": 0.0013020833333333333,
  "t": 0.006510416666666666,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80115,
  "rate": 0.6112289428710938,
  "interval": [
    0.6054086377635006,
    0.6170276249084198
  ],
  "ensemble_prediction": 0.6087075806041407,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0024434641245243832,
      "scaled_bound": 0.0024434641245243832
    },
    {
      "p": 3,
      "lower_bound": 0.227219602491232,
      "scaled_bound": 0.0002958588574104583
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 5982243875436901798,
  "centres": "w0001-witness-d4-n128.npy",
  "centres_sha256": "0a65f9597c03e18e63f3d8cc36351dac34bcc15487eb691aefa1850fcae0f852"
}







Critical_Alphabet/reference/cells/w0001-witness-d4-n128.npy





Critical_Alphabet/reference/cells/w0001-witness-d4-n2.json

{
  "wave": 1,
  "kind": "witness",
  "d": 4,
  "seed": 8452167017786584977,
  "cell": "w0001-witness-d4-n2",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.06930854299571365,
  "n": 2,
  "s": 0.08333333333333333,
  "t": 0.41666666666666663,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 129370,
  "hits": 125206,
  "rate": 0.9552459716796875,
  "interval": [
    0.9527351359853863,
    0.9576681945921666
  ],
  "ensemble_prediction": 0.7696759259259259,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.006051361595607283,
      "scaled_bound": 0.006051361595607283
    },
    {
      "p": 3,
      "lower_bound": 0.013836827550450358,
      "scaled_bound": 0.0011530689625375299
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 8963354172647814334,
  "centres": "w0001-witness-d4-n2.npy",
  "centres_sha256": "92fbf84890ce560fa4439d067cd781abb228ea7b35f185db58fa344d301f1151"
}







Critical_Alphabet/reference/cells/w0001-witness-d4-n2.npy





Critical_Alphabet/reference/cells/w0001-witness-d4-n32.json

{
  "wave": 1,
  "kind": "witness",
  "d": 4,
  "seed": 14226585740822780131,
  "cell": "w0001-witness-d4-n32",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.0966057740006363,
  "n": 32,
  "s": 0.005208333333333333,
  "t": 0.026041666666666664,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79924,
  "rate": 0.609771728515625,
  "interval": [
    0.6039476324621568,
    0.6155744847970857
  ],
  "ensemble_prediction": 0.6153000529137119,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.002431684951710963,
      "scaled_bound": 0.002431684951710963
    },
    {
      "p": 3,
      "lower_bound": 0.0563946381880201,
      "scaled_bound": 0.00029372207389593804
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 10496791751382689302,
  "centres": "w0001-witness-d4-n32.npy",
  "centres_sha256": "823ba2cf35ec6b1710be82c97c2f4c9c2b776e5744457de032b8bb03cbb82e8a"
}







Critical_Alphabet/reference/cells/w0001-witness-d4-n32.npy





Critical_Alphabet/reference/cells/w0001-witness-d4-n512.json

{
  "wave": 1,
  "kind": "witness",
  "d": 4,
  "seed": 9968321014740304485,
  "cell": "w0001-witness-d4-n512",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.6376430349992006,
  "n": 512,
  "s": 0.0003255208333333333,
  "t": 0.0016276041666666665,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79052,
  "rate": 0.603118896484375,
  "interval": [
    0.5972781834345925,
    0.6089395631377248
  ],
  "ensemble_prediction": 0.6070739333911568,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0023782748560461785,
      "scaled_bound": 0.0023782748560461785
    },
    {
      "p": 3,
      "lower_bound": 0.8727500917109321,
      "scaled_bound": 0.00028409833714548567
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 15731310115006405652,
  "centres": "w0001-witness-d4-n512.npy",
  "centres_sha256": "3c90cba0241cf8bb7f2b912ec62e7d02eb18e54e7d799bf746f0e63f15019c85"
}







Critical_Alphabet/reference/cells/w0001-witness-d4-n512.npy





Critical_Alphabet/reference/cells/w0001-witness-d4-n8.json

{
  "wave": 1,
  "kind": "witness",
  "d": 4,
  "seed": 17367951987469681456,
  "cell": "w0001-witness-d4-n8",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.07448766699963016,
  "n": 8,
  "s": 0.020833333333333332,
  "t": 0.10416666666666666,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84792,
  "rate": 0.64691162109375,
  "interval": [
    0.6412014775800443,
    0.6525932042336011
  ],
  "ensemble_prediction": 0.6426281570233497,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0027409288990055468,
      "scaled_bound": 0.0027409288990055468
    },
    {
      "p": 3,
      "lower_bound": 0.016871881535848326,
      "scaled_bound": 0.0003514975319968401
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 8289768776567484555,
  "centres": "w0001-witness-d4-n8.npy",
  "centres_sha256": "8af3bcd47f0e778162a24cd17f9e1721328ed306d6a3082eaef71303c2bad800"
}







Critical_Alphabet/reference/cells/w0001-witness-d4-n8.npy





Critical_Alphabet/reference/cells/w0001-witness-d5-n128.json

{
  "wave": 1,
  "kind": "witness",
  "d": 5,
  "seed": 16555799663848582497,
  "cell": "w0001-witness-d5-n128",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.22147766599664465,
  "n": 128,
  "s": 0.0009765625,
  "t": 0.0048828125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79619,
  "rate": 0.6074447631835938,
  "interval": [
    0.601614726415566,
    0.6132539125657164
  ],
  "ensemble_prediction": 0.6087569783685916,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00021774860195346914,
      "scaled_bound": 0.00021774860195346914
    },
    {
      "p": 4,
      "lower_bound": 0.02682895679316138,
      "scaled_bound": 2.620015311832166e-05
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 7924851046473548102,
  "centres": "w0001-witness-d5-n128.npy",
  "centres_sha256": "5c4973d32829769709906ecfce8c503e518661acfae01d0f9fdf98c63273814f"
}







Critical_Alphabet/reference/cells/w0001-witness-d5-n128.npy





Critical_Alphabet/reference/cells/w0001-witness-d5-n2.json

{
  "wave": 1,
  "kind": "witness",
  "d": 5,
  "seed": 1448495825946788580,
  "cell": "w0001-witness-d5-n2",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.07863974599604262,
  "n": 2,
  "s": 0.0625,
  "t": 0.3125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 98370,
  "rate": 0.7505035400390625,
  "interval": [
    0.745321724726365,
    0.7556366512811951
  ],
  "ensemble_prediction": 0.7724609375,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00041402955216975003,
      "scaled_bound": 0.00041402955216975003
    },
    {
      "p": 4,
      "lower_bound": 0.0009874727037146964,
      "scaled_bound": 6.171704398216853e-05
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 686075025954365761,
  "centres": "w0001-witness-d5-n2.npy",
  "centres_sha256": "adde9ed0bad34eeb8d60c98a639bc9cc9d777dfd2b53267b8b95b5a6991111a9"
}







Critical_Alphabet/reference/cells/w0001-witness-d5-n2.npy





Critical_Alphabet/reference/cells/w0001-witness-d5-n32.json

{
  "wave": 1,
  "kind": "witness",
  "d": 5,
  "seed": 6739520817565014972,
  "cell": "w0001-witness-d5-n32",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.10581543999433052,
  "n": 32,
  "s": 0.00390625,
  "t": 0.01953125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 81080,
  "rate": 0.61859130859375,
  "interval": [
    0.6127909935272777,
    0.6243685692572856
  ],
  "ensemble_prediction": 0.6154980366843622,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00023011086286545937,
      "scaled_bound": 0.00023011086286545937
    },
    {
      "p": 4,
      "lower_bound": 0.007219705050969294,
      "scaled_bound": 2.8201972855348804e-05
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 7161245615586398567,
  "centres": "w0001-witness-d5-n32.npy",
  "centres_sha256": "79d32350800f9c5634d3574694de8158186cc225a3b6cdd60949e4e174930964"
}







Critical_Alphabet/reference/cells/w0001-witness-d5-n32.npy





Critical_Alphabet/reference/cells/w0001-witness-d5-n512.json

{
  "wave": 1,
  "kind": "witness",
  "d": 5,
  "seed": 3119330387365463896,
  "cell": "w0001-witness-d5-n512",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.6010795190013596,
  "n": 512,
  "s": 0.000244140625,
  "t": 0.001220703125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79533,
  "rate": 0.6067886352539062,
  "interval": [
    0.6009569484411228,
    0.6125995622385774
  ],
  "ensemble_prediction": 0.6070862757371108,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00021703515354331258,
      "scaled_bound": 0.00021703515354331258
    },
    {
      "p": 4,
      "lower_bound": 0.10684725950696626,
      "scaled_bound": 2.6085756715567935e-05
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 8597274620674599944,
  "centres": "w0001-witness-d5-n512.npy",
  "centres_sha256": "783f06c07079d73d4a56f26edfb13adb616154110e8cf28a3d88516e722ac560"
}







Critical_Alphabet/reference/cells/w0001-witness-d5-n512.npy





Critical_Alphabet/reference/cells/w0001-witness-d5-n8.json

{
  "wave": 1,
  "kind": "witness",
  "d": 5,
  "seed": 1257331384731782039,
  "cell": "w0001-witness-d5-n8",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.08708860100159654,
  "n": 8,
  "s": 0.015625,
  "t": 0.078125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84128,
  "rate": 0.641845703125,
  "interval": [
    0.6361178554344022,
    0.6475459753668477
  ],
  "ensemble_prediction": 0.6434220205542032,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.0002574024986589547,
      "scaled_bound": 0.0002574024986589547
    },
    {
      "p": 4,
      "lower_bound": 0.0020958505655090027,
      "scaled_bound": 3.274766508607817e-05
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 18115341340954492725,
  "centres": "w0001-witness-d5-n8.npy",
  "centres_sha256": "bc6d65f88cbf38b2645478f6c28b9269958bcd5e2575797eeb715d7fc58f84af"
}







Critical_Alphabet/reference/cells/w0001-witness-d5-n8.npy





Critical_Alphabet/reference/cells/w0001-witness-d6-n128.json

{
  "wave": 1,
  "kind": "witness",
  "d": 6,
  "seed": 4097761052089884417,
  "cell": "w0001-witness-d6-n128",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.23787626999546774,
  "n": 128,
  "s": 0.00078125,
  "t": 0.00390625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79828,
  "rate": 0.609039306640625,
  "interval": [
    0.6032133257655454,
    0.6148440901342307
  ],
  "ensemble_prediction": 0.6087865059902922,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.1183791391483623e-05,
      "scaled_bound": 2.1183791391483623e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0032712563859405744,
      "scaled_bound": 2.555669051516074e-06
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 4202220669572406937,
  "centres": "w0001-witness-d6-n128.npy",
  "centres_sha256": "6bbe0b68887f22784f1ea4440d907abd90e6bf09f7fa31cbed475a3eade8fd06"
}







Critical_Alphabet/reference/cells/w0001-witness-d6-n128.npy





Critical_Alphabet/reference/cells/w0001-witness-d6-n2.json

{
  "wave": 1,
  "kind": "witness",
  "d": 6,
  "seed": 3900166013376110165,
  "cell": "w0001-witness-d6-n2",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.10062619299424114,
  "n": 2,
  "s": 0.05,
  "t": 0.25,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 99560,
  "rate": 0.75958251953125,
  "interval": [
    0.7544639479110091,
    0.7646506212281194
  ],
  "ensemble_prediction": 0.773780625,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 5.184106918534023e-05,
      "scaled_bound": 5.184106918534023e-05
    },
    {
      "p": 5,
      "lower_bound": 0.00015644887088599822,
      "scaled_bound": 7.822443544299912e-06
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 7551048333301927502,
  "centres": "w0001-witness-d6-n2.npy",
  "centres_sha256": "1b643c74a39610f3bae31b00bdefc172fa3a1fb1df8e4b65a9a10aff241516cf"
}







Critical_Alphabet/reference/cells/w0001-witness-d6-n2.npy





Critical_Alphabet/reference/cells/w0001-witness-d6-n32.json

{
  "wave": 1,
  "kind": "witness",
  "d": 6,
  "seed": 16251267452882007231,
  "cell": "w0001-witness-d6-n32",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.12293275600677589,
  "n": 32,
  "s": 0.003125,
  "t": 0.015625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79883,
  "rate": 0.6094589233398438,
  "interval": [
    0.6036340206278674,
    0.6152625470924536
  ],
  "ensemble_prediction": 0.615615058144448,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.1242949498352204e-05,
      "scaled_bound": 2.1242949498352204e-05
    },
    {
      "p": 5,
      "lower_bound": 0.000820669889003845,
      "scaled_bound": 2.564593403137016e-06
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 4330183200813930467,
  "centres": "w0001-witness-d6-n32.npy",
  "centres_sha256": "debf5ed896f3f7218e569bd34236eaeb87fb4b7931ca5b0844b790653c2b886a"
}







Critical_Alphabet/reference/cells/w0001-witness-d6-n32.npy





Critical_Alphabet/reference/cells/w0001-witness-d6-n512.json

{
  "wave": 1,
  "kind": "witness",
  "d": 6,
  "seed": 2947854310727628026,
  "cell": "w0001-witness-d6-n512",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.6219716150008026,
  "n": 512,
  "s": 0.0001953125,
  "t": 0.0009765625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79684,
  "rate": 0.607940673828125,
  "interval": [
    0.6021118914903162,
    0.613748472369995
  ],
  "ensemble_prediction": 0.6070936741977774,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.102949290538988e-05,
      "scaled_bound": 2.102949290538988e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0129659983363548,
      "scaled_bound": 2.5324215500692967e-06
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 13034458247035793812,
  "centres": "w0001-witness-d6-n512.npy",
  "centres_sha256": "72ce70bcef5d2fb1361f0883e9c48cd735ce148b5ff379c29309164b6e9de52e"
}







Critical_Alphabet/reference/cells/w0001-witness-d6-n512.npy





Critical_Alphabet/reference/cells/w0001-witness-d6-n8.json

{
  "wave": 1,
  "kind": "witness",
  "d": 6,
  "seed": 16612371997058347694,
  "cell": "w0001-witness-d6-n8",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.09668787699774839,
  "n": 8,
  "s": 0.0125,
  "t": 0.0625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 82607,
  "rate": 0.6302413940429688,
  "interval": [
    0.6244755947053575,
    0.6359818740274341
  ],
  "ensemble_prediction": 0.6438706806314505,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.4332227240381836e-05,
      "scaled_bound": 2.4332227240381836e-05
    },
    {
      "p": 5,
      "lower_bound": 0.00024311811322309357,
      "scaled_bound": 3.03897641528867e-06
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 12296674576839808303,
  "centres": "w0001-witness-d6-n8.npy",
  "centres_sha256": "c4f99d0e93cb0f42a59fd686d395ccf7b069eba5fea4d88aec0b9bd0ebf72d18"
}







Critical_Alphabet/reference/cells/w0001-witness-d6-n8.npy





Critical_Alphabet/reference/cells/w0001-witness-d7-n128.json

{
  "wave": 1,
  "kind": "witness",
  "d": 7,
  "seed": 10119284751119121917,
  "cell": "w0001-witness-d7-n128",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.25482125699636526,
  "n": 128,
  "s": 0.0006510416666666666,
  "t": 0.003255208333333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80070,
  "rate": 0.6108856201171875,
  "interval": [
    0.6050644169442667,
    0.6166852669655559
  ],
  "ensemble_prediction": 0.6088061875451978,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.1626029904892305e-06,
      "scaled_bound": 2.1626029904892305e-06
    },
    {
      "p": 6,
      "lower_bound": 0.00040197553690284873,
      "scaled_bound": 2.617028235044588e-07
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 5942762519326673667,
  "centres": "w0001-witness-d7-n128.npy",
  "centres_sha256": "734bdcb60b54f0f538dc95526efb666427f7c072770286932906518ab8b59159"
}







Critical_Alphabet/reference/cells/w0001-witness-d7-n128.npy





Critical_Alphabet/reference/cells/w0001-witness-d7-n2.json

{
  "wave": 1,
  "kind": "witness",
  "d": 7,
  "seed": 1920674642595253388,
  "cell": "w0001-witness-d7-n2",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.10565111500181956,
  "n": 2,
  "s": 0.041666666666666664,
  "t": 0.20833333333333331,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 101093,
  "rate": 0.7712783813476562,
  "interval": [
    0.7662459367091635,
    0.7762580810792531
  ],
  "ensemble_prediction": 0.7746393651138117,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 7.043842797356261e-06,
      "scaled_bound": 7.043842797356261e-06
    },
    {
      "p": 6,
      "lower_bound": 2.5907116427003246e-05,
      "scaled_bound": 1.0794631844584685e-06
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 13878825757779586965,
  "centres": "w0001-witness-d7-n2.npy",
  "centres_sha256": "33cc8cda7013ddb65a7aa5d8d50c6fe4c6e5e62f7f393adf74f2feaf3f237fcd"
}







Critical_Alphabet/reference/cells/w0001-witness-d7-n2.npy





Critical_Alphabet/reference/cells/w0001-witness-d7-n32.json

{
  "wave": 1,
  "kind": "witness",
  "d": 7,
  "seed": 10709068569909406649,
  "cell": "w0001-witness-d7-n32",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.12661091100017074,
  "n": 32,
  "s": 0.0026041666666666665,
  "t": 0.013020833333333332,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 81060,
  "rate": 0.618438720703125,
  "interval": [
    0.6126379770977566,
    0.6242164395706399
  ],
  "ensemble_prediction": 0.6156930139059497,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.301379854993796e-06,
      "scaled_bound": 2.301379854993796e-06
    },
    {
      "p": 6,
      "lower_bound": 0.00010828129527528404,
      "scaled_bound": 2.819825397793855e-07
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 13362182973221081354,
  "centres": "w0001-witness-d7-n32.npy",
  "centres_sha256": "b4965bb1ffbfff597c2897e3cb547a8f862b5d15d16d4722ee1096912a84baeb"
}







Critical_Alphabet/reference/cells/w0001-witness-d7-n32.npy





Critical_Alphabet/reference/cells/w0001-witness-d7-n512.json

{
  "wave": 1,
  "kind": "witness",
  "d": 7,
  "seed": 8963661437681533865,
  "cell": "w0001-witness-d7-n512",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.6594606169965118,
  "n": 512,
  "s": 0.00016276041666666666,
  "t": 0.0008138020833333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79622,
  "rate": 0.6074676513671875,
  "interval": [
    0.6016376723574937,
    0.6132767385412838
  ],
  "ensemble_prediction": 0.6070986062866031,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.1020538820786495e-06,
      "scaled_bound": 2.1020538820786495e-06
    },
    {
      "p": 6,
      "lower_bound": 0.001554032400118373,
      "scaled_bound": 2.529349609567664e-07
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 8091391359208435927,
  "centres": "w0001-witness-d7-n512.npy",
  "centres_sha256": "ad35f8f120bbfc632a6e968518131a676c57f60635a5b361272b0365bfc61a94"
}







Critical_Alphabet/reference/cells/w0001-witness-d7-n512.npy





Critical_Alphabet/reference/cells/w0001-witness-d7-n8.json

{
  "wave": 1,
  "kind": "witness",
  "d": 7,
  "seed": 6419202123995910254,
  "cell": "w0001-witness-d7-n8",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.10245042799942894,
  "n": 8,
  "s": 0.010416666666666666,
  "t": 0.05208333333333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 85636,
  "rate": 0.653350830078125,
  "interval": [
    0.6476642012552507,
    0.6590076465895625
  ],
  "ensemble_prediction": 0.64416872333484,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 3.03891250128968e-06,
      "scaled_bound": 3.03891250128968e-06
    },
    {
      "p": 6,
      "lower_bound": 3.7789340886381636e-05,
      "scaled_bound": 3.9363896756647534e-07
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 7223537467342234894,
  "centres": "w0001-witness-d7-n8.npy",
  "centres_sha256": "f156f1015152c1ee8011c3865c5bae93fc334e7f949aa8b80a4b9de616af195f"
}







Critical_Alphabet/reference/cells/w0001-witness-d7-n8.npy





Critical_Alphabet/reference/cells/w0001-witness-d8-n128.json

{
  "wave": 1,
  "kind": "witness",
  "d": 8,
  "seed": 6832800486276470773,
  "cell": "w0001-witness-d8-n128",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.24976726300519658,
  "n": 128,
  "s": 0.0005580357142857143,
  "t": 0.002790178571428571,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79747,
  "rate": 0.6084213256835938,
  "interval": [
    0.6025937651830202,
    0.6142278089445958
  ],
  "ensemble_prediction": 0.6088202440950384,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.1887680549061262e-07,
      "scaled_bound": 2.1887680549061262e-07
    },
    {
      "p": 7,
      "lower_bound": 4.727073732212423e-05,
      "scaled_bound": 2.6378759666363963e-08
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 5257374032282123150,
  "centres": "w0001-witness-d8-n128.npy",
  "centres_sha256": "13b657a57fee7e9b787b62b048d851b69a423e2f234771cd305d3115869be332"
}







Critical_Alphabet/reference/cells/w0001-witness-d8-n128.npy





Critical_Alphabet/reference/cells/w0001-witness-d8-n2.json

{
  "wave": 1,
  "kind": "witness",
  "d": 8,
  "seed": 5334111169823371040,
  "cell": "w0001-witness-d8-n2",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.11173063900059788,
  "n": 2,
  "s": 0.03571428571428571,
  "t": 0.17857142857142855,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 100224,
  "rate": 0.7646484375,
  "interval": [
    0.7595665142027177,
    0.7696789055146838
  ],
  "ensemble_prediction": 0.7752470631336285,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 8.779035413957836e-07,
      "scaled_bound": 8.779035413957836e-07
    },
    {
      "p": 7,
      "lower_bound": 3.734226343367614e-06,
      "scaled_bound": 1.3336522654884337e-07
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 10265696389576957015,
  "centres": "w0001-witness-d8-n2.npy",
  "centres_sha256": "baafc8ddea50144c0e67f39fc578cf3e6b9fc9e97c5048b50ef98d24d16a437f"
}







Critical_Alphabet/reference/cells/w0001-witness-d8-n2.npy





Critical_Alphabet/reference/cells/w0001-witness-d8-n32.json

{
  "wave": 1,
  "kind": "witness",
  "d": 8,
  "seed": 4225978895417153238,
  "cell": "w0001-witness-d8-n32",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.14227705300436355,
  "n": 32,
  "s": 0.002232142857142857,
  "t": 0.011160714285714284,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 81249,
  "rate": 0.6198806762695312,
  "interval": [
    0.614084006521395,
    0.6256540409445022
  ],
  "ensemble_prediction": 0.6157486694113433,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.451425264953211e-07,
      "scaled_bound": 2.451425264953211e-07
    },
    {
      "p": 7,
      "lower_bound": 1.3488214193576555e-05,
      "scaled_bound": 3.010762096780481e-08
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 2136100099365295579,
  "centres": "w0001-witness-d8-n32.npy",
  "centres_sha256": "af53aa07f34cf537c80c17b5e6a1081d5519c6af25658c3f837602f45b29284e"
}







Critical_Alphabet/reference/cells/w0001-witness-d8-n32.npy





Critical_Alphabet/reference/cells/w0001-witness-d8-n512.json

{
  "wave": 1,
  "kind": "witness",
  "d": 8,
  "seed": 16520921351172380198,
  "cell": "w0001-witness-d8-n512",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.6791507940070005,
  "n": 512,
  "s": 0.00013950892857142856,
  "t": 0.0006975446428571428,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79890,
  "rate": 0.6095123291015625,
  "interval": [
    0.6036875639341436,
    0.6153158049269709
  ],
  "ensemble_prediction": 0.6071021291006446,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.2127141582808296e-07,
      "scaled_bound": 2.2127141582808296e-07
    },
    {
      "p": 7,
      "lower_bound": 0.00019149857053216772,
      "scaled_bound": 2.671576039790286e-08
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 690590704831598959,
  "centres": "w0001-witness-d8-n512.npy",
  "centres_sha256": "4079e997573770cb0deef29ab9d419452b7e1b2a2daed955b96de6835aae5c55"
}







Critical_Alphabet/reference/cells/w0001-witness-d8-n512.npy





Critical_Alphabet/reference/cells/w0001-witness-d8-n8.json

{
  "wave": 1,
  "kind": "witness",
  "d": 8,
  "seed": 2444524520965366585,
  "cell": "w0001-witness-d8-n8",
  "alpha": 1.6181229773462782e-05,
  "tolerance": 0.012,
  "seconds": 0.10963746400375385,
  "n": 8,
  "s": 0.008928571428571428,
  "t": 0.04464285714285714,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84253,
  "rate": 0.6427993774414062,
  "interval": [
    0.637074809447141,
    0.6484961845725552
  ],
  "ensemble_prediction": 0.6443811828436269,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 3.0562898300384276e-07,
      "scaled_bound": 3.0562898300384276e-07
    },
    {
      "p": 7,
      "lower_bound": 4.361470984834805e-06,
      "scaled_bound": 3.894170522173932e-08
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 3005740115807922615,
  "centres": "w0001-witness-d8-n8.npy",
  "centres_sha256": "a03d6454b99b4143eb03530db9b5c2e40a1f3216c314c6f23eb771d19e5e05b5"
}







Critical_Alphabet/reference/cells/w0001-witness-d8-n8.npy





Critical_Alphabet/reference/cells/w0002-born-d4-n0.json

{
  "wave": 2,
  "kind": "born",
  "d": 4,
  "seed": 17478726576677657422,
  "cell": "w0002-born-d4-n0",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.221026842998981,
  "proposals": 4194304,
  "accepted": 1049222,
  "envelope": 4.0,
  "predicted_acceptance": 0.25,
  "mass_interval": [
    0.24921094469437757,
    0.2510987139516857
  ],
  "mass_ok": true,
  "mutant_false_accepts": 262107,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 1049222,
      "rate": 0.0,
      "low": 0.0,
      "high": 1.1835321332557521e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 1011,
      "trials": 1049222,
      "rate": 0.0009635711031602464,
      "low": 0.0008343423317833488,
      "high": 0.0011058108648132185,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 16366,
      "trials": 1049222,
      "rate": 0.015598224208032238,
      "low": 0.015064146104056712,
      "high": 0.01614488596302978,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 131355,
      "trials": 1049222,
      "rate": 0.1251927618749893,
      "low": 0.12375531359690596,
      "high": 0.12663993905559298,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 388570,
      "trials": 1049222,
      "rate": 0.3703410717655558,
      "low": 0.36823839017323085,
      "high": 0.37244711841717226,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 525322,
      "trials": 1049222,
      "rate": 0.5006776449597893,
      "low": 0.4984987555519597,
      "high": 0.5028565167807869,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 850414,
      "trials": 1049222,
      "rate": 0.8105186509623321,
      "low": 0.8088067488454979,
      "high": 0.8122224935220284,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 1033100,
      "trials": 1049222,
      "rate": 0.9846343290552428,
      "low": 0.9840916403658097,
      "high": 0.9851644279347347,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 1049222,
      "trials": 1049222,
      "rate": 1.0,
      "low": 0.9999881646786675,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 5478,
      "trials": 1049222,
      "mass_over_s": 0.33414472818907726,
      "interval_over_s": [
        0.31442863871230037,
        0.354684163682777
      ]
    },
    {
      "s": 0.00390625,
      "hits": 1363,
      "trials": 1049222,
      "mass_over_s": 0.3325587911805128,
      "interval_over_s": [
        0.29390852680494245,
        0.37453546671539795
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 325,
      "trials": 1049222,
      "mass_over_s": 0.31718740171288823,
      "interval_over_s": [
        0.2447383477219107,
        0.40302265014200334
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 94,
      "trials": 1049222,
      "mass_over_s": 0.36696142475091065,
      "interval_over_s": [
        0.221952356341812,
        0.5658539655592462
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0002-born-d5-n0.json

{
  "wave": 2,
  "kind": "born",
  "d": 5,
  "seed": 7654370834332285785,
  "cell": "w0002-born-d5-n0",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.268677263004065,
  "proposals": 4194304,
  "accepted": 611724,
  "envelope": 6.857142857142857,
  "predicted_acceptance": 0.14583333333333334,
  "mass_interval": [
    0.1450782840043045,
    0.14661674879753478
  ],
  "mass_ok": true,
  "mutant_false_accepts": 122117,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 611724,
      "rate": 0.0,
      "low": 0.0,
      "high": 2.0299721710516727e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 590,
      "trials": 611724,
      "rate": 0.0009644872524210264,
      "low": 0.000797543837336337,
      "high": 0.0011537784245273823,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 9494,
      "trials": 611724,
      "rate": 0.015520071143195298,
      "low": 0.014824708883682454,
      "high": 0.016237028618089136,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 76378,
      "trials": 611724,
      "rate": 0.12485696163629349,
      "low": 0.1229783676111964,
      "high": 0.12675225993783293,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 225928,
      "trials": 611724,
      "rate": 0.36932995926267403,
      "low": 0.3665782548603073,
      "high": 0.3720874809575471,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 305276,
      "trials": 611724,
      "rate": 0.49904205164420556,
      "low": 0.4961883169955209,
      "high": 0.501895828939103,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 495265,
      "trials": 611724,
      "rate": 0.8096216594411859,
      "low": 0.8073738147463518,
      "high": 0.811855718745703,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 602060,
      "trials": 611724,
      "rate": 0.9842020257501749,
      "low": 0.983478888944125,
      "high": 0.9849035800362126,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 611724,
      "trials": 611724,
      "rate": 1.0,
      "low": 0.9999797002782895,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 4922,
      "trials": 611724,
      "mass_over_s": 0.5149511871366825,
      "interval_over_s": [
        0.4829727270756165,
        0.5483339406982681
      ]
    },
    {
      "s": 0.00390625,
      "hits": 1192,
      "trials": 611724,
      "mass_over_s": 0.4988393458487815,
      "interval_over_s": [
        0.43703025763734343,
        0.5663480146565129
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 308,
      "trials": 611724,
      "mass_over_s": 0.5155789212128346,
      "interval_over_s": [
        0.3948885113040358,
        0.6592248913807653
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 75,
      "trials": 611724,
      "mass_over_s": 0.502187260921592,
      "interval_over_s": [
        0.28423691636529325,
        0.8126737040015407
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0002-born-d6-n0.json

{
  "wave": 2,
  "kind": "born",
  "d": 6,
  "seed": 8259317502664067628,
  "cell": "w0002-born-d6-n0",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.31695131000014953,
  "proposals": 4194304,
  "accepted": 349023,
  "envelope": 12.0,
  "predicted_acceptance": 0.08333333333333333,
  "mass_interval": [
    0.08261292693561978,
    0.08381691432824742
  ],
  "mass_ok": true,
  "mutant_false_accepts": 58051,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 349023,
      "rate": 0.0,
      "low": 0.0,
      "high": 3.557854954222969e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 332,
      "trials": 349023,
      "rate": 0.0009512267099875939,
      "low": 0.0007361240741635912,
      "high": 0.0012055734480525874,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 5357,
      "trials": 349023,
      "rate": 0.01534855869097452,
      "low": 0.014437329469136319,
      "high": 0.016297670930613104,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 43565,
      "trials": 349023,
      "rate": 0.12481985427894436,
      "low": 0.12233636885589957,
      "high": 0.12733262550495966,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 129267,
      "trials": 349023,
      "rate": 0.37036814192760936,
      "low": 0.3667239631068031,
      "high": 0.37402243690388864,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 174603,
      "trials": 349023,
      "rate": 0.5002621603733851,
      "low": 0.49648376873350064,
      "high": 0.5040405315553083,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 282831,
      "trials": 349023,
      "rate": 0.8103506072665698,
      "low": 0.8073757441144108,
      "high": 0.8133012482230928,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 343739,
      "trials": 349023,
      "rate": 0.984860596579595,
      "low": 0.9839177261583678,
      "high": 0.9857655670792352,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 349023,
      "trials": 349023,
      "rate": 1.0,
      "low": 0.9999644214504577,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 3234,
      "trials": 349023,
      "mass_over_s": 0.5930153600192537,
      "interval_over_s": [
        0.5478229774830654,
        0.6406641779353848
      ]
    },
    {
      "s": 0.00390625,
      "hits": 798,
      "trials": 349023,
      "mass_over_s": 0.5853138618371855,
      "interval_over_s": [
        0.4975122627429084,
        0.6831076332116245
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 188,
      "trials": 349023,
      "mass_over_s": 0.5515739650395532,
      "interval_over_s": [
        0.39020783167121986,
        0.7532545453260897
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 51,
      "trials": 349023,
      "mass_over_s": 0.5985164301493024,
      "interval_over_s": [
        0.2954698587644473,
        1.064128347888957
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0002-born-d7-n0.json

{
  "wave": 2,
  "kind": "born",
  "d": 7,
  "seed": 9815828133692438873,
  "cell": "w0002-born-d7-n0",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.3852040239944472,
  "proposals": 4194304,
  "accepted": 196137,
  "envelope": 21.333333333333332,
  "predicted_acceptance": 0.046875,
  "mass_interval": [
    0.046303985112066,
    0.04722436728461191
  ],
  "mass_ok": true,
  "mutant_false_accepts": 27870,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 196137,
      "rate": 0.0,
      "low": 0.0,
      "high": 6.3310644631624e-05,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 191,
      "trials": 196137,
      "rate": 0.0009738091232148957,
      "low": 0.0006909600646751955,
      "high": 0.001326648917789723,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 2921,
      "trials": 196137,
      "rate": 0.014892651564977542,
      "low": 0.013703113026037298,
      "high": 0.016149716199129485,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 24412,
      "trials": 196137,
      "rate": 0.12446402259645044,
      "low": 0.12116112541793979,
      "high": 0.12781909665290284,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 72403,
      "trials": 196137,
      "rate": 0.369145036377634,
      "low": 0.36428887966966667,
      "high": 0.37401936771672595,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 97638,
      "trials": 196137,
      "rate": 0.49780510561495284,
      "low": 0.4927644652620065,
      "high": 0.5028460508118543,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 158897,
      "trials": 196137,
      "rate": 0.8101327133585198,
      "low": 0.8061565963731948,
      "high": 0.8140657480797452,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 193084,
      "trials": 196137,
      "rate": 0.9844343494598163,
      "low": 0.983150493243067,
      "high": 0.9856507774442359,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 196137,
      "trials": 196137,
      "rate": 1.0,
      "low": 0.9999366893553684,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 1961,
      "trials": 196137,
      "mass_over_s": 0.6398792680626297,
      "interval_over_s": [
        0.5777199105493108,
        0.7064066159952881
      ]
    },
    {
      "s": 0.00390625,
      "hits": 510,
      "trials": 196137,
      "mass_over_s": 0.6656571682038576,
      "interval_over_s": [
        0.5423759732959545,
        0.8067305782000016
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 140,
      "trials": 196137,
      "mass_over_s": 0.7309176748905102,
      "interval_over_s": [
        0.48744169986482144,
        1.0462092128422742
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 26,
      "trials": 196137,
      "mass_over_s": 0.5429674156329505,
      "interval_over_s": [
        0.19143192064731776,
        1.1850221978552915
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0002-born-d8-n0.json

{
  "wave": 2,
  "kind": "born",
  "d": 8,
  "seed": 12472296322870584823,
  "cell": "w0002-born-d8-n0",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.4411127309940639,
  "proposals": 4194304,
  "accepted": 108945,
  "envelope": 38.4,
  "predicted_acceptance": 0.026041666666666668,
  "mass_interval": [
    0.02562932653446771,
    0.026322775712895805
  ],
  "mass_ok": true,
  "mutant_false_accepts": 13600,
  "mutant_detected": true,
  "responses": [
    {
      "t": 0.0,
      "hits": 0,
      "trials": 108945,
      "rate": 0.0,
      "low": 0.0,
      "high": 0.00011397719316542736,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.0009765625,
      "hits": 125,
      "trials": 108945,
      "rate": 0.001147367937950342,
      "low": 0.0007459655924616686,
      "high": 0.0016749935368610028,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.015625,
      "hits": 1740,
      "trials": 108945,
      "rate": 0.015971361696268758,
      "low": 0.014331964642862278,
      "high": 0.017732157588160043,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.125,
      "hits": 13535,
      "trials": 108945,
      "rate": 0.12423700032126302,
      "low": 0.11981966333776074,
      "high": 0.1287483628289367,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.37,
      "hits": 40257,
      "trials": 108945,
      "rate": 0.36951672862453533,
      "low": 0.36300264247302644,
      "high": 0.3760634498397369,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.5,
      "hits": 54580,
      "trials": 108945,
      "rate": 0.5009867364266373,
      "low": 0.49422198272197454,
      "high": 0.5077512433480963,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.81,
      "hits": 88425,
      "trials": 108945,
      "rate": 0.8116480793060719,
      "low": 0.8063181659630607,
      "high": 0.8169000282007721,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 0.984375,
      "hits": 107277,
      "trials": 108945,
      "rate": 0.9846895222359906,
      "low": 0.9829635064241183,
      "high": 0.986293964098517,
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "t": 1.0,
      "hits": 108945,
      "trials": 108945,
      "rate": 1.0,
      "low": 0.9998860228068346,
      "high": 1.0,
      "target_inside": true,
      "within_tolerance": true
    }
  ],
  "small_scale": [
    {
      "s": 0.015625,
      "hits": 1288,
      "trials": 108945,
      "mass_over_s": 0.7566386708889806,
      "interval_over_s": [
        0.666696767037004,
        0.8544212602773142
      ]
    },
    {
      "s": 0.00390625,
      "hits": 329,
      "trials": 108945,
      "mass_over_s": 0.7730873376474368,
      "interval_over_s": [
        0.5976760746278234,
        0.9805509561339257
      ]
    },
    {
      "s": 0.0009765625,
      "hits": 90,
      "trials": 108945,
      "mass_over_s": 0.8459314332920281,
      "interval_over_s": [
        0.5055724795945493,
        1.315860667044764
      ]
    },
    {
      "s": 0.000244140625,
      "hits": 22,
      "trials": 108945,
      "mass_over_s": 0.8271329569966497,
      "interval_over_s": [
        0.2612875747564609,
        1.9164265590757632
      ]
    }
  ]
}







Critical_Alphabet/reference/cells/w0002-packets-d0-n0.json

{
  "wave": 2,
  "kind": "packets",
  "d": 0,
  "seed": 16160852885387716261,
  "cell": "w0002-packets-d0-n0",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.7990365799996653,
  "cases": [
    {
      "population": 65,
      "unsafe": 16,
      "size": 2,
      "trials": 262144,
      "all_safe": 196356,
      "p_g": 0.75,
      "safe_interval": [
        0.7452447970221063,
        0.7528067162449706
      ],
      "accepted": 196356,
      "target": 0.75,
      "interval": [
        0.7452447970221063,
        0.7528067162449706
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 67,
      "unsafe": 2,
      "size": 8,
      "trials": 262144,
      "all_safe": 209199,
      "p_g": 0.7976689976689976,
      "safe_interval": [
        0.7945141641548582,
        0.8015165701652737
      ],
      "accepted": 196631,
      "target": 0.75,
      "interval": [
        0.7462990509341749,
        0.7538504367894916
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 67,
      "unsafe": 2,
      "size": 3,
      "trials": 262144,
      "all_safe": 246465,
      "p_g": 0.9398601398601398,
      "safe_interval": [
        0.9380975862881141,
        0.9422353663320574
      ],
      "accepted": 196749,
      "target": 0.75,
      "interval": [
        0.7467514307552081,
        0.7542982787351499
      ],
      "target_inside": true,
      "within_tolerance": true
    },
    {
      "population": 65,
      "unsafe": 16,
      "size": 1,
      "trials": 262144,
      "all_safe": 262144,
      "p_g": 1.0,
      "safe_interval": [
        0.9999526303906042,
        1.0
      ],
      "accepted": 197192,
      "target": 0.75,
      "interval": [
        0.7484498206629889,
        0.7559795349507359
      ],
      "target_inside": true,
      "within_tolerance": true
    }
  ]
}







Critical_Alphabet/reference/cells/w0002-witness-d4-n128.json

{
  "wave": 2,
  "kind": "witness",
  "d": 4,
  "seed": 8574273149665342100,
  "cell": "w0002-witness-d4-n128",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.20620855900051538,
  "n": 128,
  "s": 0.0013020833333333333,
  "t": 0.006510416666666666,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79776,
  "rate": 0.608642578125,
  "interval": [
    0.6026115701031458,
    0.6146510028336107
  ],
  "ensemble_prediction": 0.6087075806041407,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.00242093802948119,
      "scaled_bound": 0.00242093802948119
    },
    {
      "p": 3,
      "lower_bound": 0.22408477702165647,
      "scaled_bound": 0.0002917770534136152
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 13254533708199492313,
  "centres": "w0002-witness-d4-n128.npy",
  "centres_sha256": "1174544389a63adc4d43177007b06693385d4c5cd1eae1ce213b34dd566171f0"
}







Critical_Alphabet/reference/cells/w0002-witness-d4-n128.npy





Critical_Alphabet/reference/cells/w0002-witness-d4-n2.json

{
  "wave": 2,
  "kind": "witness",
  "d": 4,
  "seed": 3971880419786836921,
  "cell": "w0002-witness-d4-n2",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.06671949599694926,
  "n": 2,
  "s": 0.08333333333333333,
  "t": 0.41666666666666663,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 96126,
  "rate": 0.7333831787109375,
  "interval": [
    0.7279045108640807,
    0.7388133290847158
  ],
  "ensemble_prediction": 0.7696759259259259,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.003532299846241843,
      "scaled_bound": 0.003532299846241843
    },
    {
      "p": 3,
      "lower_bound": 0.006170824780329447,
      "scaled_bound": 0.0005142353983607872
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 6580900592921142978,
  "centres": "w0002-witness-d4-n2.npy",
  "centres_sha256": "b466e9e85ff9ff220cde161d0c88474bac44d417038f008c51b8c9744b236225"
}







Critical_Alphabet/reference/cells/w0002-witness-d4-n2.npy





Critical_Alphabet/reference/cells/w0002-witness-d4-n32.json

{
  "wave": 2,
  "kind": "witness",
  "d": 4,
  "seed": 12408111019872967876,
  "cell": "w0002-witness-d4-n32",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.09943380600452656,
  "n": 32,
  "s": 0.005208333333333333,
  "t": 0.026041666666666664,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 81325,
  "rate": 0.6204605102539062,
  "interval": [
    0.6144625609009359,
    0.6264334195931066
  ],
  "ensemble_prediction": 0.6153000529137119,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0025170949249929088,
      "scaled_bound": 0.0025170949249929088
    },
    {
      "p": 3,
      "lower_bound": 0.05939176679584865,
      "scaled_bound": 0.00030933211872837836
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 7928373674915645773,
  "centres": "w0002-witness-d4-n32.npy",
  "centres_sha256": "f5074fb54230daa833fc5f41aa0ec5b2a22411a3931550d7f412122ccfca709b"
}







Critical_Alphabet/reference/cells/w0002-witness-d4-n32.npy





Critical_Alphabet/reference/cells/w0002-witness-d4-n512.json

{
  "wave": 2,
  "kind": "witness",
  "d": 4,
  "seed": 8538423970490385611,
  "cell": "w0002-witness-d4-n512",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.6034197639964987,
  "n": 512,
  "s": 0.0003255208333333333,
  "t": 0.0016276041666666665,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79551,
  "rate": 0.6069259643554688,
  "interval": [
    0.6008904637833028,
    0.6129392384591492
  ],
  "ensemble_prediction": 0.6070739333911568,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0024071289964380845,
      "scaled_bound": 0.0024071289964380845
    },
    {
      "p": 3,
      "lower_bound": 0.8886809758039553,
      "scaled_bound": 0.00028928417181118334
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 10400700508398118360,
  "centres": "w0002-witness-d4-n512.npy",
  "centres_sha256": "7cc8dc01bab39fe0a49352dc212b125ccb56e7df1f432baf6ab240b8aa7f9796"
}







Critical_Alphabet/reference/cells/w0002-witness-d4-n512.npy





Critical_Alphabet/reference/cells/w0002-witness-d4-n8.json

{
  "wave": 2,
  "kind": "witness",
  "d": 4,
  "seed": 6195380470688536233,
  "cell": "w0002-witness-d4-n8",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.0788824699993711,
  "n": 8,
  "s": 0.020833333333333332,
  "t": 0.10416666666666666,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84201,
  "rate": 0.6424026489257812,
  "interval": [
    0.636476123156263,
    0.6482995732511185
  ],
  "ensemble_prediction": 0.6426281570233497,
  "strong_witness": true,
  "bounds": [
    {
      "p": 2,
      "lower_bound": 0.0027006790356535093,
      "scaled_bound": 0.0027006790356535093
    },
    {
      "p": 3,
      "lower_bound": 0.016501610136020552,
      "scaled_bound": 0.00034378354450042816
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 16128058080530998704,
  "centres": "w0002-witness-d4-n8.npy",
  "centres_sha256": "4aea6e1124f7527bed15c9609716429ade04b033ef483b1e8998bd1593d38016"
}







Critical_Alphabet/reference/cells/w0002-witness-d4-n8.npy





Critical_Alphabet/reference/cells/w0002-witness-d5-n128.json

{
  "wave": 2,
  "kind": "witness",
  "d": 5,
  "seed": 9839476784256452020,
  "cell": "w0002-witness-d5-n128",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.21139061600115383,
  "n": 128,
  "s": 0.0009765625,
  "t": 0.0048828125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79990,
  "rate": 0.6102752685546875,
  "interval": [
    0.6042486059180447,
    0.616279008478329
  ],
  "ensemble_prediction": 0.6087569783685916,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00022062106225564064,
      "scaled_bound": 0.00022062106225564064
    },
    {
      "p": 4,
      "lower_bound": 0.027301881713485625,
      "scaled_bound": 2.6661993860825805e-05
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 6013424823317227379,
  "centres": "w0002-witness-d5-n128.npy",
  "centres_sha256": "538229716d946c8b74f0e1e50eb38a78ef2b11622946da88b6150e5d2c2e7ffe"
}







Critical_Alphabet/reference/cells/w0002-witness-d5-n128.npy





Critical_Alphabet/reference/cells/w0002-witness-d5-n2.json

{
  "wave": 2,
  "kind": "witness",
  "d": 5,
  "seed": 11886039202541407365,
  "cell": "w0002-witness-d5-n2",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.07818164499622071,
  "n": 2,
  "s": 0.0625,
  "t": 0.3125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 98692,
  "rate": 0.752960205078125,
  "interval": [
    0.7476138555678289,
    0.7582539659594216
  ],
  "ensemble_prediction": 0.7724609375,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00041786117847657093,
      "scaled_bound": 0.00041786117847657093
    },
    {
      "p": 4,
      "lower_bound": 0.0009996761815455548,
      "scaled_bound": 6.247976134659717e-05
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 13531959124808195449,
  "centres": "w0002-witness-d5-n2.npy",
  "centres_sha256": "13fc23bc38213638e469ee1d7e22acfe0f706aad630dc08640da4a1ff875bae5"
}







Critical_Alphabet/reference/cells/w0002-witness-d5-n2.npy





Critical_Alphabet/reference/cells/w0002-witness-d5-n32.json

{
  "wave": 2,
  "kind": "witness",
  "d": 5,
  "seed": 1649183205889648137,
  "cell": "w0002-witness-d5-n32",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.10379553900565952,
  "n": 32,
  "s": 0.00390625,
  "t": 0.01953125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 81044,
  "rate": 0.618316650390625,
  "interval": [
    0.6123124262618785,
    0.6242962801722165
  ],
  "ensemble_prediction": 0.6154980366843622,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00022957215938825362,
      "scaled_bound": 0.00022957215938825362
    },
    {
      "p": 4,
      "lower_bound": 0.007197178158960654,
      "scaled_bound": 2.8113977183440054e-05
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 5606200561047733144,
  "centres": "w0002-witness-d5-n32.npy",
  "centres_sha256": "9e7c956ae7013de6fc4a81d36efce45d9ea448a73d25906c28ad79c49fcd8d5c"
}







Critical_Alphabet/reference/cells/w0002-witness-d5-n32.npy





Critical_Alphabet/reference/cells/w0002-witness-d5-n512.json

{
  "wave": 2,
  "kind": "witness",
  "d": 5,
  "seed": 4157012459131398125,
  "cell": "w0002-witness-d5-n512",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.6319946150033502,
  "n": 512,
  "s": 0.000244140625,
  "t": 0.001220703125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79479,
  "rate": 0.6063766479492188,
  "interval": [
    0.6003397262276066,
    0.6123914573925011
  ],
  "ensemble_prediction": 0.6070862757371108,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00021636711211006168,
      "scaled_bound": 0.00021636711211006168
    },
    {
      "p": 4,
      "lower_bound": 0.10640897871774703,
      "scaled_bound": 2.597875456976246e-05
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 5489723141195894148,
  "centres": "w0002-witness-d5-n512.npy",
  "centres_sha256": "9067f1eaabbb28447009841aee76693c6a93579dce851ec8674406dff0c6ac65"
}







Critical_Alphabet/reference/cells/w0002-witness-d5-n512.npy





Critical_Alphabet/reference/cells/w0002-witness-d5-n8.json

{
  "wave": 2,
  "kind": "witness",
  "d": 5,
  "seed": 16178686861747695688,
  "cell": "w0002-witness-d5-n8",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.08181020600022748,
  "n": 8,
  "s": 0.015625,
  "t": 0.078125,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 83095,
  "rate": 0.6339645385742188,
  "interval": [
    0.6280089797497086,
    0.6398922501269135
  ],
  "ensemble_prediction": 0.6434220205542032,
  "strong_witness": true,
  "bounds": [
    {
      "p": 3,
      "lower_bound": 0.00024768377656074605,
      "scaled_bound": 0.00024768377656074605
    },
    {
      "p": 4,
      "lower_bound": 0.001991009738476402,
      "scaled_bound": 3.1109527163693784e-05
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 17102312420041636099,
  "centres": "w0002-witness-d5-n8.npy",
  "centres_sha256": "22a1f543a54fcb13f4b8338f66285b00e66e40acce946feb3a70d3a11e966770"
}







Critical_Alphabet/reference/cells/w0002-witness-d5-n8.npy





Critical_Alphabet/reference/cells/w0002-witness-d6-n128.json

{
  "wave": 2,
  "kind": "witness",
  "d": 6,
  "seed": 11754312958144390894,
  "cell": "w0002-witness-d6-n128",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.2421536539986846,
  "n": 128,
  "s": 0.00078125,
  "t": 0.00390625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79898,
  "rate": 0.6095733642578125,
  "interval": [
    0.6035448248428767,
    0.615579126870013
  ],
  "ensemble_prediction": 0.6087865059902922,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.1230396450909646e-05,
      "scaled_bound": 2.1230396450909646e-05
    },
    {
      "p": 5,
      "lower_bound": 0.003280254952271128,
      "scaled_bound": 2.562699181461819e-06
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 15917121739920789736,
  "centres": "w0002-witness-d6-n128.npy",
  "centres_sha256": "e892846601ff5ba16486caea3a5f645abe6b4fbe7c8c3691d4acda21cba858a6"
}







Critical_Alphabet/reference/cells/w0002-witness-d6-n128.npy





Critical_Alphabet/reference/cells/w0002-witness-d6-n2.json

{
  "wave": 2,
  "kind": "witness",
  "d": 6,
  "seed": 13025498746436222440,
  "cell": "w0002-witness-d6-n2",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.0848740369983716,
  "n": 2,
  "s": 0.05,
  "t": 0.25,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 101514,
  "rate": 0.7744903564453125,
  "interval": [
    0.7693065949237978,
    0.7796170514936073
  ],
  "ensemble_prediction": 0.773780625,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 5.6042539233661144e-05,
      "scaled_bound": 5.6042539233661144e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0001724555801149248,
      "scaled_bound": 8.62277900574624e-06
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 6695633191672443084,
  "centres": "w0002-witness-d6-n2.npy",
  "centres_sha256": "f2e804ebcedc0354347339142c0c9da337ba44207ffbe2bbf33dabdd5ebeca5b"
}







Critical_Alphabet/reference/cells/w0002-witness-d6-n2.npy





Critical_Alphabet/reference/cells/w0002-witness-d6-n32.json

{
  "wave": 2,
  "kind": "witness",
  "d": 6,
  "seed": 17734073158880362164,
  "cell": "w0002-witness-d6-n32",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.12259846099914284,
  "n": 32,
  "s": 0.003125,
  "t": 0.015625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80761,
  "rate": 0.6161575317382812,
  "interval": [
    0.6101471130256579,
    0.6221438049409607
  ],
  "ensemble_prediction": 0.615615058144448,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.2174724123671485e-05,
      "scaled_bound": 2.2174724123671485e-05
    },
    {
      "p": 5,
      "lower_bound": 0.0008659100099967083,
      "scaled_bound": 2.705968781239714e-06
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 2749303347938774446,
  "centres": "w0002-witness-d6-n32.npy",
  "centres_sha256": "4dfa549cd39e73c71fb97757a72866148fdbde17105a112fa4d6cc4e71afdc69"
}







Critical_Alphabet/reference/cells/w0002-witness-d6-n32.npy





Critical_Alphabet/reference/cells/w0002-witness-d6-n512.json

{
  "wave": 2,
  "kind": "witness",
  "d": 6,
  "seed": 7897466709732859154,
  "cell": "w0002-witness-d6-n512",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.6853708389971871,
  "n": 512,
  "s": 0.0001953125,
  "t": 0.0009765625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79285,
  "rate": 0.6048965454101562,
  "interval": [
    0.5988558341512318,
    0.6109154520693849
  ],
  "ensemble_prediction": 0.6070936741977774,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.057828236848109e-05,
      "scaled_bound": 2.057828236848109e-05
    },
    {
      "p": 5,
      "lower_bound": 0.012619186640052559,
      "scaled_bound": 2.4646848906352657e-06
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 7886575164010636608,
  "centres": "w0002-witness-d6-n512.npy",
  "centres_sha256": "5137328af30ae3613b6c5f6b891adb7c6fc70705e4d98d8032c69e50d90855e6"
}







Critical_Alphabet/reference/cells/w0002-witness-d6-n512.npy





Critical_Alphabet/reference/cells/w0002-witness-d6-n8.json

{
  "wave": 2,
  "kind": "witness",
  "d": 6,
  "seed": 16063721775412573793,
  "cell": "w0002-witness-d6-n8",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.09096007600601297,
  "n": 8,
  "s": 0.0125,
  "t": 0.0625,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84833,
  "rate": 0.6472244262695312,
  "interval": [
    0.6413153835621825,
    0.6531028651361626
  ],
  "ensemble_prediction": 0.6438706806314505,
  "strong_witness": true,
  "bounds": [
    {
      "p": 4,
      "lower_bound": 2.7064911629811584e-05,
      "scaled_bound": 2.7064911629811584e-05
    },
    {
      "p": 5,
      "lower_bound": 0.00027771430692718704,
      "scaled_bound": 3.471428836589838e-06
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 15411644571234413031,
  "centres": "w0002-witness-d6-n8.npy",
  "centres_sha256": "49ee5f1716d99c5336656bdc38ab819d07d6c6d011845e35bbc4988bdf70649b"
}







Critical_Alphabet/reference/cells/w0002-witness-d6-n8.npy





Critical_Alphabet/reference/cells/w0002-witness-d7-n128.json

{
  "wave": 2,
  "kind": "witness",
  "d": 7,
  "seed": 16013455426247325665,
  "cell": "w0002-witness-d7-n128",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.25441595500160474,
  "n": 128,
  "s": 0.0006510416666666666,
  "t": 0.003255208333333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79822,
  "rate": 0.6089935302734375,
  "interval": [
    0.6029634503392818,
    0.6150009539393233
  ],
  "ensemble_prediction": 0.6088061875451978,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.1253167718354216e-06,
      "scaled_bound": 2.1253167718354216e-06
    },
    {
      "p": 6,
      "lower_bound": 0.00039367321614637975,
      "scaled_bound": 2.5629766676196595e-07
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 15570937675192325982,
  "centres": "w0002-witness-d7-n128.npy",
  "centres_sha256": "a0f878bedef8e070874636ba7925626e09881d80972c58b0a769a3ae86e49b43"
}







Critical_Alphabet/reference/cells/w0002-witness-d7-n128.npy





Critical_Alphabet/reference/cells/w0002-witness-d7-n2.json

{
  "wave": 2,
  "kind": "witness",
  "d": 7,
  "seed": 6448175785242759366,
  "cell": "w0002-witness-d7-n2",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.0958218720043078,
  "n": 2,
  "s": 0.041666666666666664,
  "t": 0.20833333333333331,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 108823,
  "rate": 0.8302536010742188,
  "interval": [
    0.8255879753046977,
    0.8348505589635047
  ],
  "ensemble_prediction": 0.7746393651138117,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 1.0227877702427865e-05,
      "scaled_bound": 1.0227877702427865e-05
    },
    {
      "p": 6,
      "lower_bound": 4.053126165125513e-05,
      "scaled_bound": 1.688802568802297e-06
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 869194102004786376,
  "centres": "w0002-witness-d7-n2.npy",
  "centres_sha256": "9c13232750ca73760c9f836cb025cd0904c49be5fc16608129c8e214125ae324"
}







Critical_Alphabet/reference/cells/w0002-witness-d7-n2.npy





Critical_Alphabet/reference/cells/w0002-witness-d7-n32.json

{
  "wave": 2,
  "kind": "witness",
  "d": 7,
  "seed": 4092970874747580231,
  "cell": "w0002-witness-d7-n32",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.12741891499899793,
  "n": 32,
  "s": 0.0026041666666666665,
  "t": 0.013020833333333332,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80958,
  "rate": 0.6176605224609375,
  "interval": [
    0.6116544026452808,
    0.6236421843253475
  ],
  "ensemble_prediction": 0.6156930139059497,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.282965049339235e-06,
      "scaled_bound": 2.282965049339235e-06
    },
    {
      "p": 6,
      "lower_bound": 0.00010724241588584788,
      "scaled_bound": 2.7927712470272886e-07
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 5919898623106402968,
  "centres": "w0002-witness-d7-n32.npy",
  "centres_sha256": "2e1f2736bfa252f6ea22161bd110f57c4e559e961c9b9cfb5e9e9a777eb4369d"
}







Critical_Alphabet/reference/cells/w0002-witness-d7-n32.npy





Critical_Alphabet/reference/cells/w0002-witness-d7-n512.json

{
  "wave": 2,
  "kind": "witness",
  "d": 7,
  "seed": 4149894413944261240,
  "cell": "w0002-witness-d7-n512",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.698689002005267,
  "n": 512,
  "s": 0.00016276041666666666,
  "t": 0.0008138020833333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79624,
  "rate": 0.60748291015625,
  "interval": [
    0.6014488586183936,
    0.6134946194494085
  ],
  "ensemble_prediction": 0.6070986062866031,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.09875748267461e-06,
      "scaled_bound": 2.09875748267461e-06
    },
    {
      "p": 6,
      "lower_bound": 0.001551108455388927,
      "scaled_bound": 2.5245905849429147e-07
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 4249173826681487289,
  "centres": "w0002-witness-d7-n512.npy",
  "centres_sha256": "2e167b20764a9e431196b319aed5946f77e0562020bccdef31524c0717a0815f"
}







Critical_Alphabet/reference/cells/w0002-witness-d7-n512.npy





Critical_Alphabet/reference/cells/w0002-witness-d7-n8.json

{
  "wave": 2,
  "kind": "witness",
  "d": 7,
  "seed": 17297033906885484795,
  "cell": "w0002-witness-d7-n8",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.10623276100523071,
  "n": 8,
  "s": 0.010416666666666666,
  "t": 0.05208333333333333,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84682,
  "rate": 0.6460723876953125,
  "interval": [
    0.6401591083884526,
    0.6519553026589447
  ],
  "ensemble_prediction": 0.64416872333484,
  "strong_witness": true,
  "bounds": [
    {
      "p": 5,
      "lower_bound": 2.8668724951875834e-06,
      "scaled_bound": 2.8668724951875834e-06
    },
    {
      "p": 6,
      "lower_bound": 3.523688717534711e-05,
      "scaled_bound": 3.6705090807653234e-07
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 8817856746491885544,
  "centres": "w0002-witness-d7-n8.npy",
  "centres_sha256": "db658e0b10e1666867e83baa2a88cb77d013d840190926c43ded7db0555fdaa1"
}







Critical_Alphabet/reference/cells/w0002-witness-d7-n8.npy





Critical_Alphabet/reference/cells/w0002-witness-d8-n128.json

{
  "wave": 2,
  "kind": "witness",
  "d": 8,
  "seed": 17304006118572716193,
  "cell": "w0002-witness-d8-n128",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.2567425550005282,
  "n": 128,
  "s": 0.0005580357142857143,
  "t": 0.002790178571428571,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79770,
  "rate": 0.6085968017578125,
  "interval": [
    0.6025656729217623,
    0.6146053567964898
  ],
  "ensemble_prediction": 0.6088202440950384,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.1881558984401712e-07,
      "scaled_bound": 2.1881558984401712e-07
    },
    {
      "p": 7,
      "lower_bound": 4.72553135094235e-05,
      "scaled_bound": 2.6370152628026507e-08
    }
  ],
  "tested_fidelities": 33554432,
  "centre_seed": 4403813176472109675,
  "centres": "w0002-witness-d8-n128.npy",
  "centres_sha256": "3e35a056c236fab823944943981955955d2b6c6da1256cdbadb17a00c0b0b927"
}







Critical_Alphabet/reference/cells/w0002-witness-d8-n128.npy





Critical_Alphabet/reference/cells/w0002-witness-d8-n2.json

{
  "wave": 2,
  "kind": "witness",
  "d": 8,
  "seed": 8630651485743549861,
  "cell": "w0002-witness-d8-n2",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.10649815899523674,
  "n": 2,
  "s": 0.03571428571428571,
  "t": 0.17857142857142855,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 102537,
  "rate": 0.7822952270507812,
  "interval": [
    0.7771751409087236,
    0.7873566232993786
  ],
  "ensemble_prediction": 0.7752470631336285,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 1.0073150946437226e-06,
      "scaled_bound": 1.0073150946437226e-06
    },
    {
      "p": 7,
      "lower_bound": 4.384017403467628e-06,
      "scaled_bound": 1.5657205012384384e-07
    }
  ],
  "tested_fidelities": 524288,
  "centre_seed": 16017971020933427294,
  "centres": "w0002-witness-d8-n2.npy",
  "centres_sha256": "3425f076d002170e6a86fe460ec45218e7f34d2b808e2273f7505d72981c6b9c"
}







Critical_Alphabet/reference/cells/w0002-witness-d8-n2.npy





Critical_Alphabet/reference/cells/w0002-witness-d8-n32.json

{
  "wave": 2,
  "kind": "witness",
  "d": 8,
  "seed": 15647849289167924654,
  "cell": "w0002-witness-d8-n32",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.13408033800078556,
  "n": 32,
  "s": 0.002232142857142857,
  "t": 0.011160714285714284,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 80687,
  "rate": 0.6155929565429688,
  "interval": [
    0.6095809386598887,
    0.6215809462796695
  ],
  "ensemble_prediction": 0.6157486694113433,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.3455257672073117e-07,
      "scaled_bound": 2.3455257672073117e-07
    },
    {
      "p": 7,
      "lower_bound": 1.2810898677473694e-05,
      "scaled_bound": 2.859575597650378e-08
    }
  ],
  "tested_fidelities": 8388608,
  "centre_seed": 11314654763461939675,
  "centres": "w0002-witness-d8-n32.npy",
  "centres_sha256": "2facd3900196bfbdb5f19d67188c693dc8287078ce766cfbb43b401a70787c2e"
}







Critical_Alphabet/reference/cells/w0002-witness-d8-n32.npy





Critical_Alphabet/reference/cells/w0002-witness-d8-n512.json

{
  "wave": 2,
  "kind": "witness",
  "d": 8,
  "seed": 4757260434296509011,
  "cell": "w0002-witness-d8-n512",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.7013945020007668,
  "n": 512,
  "s": 0.00013950892857142856,
  "t": 0.0006975446428571428,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 79568,
  "rate": 0.6070556640625,
  "interval": [
    0.6010205002037563,
    0.6130685744911818
  ],
  "ensemble_prediction": 0.6071021291006446,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 2.1547041688624463e-07,
      "scaled_bound": 2.1547041688624463e-07
    },
    {
      "p": 7,
      "lower_bound": 0.00018565426465844812,
      "scaled_bound": 2.5900427547216534e-08
    }
  ],
  "tested_fidelities": 134217728,
  "centre_seed": 15185621114856681534,
  "centres": "w0002-witness-d8-n512.npy",
  "centres_sha256": "bdb757a56d416d86068ae8806fcae7ec1fa0b77bc8059179adeb5cbcc76e1aee"
}







Critical_Alphabet/reference/cells/w0002-witness-d8-n512.npy





Critical_Alphabet/reference/cells/w0002-witness-d8-n8.json

{
  "wave": 2,
  "kind": "witness",
  "d": 8,
  "seed": 12113474183387504998,
  "cell": "w0002-witness-d8-n8",
  "alpha": 8.090614886731391e-06,
  "tolerance": 0.012,
  "seconds": 0.10820720700576203,
  "n": 8,
  "s": 0.008928571428571428,
  "t": 0.04464285714285714,
  "kappa": 0.5,
  "trials": 131072,
  "unique": 131072,
  "hits": 84502,
  "rate": 0.6446990966796875,
  "interval": [
    0.6387808159811242,
    0.6505872985280177
  ],
  "ensemble_prediction": 0.6443811828436269,
  "strong_witness": true,
  "bounds": [
    {
      "p": 6,
      "lower_bound": 3.1057259244557156e-07,
      "scaled_bound": 3.1057259244557156e-07
    },
    {
      "p": 7,
      "lower_bound": 4.44388703413212e-06,
      "scaled_bound": 3.967756280475107e-08
    }
  ],
  "tested_fidelities": 2097152,
  "centre_seed": 7563495904776267314,
  "centres": "w0002-witness-d8-n8.npy",
  "centres_sha256": "cda0ef10a95d5a33a8891d440520bc9145fe43f2533aa8fa20bf87f0bf7c74c8"
}







Critical_Alphabet/reference/cells/w0002-witness-d8-n8.npy
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Critical_Alphabet/reference/geometry.log

ok test_zonal_orthonormality
ok test_lemma_A1
ok test_scale_law
ok test_band_mean_vs_mc
ok test_cap_response_endpoints
ok test_endpoint_runs
ok test_protocol_exact







Critical_Alphabet/reference/manifest.json

{
  "backend": "numpy",
  "profile": "overnight",
  "python": "3.12.14",
  "numpy": "2.3.5",
  "scipy": "1.17.0",
  "machine": "x86_64",
  "platform": "Linux-6.18.57-x86_64-with-glibc2.39",
  "device": "CPU",
  "source": {
    "PLAN.md": "c523faa8971403c400f03ea4ed6d38b5e9cf0ee1fca5b5d3726b540b1fdbdb6e",
    "check_dimension.py": "6279c32e73ed08278522ead8191b9c1082b7341f4b391fd98759c7ee43f79376",
    "ququart_lab/__init__.py": "b8ac553d2f0e56c4f53d5ae85009cb30fba451de68825a7b50b36b629cdbc434",
    "ququart_lab/campaign.py": "7cdafd1cb285d04a8425926f2ba17dc480329ad94de31c25d1f73449b4c21f29",
    "ququart_lab/cpn.py": "6125741a66673c7ba3d15963b5d0872c643d43427767da71ffaf4d454a3a5ce2",
    "ququart_lab/endpoint.py": "a181a34ecb0558d4f4ffc693834b05328687edc4629e3f3d2f6939370c000c6a",
    "ququart_lab/evidence.py": "8c68bc541361311fa3d510e94f535554717d944197952ad9ad6eefa334a9ce0a",
    "ququart_lab/protocol.py": "e3b19e75e63fef33aee9c376032334b9e395ebc70e34d27651e9e47f4d639ec0",
    "ququart_lab/scalelaw.py": "5b44cfbb790a04f8053bceff53e3aab4045ef9c1e7c7793500ea42837e289a13",
    "ququart_lab/validate.py": "21f2c7ddf7a354ed2794d46c90bde491c2bcfa2da635b3cb9b35a18b3775f446",
    "ququart_lab/zonal.py": "5170e28178ab341b788bbeab24b323feb7d7d86d10d212d6e3451f7d87b3c5a6",
    "requirements.txt": "f9459b2774d6c030e651bf6c22919cb0f510c5643df8da73835b233f3024aa48",
    "run_gpu.sh": "2afd387bb277ceca69517c17b5af4920abc2570fc55237976a89169cc0cb85ce",
    "tests/test_core.py": "dd7cd16249f898a8f2a09e32ec379f959568661220bc7037ba7fdb05a476960a",
    "tests/test_evidence.py": "1ee50b4c6182107f11d1138c4a710bdea6322003e5cdc0218771a8cae770c5ad"
  }
}







Critical_Alphabet/reference/povm_checks.json

{
  "exact": {
    "scale": "1/256",
    "outcomes": 12,
    "enumerated_blocks": 18,
    "exact_residual": "0",
    "mutant_mass_failures": 6,
    "vertices_with_negative_effect_scores": 0,
    "mean": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "born": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "blocks": [
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "724903927028249251853132023227473655176941403111424/6277103234887362058798476527892230578650200855148754894849",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "12727740273868920104167194597455867087539901804031759303944699904/131588980279908048780709808152982506164104536442564692801079992321",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "102021157941374062033419882971077219292702136411038318311619158017/263177960559816097561419616305965012328209072885129385602159984642",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "39297129940633497617121165705216/340282367237851113631112422265381191681",
        "near_mass": "1110257/189576384",
        "correct_total": "1",
        "faulty_total": "190686641/189576384"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "689972346326342815373795520310363721130049536/7133451217305894148065394343936111231620866049",
        "near_mass": "1233137/379152768",
        "correct_total": "1",
        "faulty_total": "380385905/379152768"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "5530579364842970217422398263322729470748516353/14266902434611788296130788687872222463241732098",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "713623677208717476937283783942967281108123648/6277103234887362058798476527892230578650200855148754894849",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "12529683559628272549438132553753450497690028287934341316608/131588980279908048780709808152982506164104536442564692801079992321",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "50216801957245800027898553150466006019217005983662543470592/131588980279908048780709808152982506164104536442564692801079992321",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "38685626227668133590597632/340282367237851113631112422265381191681",
        "near_mass": "1110257/189576384",
        "correct_total": "1",
        "faulty_total": "190686641/189576384"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "679235667788765599699002556308911030272/7133451217305894148065394343936111231620866049",
        "near_mass": "1233137/379152768",
        "correct_total": "1",
        "faulty_total": "380385905/379152768"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "2722258934100166592636090706817898774528/7133451217305894148065394343936111231620866049",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "23384020649330737704014210648871540966907214561280/6277103234887362058798476527892230578650200855148754894849",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "24151333575665019745403985391166193067205157355949329628528640/7740528251759296987100576950175441539064972731915570164769411313",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "96794362714818034181453199211152339200102943962388848034447360/7740528251759296987100576950175441539064972731915570164769411313",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "1267650599933081496317350379520/340282367237851113631112422265381191681",
        "near_mass": "1110257/189576384",
        "correct_total": "1",
        "faulty_total": "190686641/189576384"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "1309246726877653781275256806976394111221760/419614777488582008709729079055065366565933297",
        "near_mass": "1233137/379152768",
        "correct_total": "1",
        "faulty_total": "380385905/379152768"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "5247234160695592440178185596437480593162240/419614777488582008709729079055065366565933297",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      }
    ]
  },
  "exact_theorem_scale": {
    "scale": "1/128",
    "outcomes": 12,
    "enumerated_blocks": 18,
    "exact_residual": "0",
    "mutant_mass_failures": 6,
    "vertices_with_negative_effect_scores": 0,
    "mean": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "born": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "blocks": [
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "368298190986947475422617263227755103678336688193536/6277102486598523048477894710134707773323121818526795431937",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "587865270936202469067378307113714101522559255461421668392501248/10765902414482533070105776562615008244980899492808036532883172259",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "856540636100487684217695378014821520724997618686626369341049289/1957436802633187830928323011384546953632890816874188460524213138",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "19965487291706576099673318096896/340282367237851113631112422265381191681",
        "near_mass": "5941931/537133088",
        "correct_total": "1",
        "faulty_total": "543075019/537133088"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "31868243948361817111431546083415364209737728/583620670026209109946516333214311139520424867",
        "near_mass": "18866177/3222798528",
        "correct_total": "1",
        "faulty_total": "3241664705/3222798528"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "510764830339627875884594715773244777917197219/1167241340052418219893032666428622279040849734",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "178405940569827301792974912446654784762544128/6277102486598523048477894710134707773323121818526795431937",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "284765603405927325656910570323713125195219530953317679104/10765902414482533070105776562615008244980899492808036532883172259",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "207456812929609732464690349047403757646313487240565620736/978718401316593915464161505692273476816445408437094230262106569",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "9671406556917033397649408/340282367237851113631112422265381191681",
        "near_mass": "5941931/537133088",
        "correct_total": "1",
        "faulty_total": "543075019/537133088"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "15437176111781909416038278456770822144/583620670026209109946516333214311139520424867",
        "near_mass": "18866177/3222798528",
        "correct_total": "1",
        "faulty_total": "3241664705/3222798528"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "123708834575784002124043566398157357056/583620670026209109946516333214311139520424867",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "5846005859230971717826249005995717870410090414080/6277102486598523048477894710134707773323121818526795431937",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "9331199290232837469812357256165660367398898130720059230781440/10765902414482533070105776562615008244980899492808036532883172259",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "6797944844494681839367254573522442197807484474301369769000960/978718401316593915464161505692273476816445408437094230262106569",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "316912649983270374079337594880/340282367237851113631112422265381191681",
        "near_mass": "5941931/537133088",
        "correct_total": "1",
        "faulty_total": "543075019/537133088"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "505845386713093300739570270080060977315840/583620670026209109946516333214311139520424867",
        "near_mass": "18866177/3222798528",
        "correct_total": "1",
        "faulty_total": "3241664705/3222798528"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "4053691090435466675620862204248403906396160/583620670026209109946516333214311139520424867",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      }
    ]
  },
  "stress": {
    "frames": 720,
    "fixed_tape_vectors": 6480,
    "largest_mass_error": 1.1102230246251565e-15,
    "largest_mean_error": 4.996003610813204e-16,
    "minimum_component": 0.0,
    "min_far_ratio": 0.7573792417078107,
    "near_cases": 3115,
    "far_cases": 5525,
    "negative_raw_score_cases": 1071,
    "mutant_max_mass_error": 0.05562001083108692
  }
}
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{
  "checks": [
    {
      "check": "Lemma A.1  sup|m_l(t)|, l<=400",
      "value": 1.9999751864120792,
      "target": 2.0,
      "tol": 9.999999999998899e-05,
      "pass": true,
      "note": "attained at l=400, t=0; must stay < 2"
    },
    {
      "check": "Lemma A.1  m_1(t) = 4/3 (any t)",
      "value": 1.3333333333333335,
      "target": 1.3333333333333333,
      "tol": 1e-12,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma A.1  m_2(1/2) = (15/2-10)/6",
      "value": -0.4166666666666667,
      "target": -0.4166666666666667,
      "tol": 1e-12,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 3.1  Q(0) = 1 (f is a density)",
      "value": 0.9999999999999933,
      "target": 1.0,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 3.1  Q(-1) = 5/4",
      "value": 1.249999999999989,
      "target": 1.25,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 3.1  Q(2) closed = numeric",
      "value": -1.1435297153639112e-14,
      "target": 0.0,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 3.1  grid f(u) > 0 on (0,1)",
      "value": 1.0,
      "target": 1.0,
      "tol": 0.0,
      "pass": true,
      "note": "minimum 4.16667e-07"
    },
    {
      "check": "Lemma 3.1  nu'(0+) = 1/3",
      "value": 0.3333333430764065,
      "target": 0.3333333333333333,
      "tol": 1e-06,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 3.1  nu'(s) <= (1-s)^-3",
      "value": 1.0,
      "target": 1.0,
      "tol": 0.0,
      "pass": true,
      "note": "grid maximum 1"
    },
    {
      "check": "Lemma 3.2  nu((0,1/2]) = 1",
      "value": 1.0000000000000266,
      "target": 1.0,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    },
    {
      "check": "App. B     max_j<=40 |E P_j(z)P_j(-z)| / b0",
      "value": 4.142519660632615e-15,
      "target": 0.0,
      "tol": 1e-12,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 3.2  max_t |int K_s(t) dnu - t|",
      "value": 2.379480501524256e-08,
      "target": 0.0,
      "tol": 1e-06,
      "pass": true,
      "note": "direct cap response, 3-level quadrature"
    },
    {
      "check": "Lemma 2.1  K_s(0) = 0",
      "value": 8.326672684688674e-15,
      "target": 0.0,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 2.1  K_s(1) = 1",
      "value": 1.0,
      "target": 1.0,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    },
    {
      "check": "Lemma 2.1  K_s(t) = 1 for t > 4s(1-s)",
      "value": 1.0,
      "target": 1.0,
      "tol": 1e-10,
      "pass": true,
      "note": ""
    }
  ],
  "multiplier_growth": {
    "4": {
      "sup_scaled": 1.9999751864120792,
      "tail_mean_last_50": 1.9999717322478514,
      "argmax_l": 400
    },
    "5": {
      "sup_scaled": 5.970038423810109,
      "tail_mean_last_50": 5.968039152619326,
      "argmax_l": 400
    },
    "6": {
      "sup_scaled": 23.70224058075771,
      "tail_mean_last_50": 23.682505905390002,
      "argmax_l": 400
    },
    "7": {
      "sup_scaled": 117.33710929172541,
      "tail_mean_last_50": 117.16184188704905,
      "argmax_l": 400
    },
    "8": {
      "sup_scaled": 695.326799704903,
      "tail_mean_last_50": 693.7158017031139,
      "argmax_l": 400
    }
  },
  "all_pass": true
}
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== d = 4: statements proved in the manuscript ==
[PASS] Lemma A.1  sup|m_l(t)|, l<=400                 +1.99997518641   (target +2, tol 0.0001) attained at l=400, t=0; must stay < 2
[PASS] Lemma A.1  m_1(t) = 4/3 (any t)                +1.33333333333   (target +1.33333, tol 1e-12) 
[PASS] Lemma A.1  m_2(1/2) = (15/2-10)/6              -0.416666666667   (target -0.416667, tol 1e-12) 
[PASS] Lemma 3.1  Q(0) = 1 (f is a density)           +1   (target +1, tol 1e-10) 
[PASS] Lemma 3.1  Q(-1) = 5/4                         +1.25   (target +1.25, tol 1e-10) 
[PASS] Lemma 3.1  Q(2) closed = numeric               -1.14352971536e-14   (target +0, tol 1e-10) 
[PASS] Lemma 3.1  grid f(u) > 0 on (0,1)              +1   (target +1, tol 0) minimum 4.16667e-07
[PASS] Lemma 3.1  nu'(0+) = 1/3                       +0.333333343076   (target +0.333333, tol 1e-06) 
[PASS] Lemma 3.1  nu'(s) <= (1-s)^-3                  +1   (target +1, tol 0) grid maximum 1
[PASS] Lemma 3.2  nu((0,1/2]) = 1                     +1   (target +1, tol 1e-10) 
[PASS] App. B     max_j<=40 |E P_j(z)P_j(-z)| / b0    +4.14251966063e-15   (target +0, tol 1e-12) 
[PASS] Lemma 3.2  max_t |int K_s(t) dnu - t|          +2.37948050152e-08   (target +0, tol 1e-06) direct cap response, 3-level quadrature
[PASS] Lemma 2.1  K_s(0) = 0                          +8.32667268469e-15   (target +0, tol 1e-10) 
[PASS] Lemma 2.1  K_s(1) = 1                          +1   (target +1, tol 1e-10) 
[PASS] Lemma 2.1  K_s(t) = 1 for t > 4s(1-s)          +1   (target +1, tol 1e-10) 

== d >= 5: multiplier growth (claimed uniform bound |m_l(t)| <= C_d l^{-(d-4)}) ==
  d=4: sup_l |m_l| l^(d-4) = 1.999975 at l=400; mean over l in [351,400] = 1.999972  (bounded)
  d=5: sup_l |m_l| l^(d-4) = 5.970038 at l=400; mean over l in [351,400] = 5.968039  (bounded)
  d=6: sup_l |m_l| l^(d-4) = 23.702241 at l=400; mean over l in [351,400] = 23.682506  (bounded)
  d=7: sup_l |m_l| l^(d-4) = 117.337109 at l=400; mean over l in [351,400] = 117.161842  (bounded)
  d=8: sup_l |m_l| l^(d-4) = 695.326800 at l=400; mean over l in [351,400] = 693.715802  (bounded)

15/15 checks passed in 5.6s
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ok test_binomial_intervals
ok test_packets
ok test_exhaustion
ok test_tagged_band_and_mutation
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Positive-factor Mellin identity: d = 4..30, k = -2..24 passed.
Direct Jacobi products and mixed cancellation: d = 4..16, j = 1..12 passed.
Endpoint geometric sum including dyadic boundaries: passed.
Degree-one fidelity multiplier and quotient: exact checks passed.
Multiplier grid: d = 4..12, n = 1..400, 110 fidelities plus endpoint passed.
Largest ratio to the proved bound on this grid: 0.062499224575
Normalization: exact m_1(n)=1 and kernel dimensions, d=4..12, n=0..24 passed.
d=4 endpoint: exact |m_0_prime(n)|=2-4/((n+1)(n+2)), n=1..400 passed.
Wrong denominator diagnostic, d=5,n=2: binomial gives 1; n+a gives 2.
t=1/n^2: independent Jacobi series; d=5 target n*|q| = 4.6566553251526
     n        |q| d=4        |q| d=5        n*|q| d=5
    16 1.4741305341e+00 2.4128281579e-01 3.8605250527e+00
    64 1.5332287319e+00 6.9400942907e-02 4.4416603461e+00
   256 1.5475251138e+00 1.7976216769e-02 4.6019114929e+00
  1024 1.5510488805e+00 4.5340895624e-03 4.6429077119e+00
  4096 1.5519262935e+00 1.1360387157e-03 4.6532145794e+00
Independent series agrees with SciPy: relative error < 2e-8.
d=5, f_n=(2*z1*conj(z2))^n, ||f_n||_inf=1, t=1/n^2:
     n         LHS=||T f||_3^3        RHS/C_5=||f||_2^2       LHS/(RHS/C_5)
    16       4.528904460583e-07       1.213040054284e-04       3.733516007646e-03
    64       9.748407405337e-11       1.175834228576e-06       8.290630744048e-05
   256       1.374356206739e-14       9.718087468647e-09       1.414224981173e-06
  1024       1.739360238139e-18       7.701056941582e-11       2.258599373221e-08
  4096       2.142504863718e-22       6.037950990133e-13       3.548397241413e-10
Predicted limit n^3*LHS/(RHS/C_5) = 24.428841642728
These tests show decay, not the proposed numerical divergence.
{
  "exact": {
    "scale": "1/256",
    "outcomes": 12,
    "enumerated_blocks": 18,
    "exact_residual": "0",
    "mutant_mass_failures": 6,
    "vertices_with_negative_effect_scores": 0,
    "mean": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "born": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "blocks": [
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "724903927028249251853132023227473655176941403111424/6277103234887362058798476527892230578650200855148754894849",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "12727740273868920104167194597455867087539901804031759303944699904/131588980279908048780709808152982506164104536442564692801079992321",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "102021157941374062033419882971077219292702136411038318311619158017/263177960559816097561419616305965012328209072885129385602159984642",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "39297129940633497617121165705216/340282367237851113631112422265381191681",
        "near_mass": "1110257/189576384",
        "correct_total": "1",
        "faulty_total": "190686641/189576384"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "689972346326342815373795520310363721130049536/7133451217305894148065394343936111231620866049",
        "near_mass": "1233137/379152768",
        "correct_total": "1",
        "faulty_total": "380385905/379152768"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "5530579364842970217422398263322729470748516353/14266902434611788296130788687872222463241732098",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "713623677208717476937283783942967281108123648/6277103234887362058798476527892230578650200855148754894849",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "12529683559628272549438132553753450497690028287934341316608/131588980279908048780709808152982506164104536442564692801079992321",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "50216801957245800027898553150466006019217005983662543470592/131588980279908048780709808152982506164104536442564692801079992321",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "38685626227668133590597632/340282367237851113631112422265381191681",
        "near_mass": "1110257/189576384",
        "correct_total": "1",
        "faulty_total": "190686641/189576384"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "679235667788765599699002556308911030272/7133451217305894148065394343936111231620866049",
        "near_mass": "1233137/379152768",
        "correct_total": "1",
        "faulty_total": "380385905/379152768"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "2722258934100166592636090706817898774528/7133451217305894148065394343936111231620866049",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "23384020649330737704014210648871540966907214561280/6277103234887362058798476527892230578650200855148754894849",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "24151333575665019745403985391166193067205157355949329628528640/7740528251759296987100576950175441539064972731915570164769411313",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "96794362714818034181453199211152339200102943962388848034447360/7740528251759296987100576950175441539064972731915570164769411313",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "0",
          "4398046511104/18446748463166128129"
        ],
        "probability": "1267650599933081496317350379520/340282367237851113631112422265381191681",
        "near_mass": "1110257/189576384",
        "correct_total": "1",
        "faulty_total": "190686641/189576384"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "4398046511104/18446748463166128129",
          "77220247336330860586598400/386705257013595925624381441"
        ],
        "probability": "1309246726877653781275256806976394111221760/419614777488582008709729079055065366565933297",
        "near_mass": "1233137/379152768",
        "correct_total": "1",
        "faulty_total": "380385905/379152768"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "77220247336330860586598400/386705257013595925624381441",
          "1"
        ],
        "probability": "5247234160695592440178185596437480593162240/419614777488582008709729079055065366565933297",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      }
    ]
  },
  "exact_theorem_scale": {
    "scale": "1/128",
    "outcomes": 12,
    "enumerated_blocks": 18,
    "exact_residual": "0",
    "mutant_mass_failures": 6,
    "vertices_with_negative_effect_scores": 0,
    "mean": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "born": [
      "6148914688373205675/18446744082299486209",
      "17179869184/55340232246898458627",
      "0",
      "0",
      "309334502548568994083758081/928908432419179609523773443",
      "100547197052514141388800/309636144139726536507924481",
      "0",
      "0",
      "166034207659833425929/1383505806172461465675",
      "98378131465884576432/461168602057487155225",
      "0",
      "0"
    ],
    "blocks": [
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "368298190986947475422617263227755103678336688193536/6277102486598523048477894710134707773323121818526795431937",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "587865270936202469067378307113714101522559255461421668392501248/10765902414482533070105776562615008244980899492808036532883172259",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 0,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "856540636100487684217695378014821520724997618686626369341049289/1957436802633187830928323011384546953632890816874188460524213138",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "19965487291706576099673318096896/340282367237851113631112422265381191681",
        "near_mass": "5941931/537133088",
        "correct_total": "1",
        "faulty_total": "543075019/537133088"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "31868243948361817111431546083415364209737728/583620670026209109946516333214311139520424867",
        "near_mass": "18866177/3222798528",
        "correct_total": "1",
        "faulty_total": "3241664705/3222798528"
      },
      {
        "vertex": 0,
        "gate": 1,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "510764830339627875884594715773244777917197219/1167241340052418219893032666428622279040849734",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "178405940569827301792974912446654784762544128/6277102486598523048477894710134707773323121818526795431937",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "284765603405927325656910570323713125195219530953317679104/10765902414482533070105776562615008244980899492808036532883172259",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 0,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "207456812929609732464690349047403757646313487240565620736/978718401316593915464161505692273476816445408437094230262106569",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "9671406556917033397649408/340282367237851113631112422265381191681",
        "near_mass": "5941931/537133088",
        "correct_total": "1",
        "faulty_total": "543075019/537133088"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "15437176111781909416038278456770822144/583620670026209109946516333214311139520424867",
        "near_mass": "18866177/3222798528",
        "correct_total": "1",
        "faulty_total": "3241664705/3222798528"
      },
      {
        "vertex": 1,
        "gate": 1,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "123708834575784002124043566398157357056/583620670026209109946516333214311139520424867",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "5846005859230971717826249005995717870410090414080/6277102486598523048477894710134707773323121818526795431937",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "9331199290232837469812357256165660367398898130720059230781440/10765902414482533070105776562615008244980899492808036532883172259",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 0,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "6797944844494681839367254573522442197807484474301369769000960/978718401316593915464161505692273476816445408437094230262106569",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "0",
          "2199023255552/18446746264142872577"
        ],
        "probability": "316912649983270374079337594880/340282367237851113631112422265381191681",
        "near_mass": "5941931/537133088",
        "correct_total": "1",
        "faulty_total": "543075019/537133088"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "2199023255552/18446746264142872577",
          "319091931141863060275200/2876194876805026341538249"
        ],
        "probability": "505845386713093300739570270080060977315840/583620670026209109946516333214311139520424867",
        "near_mass": "18866177/3222798528",
        "correct_total": "1",
        "faulty_total": "3241664705/3222798528"
      },
      {
        "vertex": 2,
        "gate": 1,
        "interval": [
          "319091931141863060275200/2876194876805026341538249",
          "1"
        ],
        "probability": "4053691090435466675620862204248403906396160/583620670026209109946516333214311139520424867",
        "near_mass": "0",
        "correct_total": "1",
        "faulty_total": "1"
      }
    ]
  },
  "stress": {
    "frames": 720,
    "fixed_tape_vectors": 6480,
    "largest_mass_error": 1.1102230246251565e-15,
    "largest_mean_error": 4.996003610813204e-16,
    "minimum_component": 0.0,
    "min_far_ratio": 0.7573792417078107,
    "near_cases": 3115,
    "far_cases": 5525,
    "negative_raw_score_cases": 1071,
    "mutant_max_mass_error": 0.05562001083108692
  }
}
ok test_zonal_orthonormality
ok test_lemma_A1
ok test_scale_law
ok test_band_mean_vs_mc
ok test_cap_response_endpoints
ok test_endpoint_runs
ok test_protocol_exact
ok test_binomial_intervals
ok test_packets
ok test_exhaustion
ok test_tagged_band_and_mutation
Panel verified: 93 cells; 6,943,070 anchors; 62,487,630 bits; 2,681,733,120 centre comparisons; 3,145,728 packet trials.
Largest Born residual: 0.0021948944 (d=7, target=0.5, 97638/196137).
CPU / numpy â�¢ results in <temporary-run-directory>
[w0000-packets-d0-n0] 0.7s
[w0000-born-d4-n0] 0.2s
[w0000-born-d5-n0] 0.2s
[w0000-born-d6-n0] 0.3s
[w0000-born-d7-n0] 0.4s
[w0000-born-d8-n0] 0.5s
[w0000-witness-d4-n2] 0.1s
[w0000-witness-d5-n2] 0.1s
[w0000-witness-d6-n2] 0.1s
[w0000-witness-d7-n2] 0.1s
[w0000-witness-d8-n2] 0.1s
[w0000-witness-d4-n8] 0.1s
[w0000-witness-d5-n8] 0.1s
[w0000-witness-d6-n8] 0.2s
[w0000-witness-d7-n8] 0.1s
[w0000-witness-d8-n8] 0.1s
[w0000-witness-d4-n32] 0.1s
[w0000-witness-d5-n32] 0.1s
[w0000-witness-d6-n32] 0.1s
[w0000-witness-d7-n32] 0.1s
[w0000-witness-d8-n32] 0.1s
[w0000-witness-d4-n128] 0.2s
[w0000-witness-d5-n128] 0.2s
[w0000-witness-d6-n128] 0.2s
[w0000-witness-d7-n128] 0.3s
[w0000-witness-d8-n128] 0.3s
[w0000-witness-d4-n512] 0.6s
[w0000-witness-d5-n512] 0.6s
[w0000-witness-d6-n512] 0.7s
[w0000-witness-d7-n512] 0.7s
[w0000-witness-d8-n512] 0.8s
Wave 1 complete / INCOMPLETE / elapsed 0.3 min
[w0001-packets-d0-n0] 0.8s
[w0001-born-d4-n0] 0.2s
[w0001-born-d5-n0] 0.3s
[w0001-born-d6-n0] 0.3s
[w0001-born-d7-n0] 0.4s
[w0001-born-d8-n0] 0.5s
[w0001-witness-d4-n2] 0.1s
[w0001-witness-d5-n2] 0.1s
[w0001-witness-d6-n2] 0.1s
[w0001-witness-d7-n2] 0.1s
[w0001-witness-d8-n2] 0.1s
[w0001-witness-d4-n8] 0.1s
[w0001-witness-d5-n8] 0.1s
[w0001-witness-d6-n8] 0.1s
[w0001-witness-d7-n8] 0.1s
[w0001-witness-d8-n8] 0.1s
[w0001-witness-d4-n32] 0.1s
[w0001-witness-d5-n32] 0.1s
[w0001-witness-d6-n32] 0.1s
[w0001-witness-d7-n32] 0.1s
[w0001-witness-d8-n32] 0.1s
[w0001-witness-d4-n128] 0.2s
[w0001-witness-d5-n128] 0.2s
[w0001-witness-d6-n128] 0.2s
[w0001-witness-d7-n128] 0.3s
[w0001-witness-d8-n128] 0.3s
[w0001-witness-d4-n512] 0.6s
[w0001-witness-d5-n512] 0.6s
[w0001-witness-d6-n512] 0.7s
[w0001-witness-d7-n512] 0.7s
[w0001-witness-d8-n512] 0.7s
Wave 2 complete / INCOMPLETE / elapsed 0.5 min
[w0002-packets-d0-n0] 0.7s
[w0002-born-d4-n0] 0.2s
[w0002-born-d5-n0] 0.2s
[w0002-born-d6-n0] 0.3s
[w0002-born-d7-n0] 0.4s
[w0002-born-d8-n0] 0.4s
[w0002-witness-d4-n2] 0.1s
[w0002-witness-d5-n2] 0.1s
[w0002-witness-d6-n2] 0.1s
[w0002-witness-d7-n2] 0.1s
[w0002-witness-d8-n2] 0.1s
[w0002-witness-d4-n8] 0.1s
[w0002-witness-d5-n8] 0.1s
[w0002-witness-d6-n8] 0.1s
[w0002-witness-d7-n8] 0.1s
[w0002-witness-d8-n8] 0.1s
[w0002-witness-d4-n32] 0.1s
[w0002-witness-d5-n32] 0.1s
[w0002-witness-d6-n32] 0.1s
[w0002-witness-d7-n32] 0.1s
[w0002-witness-d8-n32] 0.1s
[w0002-witness-d4-n128] 0.2s
[w0002-witness-d5-n128] 0.2s
[w0002-witness-d6-n128] 0.2s
[w0002-witness-d7-n128] 0.2s
[w0002-witness-d8-n128] 0.3s
[w0002-witness-d4-n512] 0.6s
[w0002-witness-d5-n512] 0.6s
[w0002-witness-d6-n512] 0.6s
[w0002-witness-d7-n512] 0.7s
[w0002-witness-d8-n512] 0.7s
FINITE CHECKS PASSED â�¢ <temporary-run-directory>/REPORT.md â�¢ <temporary-run-directory>/evidence.zip
Panel verified: 93 cells; 6,943,070 anchors; 62,487,630 bits; 2,681,733,120 centre comparisons; 3,145,728 packet trials.
Largest Born residual: 0.0021948944 (d=7, target=0.5, 97638/196137).
Fresh CPU replay matched all 93 archived cells, excluding elapsed times.
PASS







Critical_Alphabet/reference/status.json

{
  "verdict": "FINITE CHECKS PASSED",
  "core_completed": 93,
  "core_required": 93,
  "completed_cells": 93,
  "missing_core": [],
  "flags": []
}







Critical_Alphabet/requirements-pinned.txt

numpy==2.3.5
scipy==1.17.0
matplotlib==3.10.8







Critical_Alphabet/requirements.txt

numpy>=1.24
scipy>=1.10
matplotlib>=3.7
# GPU (optional, pick the one matching your CUDA driver):
# cupy-cuda12x
# cupy-cuda13x







Critical_Alphabet/run_gpu.sh

#!/usr/bin/env bash
set -euo pipefail
cd "$(dirname "$0")"
export PYTHONUNBUFFERED=1 OPENBLAS_NUM_THREADS=1 MKL_NUM_THREADS=1 OMP_NUM_THREADS=1
unset PYTHONOPTIMIZE
# Reuse the caller's Python if it is ready. Otherwise install into this lab's own venv.
PY="${PYTHON:-python3}"
if [[ -x .venv/bin/python ]]; then PY="$PWD/.venv/bin/python"; fi
if ! "$PY" -c 'import numpy, scipy, matplotlib, cupy' >/dev/null 2>&1; then
  if ! command -v nvidia-smi >/dev/null; then
    echo "nvidia-smi is unavailable. Check your NVIDIA driver before launching." >&2; exit 1
  fi
  driver_info=$(nvidia-smi)
  cuda=$(sed -nE 's/.*CUDA Version: ([0-9]+\.[0-9]+).*/\1/p' <<<"$driver_info" | head -1)
  if [[ -z "$cuda" ]]; then echo "Could not detect driver-supported CUDA version from nvidia-smi." >&2; exit 1; fi
  case "$cuda" in
    12.*) if (( ${cuda#12.} < 8 )); then echo "This RTX build needs CUDA 12.8+ support from the driver." >&2; exit 1; fi; wheel=cupy-cuda12x ;;
    13.*) wheel=cupy-cuda13x ;;
    *) echo "Unsupported driver CUDA family: $cuda" >&2; exit 1 ;;
  esac
  if [[ ! -x .venv/bin/python ]]; then
    "$PY" -m venv .venv || { echo "Install python3-venv on Linux Mint and rerun." >&2; exit 1; }
  fi
  PY="$PWD/.venv/bin/python"
  "$PY" -m pip install -r requirements.txt "${wheel}[ctk]>=14,<15"
fi
exec "$PY" -m ququart_lab.campaign --backend cupy "$@"







Critical_Alphabet/tests/test_core.py

"""Fast regression tests (CPU, ~20 s):  python -m pytest tests/  or  python tests/test_core.py"""
import os, sys
sys.path.insert(0, os.path.join(os.path.dirname(__file__), ".."))
import numpy as np
from ququart_lab import cpn, zonal as Z, scalelaw as S, endpoint as E, protocol as Pm


def test_zonal_orthonormality():
    x, w = np.polynomial.legendre.leggauss(200); t = 0.5 * (x + 1); w = 0.5 * w
    for d in (4, 5, 6):
        for l in range(5):
            assert abs(np.sum(w * Z.phi(l, t, d) ** 2 * (d - 1) * (1 - t) ** (d - 2)) * Z.dim_level(l, d) - 1) < 1e-10


def test_lemma_A1():
    sup, _ = Z.multiplier_sup(4, 200)
    assert 1.999 < sup < 2.0


def test_scale_law():
    assert abs(S.Q_numeric(0) - 1) < 1e-10 and abs(S.Q_numeric(-1) - 1.25) < 1e-10
    assert abs(S.nu_mass(0, 0.5, 400) - 1) < 1e-9
    assert all(abs(S.jacobi_cancellation(j)[0] / S.jacobi_cancellation(j)[1]) < 1e-12 for j in range(1, 15))
    assert abs(S.mixture(0.3) - 0.3) < 1e-6


def test_band_mean_vs_mc():
    rng = np.random.default_rng(0); d, s, t, tau = 4, 0.05, 0.08, 0.3
    x = cpn.haar_rays(np, rng, 1, d); y = cpn.rays_at_fidelity(np, rng, x, tau)
    Zt = cpn.fidelity_sphere_samples(np, rng, x, t, 200000)[0]
    mc = np.mean(cpn.fidelity(np, y, Zt)[0] <= s); ex = Z.band_Rt_scalar(tau, t, s, d)
    assert abs(mc - ex) < 4 * np.sqrt(ex * (1 - ex) / 200000) + 1e-3


def test_cap_response_endpoints():
    assert abs(Z.cap_response(0.0, 0.05, 5)) < 1e-9 and abs(Z.cap_response(1.0, 0.05, 5) - 1) < 1e-9


def test_endpoint_runs():
    rng = np.random.default_rng(0)
    cfg = E.Config(d=4, family="union", n_cap=100, n_out=50, m_cap=100, m_out=200, p_grid=[2.0, 3.0], t_over_s=[2.0, 4.0])
    rows = E.run_scale(cfg, 0.1, rng, np, log=lambda *a: None)
    assert len(rows) == 4 and all(np.isfinite(r["norm_p_pow_p"]) for r in rows)


def test_protocol_exact():
    P = Pm.Params(d=4, s=0.1, lam=4.0, rounds=96, seed=1)
    res = Pm.run_point(P, [0.1, 0.3], 3000, 2000, log=lambda *a: None)
    assert res["stats"]["pg_below_c"] == 0
    for r in res["responses"]:
        assert abs(r["grouped_z"]) < 4 and abs(r["ungrouped_z"]) < 4


if __name__ == "__main__":
    for name, fn in list(globals().items()):
        if name.startswith("test_"):
            fn(); print("ok", name)







Critical_Alphabet/tests/test_evidence.py

"""Regression checks for errors with direct implications for the reported evidence."""
from pathlib import Path
import sys

import numpy as np
from scipy.stats import binomtest

sys.path.insert(0,str(Path(__file__).resolve().parents[1]))
from ququart_lab import cpn, evidence as E, protocol as P


def test_binomial_intervals():
    for n in (10,150000):
        for k in (0,1,n//5,n//2,n-1,n):
            got=E.interval(k,n,1e-4)
            ref=binomtest(k,n).proportion_ci(1-1e-4,method="exact")
            np.testing.assert_allclose(got,ref,atol=2e-10)
            assert got[0] <= k/n <= got[1]


def test_packets():
    from math import comb
    for total in (9,19):
        for size in range(1,total+1):
            for b in range(total):
                q=comb(total-1-b,size-1)/comb(total-1,size-1)
                np.testing.assert_allclose(P.safe_peer_probability(total,b,size), q, atol=1e-15)


def test_exhaustion():
    # Force no trial to encode; preserving the denominator must give zero, not NaN.
    a=P.Params(d=4,s=0.15,lam=1.0,H=10**12,rounds=1)
    r=P.run_point(a,[0.3],32,8,log=lambda *args: None)
    h=r["responses"][0]
    assert h["pairs"]==32 and h["failed_pairs"]==32 and h["grouped_freq"]==h["ungrouped_freq"]==0


def test_tagged_band_and_mutation():
    y=cpn.haar_rays(np,np.random.default_rng(121),1,4)
    w=E.witness_job(np,np.random.default_rng(9),y,.12,5000,.001)
    assert w["hits"]==w["trials"] and w["ensemble_prediction"]==1
    r=E.born_job(np,np.random.default_rng(64),4,65536,.0001,.06)
    assert r["responses"][0]["hits"]==0
    assert r["responses"][-1]["hits"]==r["accepted"] and r["mutant_detected"]
    assert E.parity(np)<2e-13


if __name__=="__main__":
    for name, fn in list(globals().items()):
        if name.startswith("test_"):
            fn(); print("ok",name)







Critical_Alphabet/verify.py

"""Reproduce the deterministic checks and audit the released sample counts.

Use --full for a fresh CPU run and a comparison with every archived cell.
The default comparison is local and requires no GPU or downloaded data.
"""
import argparse
import hashlib
import json
import os
from pathlib import Path
import subprocess
import sys
import tempfile

ROOT = Path(__file__).resolve().parent
REFERENCE = ROOT / "reference"

def sha256(path):
    return hashlib.sha256(path.read_bytes()).hexdigest()

def load(path):
    return json.loads(path.read_text())

def check_files():
    manifest = ROOT / "SHA256SUMS"
    for line in manifest.read_text().splitlines():
        expected, name = line.split("  ", 1)
        if sha256(ROOT / name) != expected:
            raise ValueError(f"checksum mismatch: {name}")

def cells(directory):
    return {p.stem: load(p) for p in sorted((directory / "cells").glob("*.json"))}

def audit_panel(directory):
    from scipy.stats import binomtest
    import numpy as np
    quadrature = load(directory/"quadrature.json")
    assert len(quadrature["checks"]) == 15 and all(row["pass"] for row in quadrature["checks"])
    mixture = [row for row in quadrature["checks"] if "int K_s" in row["check"]]
    assert len(mixture)==1 and abs(mixture[0]["value"]) <= 2.38e-8
    data = cells(directory)
    expected = {(wave, "packets", 0, 0) for wave in range(3)}
    expected |= {(wave, "born", d, 0) for wave in range(3) for d in range(4,9)}
    expected |= {(wave, "witness", d, n) for wave in range(3)
                 for d in range(4,9) for n in (2,8,32,128,512)}
    assert len(data) == 93
    assert expected == {(r["wave"],r["kind"],r["d"],r.get("n",0)) for r in data.values()}
    answers = []
    by_dim = {d: [0, 0.0, []] for d in range(4,9)}
    anchors = bits = comparisons = packets = 0
    for r in data.values():
        if r["kind"] == "born":
            anchors += r["accepted"]
            by_dim[r["d"]][0] += r["accepted"]
            assert r["mass_ok"] and r["mutant_false_accepts"] > 0
            for h in r["responses"]:
                k,n,t = h["hits"],h["trials"],h["t"]
                lo,hi = binomtest(k,n).proportion_ci(1-r["alpha"],method="exact")
                assert np.allclose([lo,hi],[h["low"],h["high"]],rtol=0,atol=5e-10)
                assert lo <= t <= hi and max(t-lo,hi-t) <= r["tolerance"]
                error = abs(k/n-t)
                by_dim[r["d"]][1] = max(error, by_dim[r["d"]][1])
                answers.append((error,r["d"],t,k,n))
                bits += n
        elif r["kind"] == "witness":
            n,d,s,t = r["n"],r["d"],r["s"],r["t"]
            comparison = 2*n*r["trials"]
            assert comparison == r["tested_fidelities"]
            comparisons += comparison
            assert sha256(directory/"cells"/r["centres"]) == r["centres_sha256"]
            lo = binomtest(r["hits"],r["trials"]).proportion_ci(1-r["alpha"]).low
            assert lo >= r["ensemble_prediction"]/2
            for b in r["bounds"]:
                computed = n*s**(d-1)*(lo/t)**b["p"]
                assert np.isclose(computed,b["lower_bound"],rtol=2e-8,atol=0)
                if n==512 and b["p"]==d-1:
                    by_dim[d][2].append(computed)
        else:
            for h in r["cases"]:
                from math import comb
                pop,B,g = h["population"],h["unsafe"],h["size"]
                pg = comb(pop-1-B,g-1) / comb(pop-1,g-1)
                assert abs(pg-h["p_g"]) < 1e-14
                for k,target in [(h["accepted"],0.75),(h["all_safe"],pg)]:
                    lo,hi=binomtest(k,h["trials"]).proportion_ci(1-r["alpha"])
                    assert lo <= target <= hi
                assert h["target_inside"] and h["within_tolerance"]
                packets += h["trials"]
    assert (anchors,bits,comparisons,packets)==(6943070,62487630,2681733120,3145728)
    table = {4:(3146183,.00086744,.872750),5:(1834756,.00095795,.106409),
             6:(1046648,.00181094,.0126192),7:(588901,.00219489,.00155111),
             8:(326582,.00164808,.000185654)}
    for dim,(count,residual,witness) in table.items():
        actual_count,actual_residual,bounds=by_dim[dim]
        assert count == actual_count and abs(actual_residual-residual)<=5.1e-9
        assert len(bounds)==3 and np.isclose(min(bounds),witness,rtol=5.1e-6,atol=0)
    _,d,t,k,n=max(answers)
    assert (d,t,k,n)==(7,0.5,97638,196137)
    print(f"Panel verified: {len(data)} cells; {anchors:,} anchors; {bits:,} bits; "
          f"{comparisons:,} centre comparisons; {packets:,} packet trials.")
    print(f"Largest Born residual: {abs(k/n-t):.10f} (d={d}, target={t}, {k}/{n}).")

def run(*args,capture=False):
    env=dict(os.environ, OPENBLAS_NUM_THREADS="1", OMP_NUM_THREADS="1",
             MKL_NUM_THREADS="1", PYTHONDONTWRITEBYTECODE="1")
    p=subprocess.run([sys.executable,*args],cwd=ROOT,env=env,text=True,check=True,
                     stdout=subprocess.PIPE if capture else None)
    return p.stdout

def verify(full):
    check_files()
    run("check_dimension.py")
    out=json.loads(run("check_povm_lift.py",capture=True))
    expected=load(REFERENCE/"povm_checks.json")
    for key in ("exact", "exact_theorem_scale"):
        assert out[key]==expected[key]
    for k in ("frames","fixed_tape_vectors"):
        assert out["stress"][k]==expected["stress"][k]
    print(json.dumps(out,indent=2))
    run("tests/test_core.py")
    run("tests/test_evidence.py")
    audit_panel(REFERENCE)
    if full:
        with tempfile.TemporaryDirectory(prefix="alphabet-replay-") as d:
            fresh=Path(d)/"run"
            run("-m","ququart_lab.campaign","--backend","numpy","--core-only",
                "--out",str(fresh))
            audit_panel(fresh)
            before,after=cells(REFERENCE),cells(fresh)
            for name in before:
                orig=dict(before[name]); current=dict(after[name])
                orig.pop("seconds"); current.pop("seconds")
                if orig != current:
                    raise ValueError(f"replay differs from the reference cell {name}; "
                                     "strict replay uses the pinned reference environment")
            print("Fresh CPU replay matched all 93 archived cells, excluding elapsed times.")
    print("PASS")

if __name__=="__main__":
    if not __debug__:
        sys.exit("Assertions must be enabled. Run without -O and unset PYTHONOPTIMIZE.")
    ap=argparse.ArgumentParser(description=__doc__)
    ap.add_argument("--full", action="store_true", help="regenerate all 93 CPU cells")
    verify(ap.parse_args().full)





